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Dirac particle dynamics is encoded as a unitary path summation rule and implemented on a qubit
array, where the qubit array represents both spacetime and the fermions contained therein. The
unitary path summation rule gives a quantum algorithm to model a many-body system of Dirac
particles in a gauge field with Lorentz invariance down to the grid scale (Planck scale)—the lattice-
based model neither su↵ers the Fermi-sign problem nor breaks Lorentz invariance. Yet, for the Dirac
Hamiltonian to generate the unitary evolution of the 4-spinor field at the Planck scale, there is time
dilation between the shortest observable time near a single space point and that time measured
at long-wavelength scales. We find gravitational time dilation where the model space around each
point (with an even number of qubits) is curved like the space around a Schwarzschild black hole.
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Introduction.—Quantum computation used for quan-
tum simulation o↵ers a new way to explore relativistic
quantum mechanics and demonstrate relativistic e↵ects
in the Dirac equation [1–4]. Quantum lattice gas models
have been explored for relativistic quantum mechanics
[5–7] and tested in one-body simulations in 1+1 dimen-
sions [8–12]. Quantum lattice gas and quantum Boltz-
mann models for relativistic quantum systems have been
investigated for quantum simulation applications [13–16].

Presented here is a novel quantum information dynam-
ics model of relativistic quantum mechanics expressed as
a simple rule to calculate a Feynman path integral in
3+1 dimensions. The probability amplitude, say K, for
a relativistic Dirac particle of mass m to go from point
x
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) is calculated by
summing over all paths that connect the points a to b:
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where ✏ ⌘ mc`/~, R is the number of bends (in space) in
a path, R is the number of unbends, and �

ab

(R) is the
number of paths with R bends. Once the start and end
points are selected, the only free parameter is m, as the
reduced Planck constant ~, Planck length `, Planck time
⌧ , and speed of light c = `/⌧ are constants. A spacetime
path can only be resolved up to the Planck scales, so
with integer N = (t

b

� t
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)/⌧ time steps, the number of
unbends is R ⌘ N � R. The dimensionless parameter
✏ ⌘ mc`/~  1 is a small parameter when the Planck
length ` is smaller than the reduced Compton wavelength
~/mc of the Dirac particle. Yet, the path summation rule
(1) models the particle physics all the way up to ✏ = 1,
called the highest energy (HE) limit.

Kernel (1) appears simple, yet it is rich in particle
physics. It applies to antiparticles as well. By writing it
in spin variables, (1) leads to an e�cient quantum com-
puting algorithm for modeling Dirac particles. In this

sense, it models relativistic quantum mechanics, includ-
ing how the dynamical behavior of the fermionic 4-spinor
field  (x) is generated by the Dirac Hamiltonian. It also
explains the particle motion in a background 4-potential
field A

µ(x). Even particle interactions mediated by ex-
change of quanta of the gauge field A

µ(x) is represented
by (1), and this quantum field theory application is given
an another communication [17]. In this Letter, (1) is eval-
uated on a 3+1 spacetime lattice for relativistic particle
dynamics in a background 4-potential field.
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a finite spacetime lattice with 4-volume (T ⌧)(L`)3. Yet,
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becomes unitary in the continuum limit L ! 1 of
Minkowski space so long as the number of time steps is
much smaller that the system size N n L
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Analytically evaluating (2) on a 1+1 dimensional space-
time lattice is known as the Feynman chessboard prob-
lem [18–20]. The associated quantum lattice gas algo-
rithm for kernel (2) on 3+1 dimensional spacetime lat-
tice was previously found [7], providing the first e�cient
quantum computational algorithm for Dirac particle dy-
namics [15, 16]. Yet, the unitarity of (1) requires no
limiting process, and it becomes a relativistic path in-
tegral where Lorentz invariance is retained down to the
Planck scale. Therefore, it can be used to explore parti-
cle physics at the Planck scale. For example, (1) predicts
that Schwarzschild time-dilation occurs near this scale.
In short, this Letter presents a novel quantum informa-
tion dynamics algorithm for quantum simulation of rel-
ativistic quantum mechanics and presents the discovery
of gravitational time-dilation that occurs at the highest-
energy scales when the particle physics is given (1).


