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Implementation Schemes for the Factorized Quantum
Lattice-Gas Algorithm for the One Dimensional
Diffusion Equation Using Persistent-Current Qubits

David M. Berns!® and T. P. Orlando?

Received January 14, 2005; accepted May 4, 2005

We present two experimental schemes that can be used to implement the Factor-
ized Quantum Lattice-Gas Algorithm for the 1D Diffusion Equation with Persis-
tent-Current (PC) Qubits. One scheme involves biasing the PC Qubit at multiple
Sflux bias points throughout the course of the algorithm. An implementation analo-
gous to that done in Nuclear Magnetic Resonance (NMR) Quantum Computing
is also developed. Errors due to a few key approximations utilized are discussed
and differences between the PC Qubit and NMR systems are highlighted.

KEY WORDS: Quantum Lattice-Gas; flux qubit; diffusion; quantum
computation.

PACS: 03.67.Lx; 85.25.Cp.

1. INTRODUCTION

Most algorithms designed for quantum computers will not best their clas-
sical counterparts until they are implemented with thousands of qubits.
For example, the factoring of binary numbers with a quantum computer is
estimated to be faster than a classical computer only when the length of
the number is greater than about 500 digits.!) Accounting for error cor-
rection circuitry® would bring the size of the needed quantum computer
to be in the thousands of qubits. In contrast, the Factorized Quantum
Lattice-Gas Algorithm (FQLGA)® for fluid dynamics simulation, even
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when run on a quantum computer significantly smaller than the one just
discussed, has significant advantages over its classical counterparts.

The FQLGA is the quantum version of classical lattice-gases (CLG).®
The CLG are an extension of classical cellular automata with the goal of
simulating fluid dynamics without reference to specific microscopic inter-
actions. The binary nature of the CLG lattice variables is replaced for the
FQLGA by the Hilbert space of a two-level quantum system. The results of this
replacement are similar to that of the lattice-Boltzmann model, but with a few
significant differences.(*) The first is the exponential decrease in required mem-
ory. The second is the ability to simulate arbitrarily small viscosities.

As of today there is a plethora of qubits to choose from when designing a
quantum computer, and a promising class is superconducting qubits based
on Josepshon junction circuits.®~19 One major advantage of any of these
superconducting systems is the ability to precisely engineer the quantum
Hamiltonian, which extends from single qubit design to multi-qubit coupling
arrangements to measurement engineering. The quantum computer consid-
ered here will be built using the Persistent-Current Qubit (PC Qubit).(®

The goal of this paper is to show how one can implement a 1D
version of the FQLGA with the PC Qubit. To this end we will begin
by reviewing the algorithm, specifically the one that simulates the diffu-
sion equation, without a loss of generality in understanding the essence
of the algorithm or its general requirements. We will then review the PC
qubit and show explicitly how to implement the algorithm with this sys-
tem. Some important differences between the PC qubit and the two-state
system studied in Nuclear Magnetic Resonance Quantum Computation
(NMRQOC)!') will be shown to allow for some interesting new techniques
in implementing quantum logic. We will also show how to implement
the algorithm with the PC qubit in a very analogous way to NMRQC
schemes!? with a few significant differences.

2. FQLGA FOR THE 1D DIFFUSION EQUATION

The first thing one must do in the FQLGA is to define a lattice. Each
lattice point n will represent a unique position in the simulated fluid. The
simulation will contain a finite number of lattice points, hence space is dis-
cretized in the simulation.

Next one must encode the mass density p of the fluid at each lat-
tice site. In the FQLGA this is done by building at each lattice site a set
{i} of coupled qubits. Each qubit represents the motion of particles on
the microscopic level in one of a finite set of directions. For the diffusion
equation in one dimension, at any point in your fluid, there are only two
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possible directions for each particle to be moving, to the left and to the
right. Hence, only two qubits are needed to specify the mass density p”"
at each lattice site. This intuitive reasoning does not extrapolate to higher
dimensional simulations because even in two dimensions there would be
an infinite number of directions particles could travel in. In higher dimen-
sions one must adhere to much more mathematical conditions to decide
on the small set of directions one must include for a faithful simulation.(®
The probability P of a particle to be participating in the motion assigned
to each qubit will be encoded in the probability amplitude of the qubit
being in its excited state |1). The state of a qubit is thus set to

|W;") =v/1—=P"|0) ++/ Pi"|1), (1)

where i is the qubit index, n is the lattice site index, and |0) is the ground
state of the qubit. For the 1D problem considered here, i = {1,2} and
n={1, N}, where N is the number of lattice sites used in the simulation.
One can easily conceive of fluids of multiple phases with multiple types of
interactions even in one dimension, in which the size of {i} would be much
larger, but this will not be considered here. The mass density p is then cal-
culated by summing the occupation probabilities for all qubits at a node.
At time =0 in a 1D simulation the occupation probabilities P;" and P>"
are set to p"/2, which is the condition for local equilibrium in the fluid.(!3

Now that the fluid is initialized, one must account for the interaction
of particles in the fluid. These collisions are encoded by the application of
a unitary transformation to the coupled systems at each lattice site. For
the 1D diffusion equation this unitary transformation is

20 0 0
if8 1eF 1=8 @

Sl 1= 1% © @
00 0 2

The basis for computation is the set of four product states: |0)|0), rep-
resenting no particles at the site, |0)|1), representing the existence of only
a particle moving to the right at the site, [1)|0), representing the existence
of only a particle moving to the left at the site, and |1)|1), representing
particles moving in both directions at the site. To conserve particle num-
ber there can be coupling only between the middle two states. The identity
transformation on the first and last states corresponds to no collisions and
a perfectly elastic collision, respectively. Transformation of the middle two
states was something that never existed in the classical algorithm because
there was no superposition of these two states.
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After collision the states of the qubits at each lattice site are in
general entangled, and we denote that state as |Y"). The state of each
qubit is then measured, and the process described thus far is repeated
many times to achieve an ensemble average. Upon completion of these
measurements one will have found the post-collision outgoing occupation
probabilities, denoted by P;" once again, and hence the post-collision state
of each qubit, denoted by |x;"). Note that the occupation probabilities
now represent something very different than before the collision. The par-
ticles have now interacted and are ready to move to the next lattice site.

One must now “stream” the occupation probabilities to their new lat-
tice sites. This is done in a classical computer by storing the occupation
probabilities at each lattice site that are coming from adjacent lattice sites
due to collisions. More precisely, P;" becomes P;"*! and P," becomes
P,"~!. Periodic boundary conditions are assumed when streaming at the
edges of the fluid.

To find the mass density p" at t=1 one simply adds the occupation
probability for both qubits at site n once streaming has been done. One
time step of the algorithm has now been completed. To simulate the next
time step simply start the above procedure all over again except now set-
ting the initial states with the new occupation probabilities just found.

The algorithm can be summarized by four major steps, which are
illustrated in Fig. 1. The first step encodes the initial state of the fluid by
quantum mechanically setting the state |¥;") of each qubit at each lattice
site. The second step transforms the two-qubit product state at each lattice
site to in general an entangled state, whose state is denoted by |Y"). Third
one makes a projective measurement of the post-collision states |x;"), and
one must repeat the first three steps to find the outgoing occupation prob-
abilities P;". In the fourth and final step one streams the mass density
with the appropriate post-collision occupation probabilities, from the left
with particles representing positive momentum, and from the right with
particles representing negative momentum, and the mass density is calcu-
lated. Subsequent time steps are identical except for a change in the initial
mass density profile, i.e., initial qubit states in the first step.

3. PERSISTENT-CURRENT QUBIT

The fundamental unit of quantum logic we will use to implement the
algorithm is the PC Qubit.(¥) It consists of a superconducting loop that is
interrupted by three Josephson junctions, pictured as x’s in Fig. 2(a). The
magnetic flux & is the only control field for our qubit, and as shown in
the figure, is usually denoted by f=®/®,, where &,=h/2e is a single flux
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Fig. 1. General summary of the four major steps that comprise one time step of the 1D
FQLGA fluid dynamics simulation. The sequence of initialization of mass density, collision
of particles, and measurement of post-collision states is repeated many times to make an
ensemble measurement. Propagation between collisions is accomplished by storing the adja-
cent occupation probabilities for a given site in a classical computer, where the mass density
is then calculated for this time step. Subsequent time steps utilize these “streamed” occupa-
tions when initializing again for the next set of collisions and “streaming”.

quantum, A is Planck’s constant, and e is the magnitude of the charge of
an electron. Physically, a Josephson junction is a small layer of insulator
sandwiched between superconductors, so our system is a superconducting
loop interrupted by three layers of insulator about 1nm thick. For single
qubit manipulation the magnetic flux through the loop will be modified.
The flux seen by a DC SQUID magnetometer, a combination of applied
flux and qubit-induced flux, will serve as our measurement variable.

The Hamiltonian of the qubit is derived by considering a circuit ele-
ment model of our system, which consists of three Josepshon junctions,
where two junctions have the same cross-sectional area, and the third is
smaller by a factor of a. The constituent relations for an ideal Josephson
junction are

I = I sin(p), (3a)
D, do

= —— 3b

¥ 2 dt EL

where [ is the current through the junction, V the voltage across the junc-
tion, /. the maximum current the junction can hold without a voltage
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Fig. 2. (a) Schematic drawing of the PC Qubit. The x’s represent Josephson junctions, with
all connecting leads made of the same superconductor that is part of the junctions. The sign
conventions chosen when summing phases are shown, and the magnetic flux penetrating the
loop (in units of ®,) is labeled by f. (b) The potential energy of the full Hamiltonian for
the PC Qubit is plotted when the system is biased at f=0.495®,. The phase particle sees an
infinite 2D lattice with unit cells resembling a double well potential.

appearing across it, ¢ =60; —6,, and 6, is the gauge-invariant phase that
characterizes the superconductor condensate on the +, — side of the junc-
tion, respectively. Note that /. is a function linear in the cross-sectional
area of the junction, and hence the third junction has a lower I, by a fac-
tor of «.

The energy associated with an ideal Josephson junction is found by
integrating the power from time =0 to some final time 7,, which is equiv-
alent to an integral from zero phase to some phase ¢. The energy it takes
to set the phase of a Josephson junction to ¢ is

/ b, 1 ¢
/ (I. smgo)(2 dt) t= 2’;; { sing’d¢’=E;(1 —cosg), (4)

where E; =®,1./2n.
By including the charging energies due to the capacitance of the junc-

tions, the Hamiltonian of our circuit is!%
P? p2
He= W + EM_ + E;j[24+a —2cos(¢p) cos(@m) —a cosr f +2¢m)], (5)

where ¢, =¢1+ @2, Om =01 — @2, Pp=Mpde,/dt, Py=Mydep,/dt, M,=
(®,/27)22C, and M,, = (®,/27)?2C(1 + 2a). The number of degrees of
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freedom in the problem was reduced by the fluxoid quantization condi-
tion(1)

27r<I>

p1+e3—@pr=2nn+ (6)

o
which forces the sum of the gauge invariant phases to be proportional to
the amount of flux quanta modulo an integer multiple of 2.

We have chosen to associate the capacitive energy, the first two terms
in (5), with the kinetic energy, and the ideal Josephson energy, the last four
terms in Eq. (5), with the potential energy. The potential energy is that of
an infinite lattice of double wells, as seen in Fig. 2(b). The arrow in the
plot shows the direction one would take to traverse from one side of a
double well to another.

Although quantum mechanics plays a foremost role in deriving the
constitutive relations for the superconducting circuit elements, the Hamil-
tonian for the circuit itself so far has been classical. The quantum version
of the circuit can be understood by imagining a phase “particle” in the
potential shown in Fig. 2(b). The behavior of this “particle” is analogous
to a particle with an anisotropic mass moving in a 2D periodic potential,
and so there exist energy bands in a k- -space, which is here related to the
charge stored capacitively by the Josephson junctions. By properly choos-
ing E;/E., where E.=¢%/2C, one can remove any k (and hence charge)
dependence in the energy of the system, and hence can reduce the problem
to that of an effective double well. What we have done is choose param-
eters such that tunneling between adjacent double wells can be neglected
relative to the tunneling within a double well in the tight-binding solu-
tion(intra-well tunneling typically about 10* times more likely), making the
solution effectively that of a single double well.

By considering only the lowest two levels of the double well, the
equivalent Hamiltonian is

A

H=,1, (f— %)az—rax, 7

where £/, are the eigenvalues of circulating current for the two &, eigen-
states and 7 is the tunneling element from one side of the double well to
the other. The energies of the two eigenstates along with a sketch of the
double well as a function of applied flux are shown in Fig. 3. One sig-
nificant difference between this qubit and the one used in NMRQC is the
presence of the 6, term. The implication of such a term is that the energy
of the eigenstates as well as the eigenstates themselves change as the bias
field is modified. In Fig. 3 we see that at the classical degeneracy point
f=1/2 the qubit’s eigenstates are 6, eigenstates, while far from f=1/2,
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eigenstates eigenstates eigenstates

Fig. 3. The energy levels of the PC Qubit are
shown as a function of f. The eigenstates of the
system change with f and are labeled on the plot.
The change in the potential of the phase particle
is also depicted at the top of the plot. The energy
difference between the states at f =1/2 is seen to
be twice the intra-well tunnelling.

but still far from f =1, the eigenstates are those of 6,. The same thing
happens for f <1/2, but now the eigenstates have switched energies, i.e.,
the ground state here is the first excited state of 6, and vice versa.

The PC Qubit has some advantages over other superconducting
qubits.('*#19 Charge fluctuations, a consequence of trapped substrate
charge, are deemed inconsequential through the choice of parameters used
when designing the PC Qubit circuit. Also, flux noise has been reduced in
this system over other flux qubits since this system has a smaller loop.

A typical conceptual misconception can be addressed at this point.
The two different states used in computation are not related to sin-
gle Cooper pair behavior. Rather, they are macroscopically distinct states
described by the circulating current due to millions of Cooper pairs, char-
acterized by different average induced fluxes when in a magnetic field.

As seen in Sec. 2, the qubits will need to be coupled. For the PC
Qubit we have discussed thus far, just as microwaves can only be coupled
in through &,, coupling between qubits can only be of the form &,0,.
Slight modifications of the aforementioned qubit design does allow for
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different coupling, despite the fact that the structures are still completely
planar.(14

4. IMPLEMENTATION WITH THE PC QUBIT

We now show how one can use the PC Qubit to simulate the 1D diffu-
sion equation. In Sec. 4.1, we elaborate on a scheme based upon changing
the flux bias points of the qubits during the algorithm, which will lead to
a very general initialization scheme, but a less general collision. In Sec. 4.2,
we discuss a more general collision, analogous to that done in NMRQC,
and how to initialize the qubits before this general collision. Note that the
two implementations differ solely in the way single lattice sites are treated.
In both cases one has N qubit pairs fabricated monolithically that are ini-
tialized, transformed, and measured simultaneously.

4.1. The Multiple Bias Point Implementation

The first of the four steps of the algorithm is initializing each qubit
at each node. As discussed in Sec. 2, each qubit must be initialized into a
state of real and positive phase in its own Hilbert space. This set of states
consists of all those lying on the real phase geodesic between the ground
and first excited states on the Bloch sphere. The ground state of the PC
Qubit as a function of applied flux coincidentally also occupies exactly this
geodesic on the Bloch sphere, as discussed in Sec. 3. Initialization can thus
be accomplished while staying in the ground state by adiabatically chang-
ing the applied magnetic flux, as depicted in Fig. 3.

The flux used to set the state of one qubit will be affected by the state
of the other qubit and its bias current. This permanent inductive coupling
can be accounted for by slightly adjusting the applied flux to compensate
for the flux introduced by the other qubit and its bias line. On the other
hand, by initializing into the ground state we have avoided the detrimen-
tal effects of dephasing and relaxation, as well as the errors found in a
typical NMR initialization scheme.(!?) We emphasize that the initialization
portion of the algorithm is identical for any simulation, whether it be for
a different equation, a multi-phase simulation, or in a different number of
dimensions.

The second step of the algorithm is the collision. Here we study a
very specific unitary transformation, the ,/swap described in Sec. 2. This
matrix simply “half-way” swaps the middle two (first and second excited)
computational states of the coupled system. In NMRQC, the coupled
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eigenstates are exactly those computational states, but there are no direct
matrix elements connecting these states.(!”’ When the PC Qubits are cou-
pled, the first and second excited states of the four-level system, denoted
as [1) and |2), respectively, are in general not the same as the computa-
tional basis states the ,/swap intends to affect. However, the DC bias fields
of each qubit can be tuned to make these two sets of eigenstates coincide.
Once this is done, one can then implement the ,/swap by simply oscillat-
ing the magnetic field bias at the frequency corresponding to the energy
difference between the middle two eigenstates. This is just a Rabi oscil-
lation between the middle two eigenstates, and since one wants to only
“half-way” swap the states, the radiation should only be left on for a quar-
ter of a Rabi period.

Besides finding the appropriate bias points such that the middle two
eigenstates of the coupled system are very similar to the middle two com-
putational states, one must also verify that the coupling between these
states in the presence of an oscillating magnetic field is non-zero. The
results of these calculations are shown in Fig. 4. The bias point of qubit
1, f1, must be chosen to be far from 1/2, but not too far. In these calcula-
tions we take f;=0.508. In the figure, we see that when qubit 2 is biased
at around f>=0.51, the first two system excited states are very similar to
the middle two computational states, with overlap elements of about 0.97.
At this same bias point one sees a Rabi matrix element of about 0.02,
which is more than sufficient for our purposes.

This approximate swap has been incorporated into simulation of the
FQLGA for the 1D diffusion equation and the results are pictured in
Fig. 5. Snapshots of three different times have been shown, for both an
ideal simulation and one including the error introduced due to the approx-
imate collision. At time ¢t =0 one can see that we have initialized our
fluid to a gaussian profile. Later time steps of the ideal implementation
show the expected spreading due to diffusion, while conserving the total
number of particles. Increase in the diffusion constant of the approxi-
mate collision when compared to the ideal simulation results from the
enhanced population in the [00), |01), and |10) states relative to the |11)
state due to extra matrix elements in the approximate swap that couple
the four states. The matrix elements are actually enhanced more in the
upper triangle elements than in the lower triangle elements(with respect to
the anti-diagonal), which gives rise to the slight drift to the right that is
observed in the simulation.

Even with an ideal swap operator, an interesting timing issue arises
upon non-adiabatically switching the bias fields from the initialization set-
tings to the proper settings to do a Rabi oscillation between the two
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Fig. 4. The overlap between the first (second) excited state [1) (|2)) of the PC Qubit cou-
pled system and the |01) (]10)) computational state are plotted when qubit 1 is biased at f =
0.508. The coupling between [1) and |2) in the presence of an AC magnetic field is also plot-
ted. Qubit coupling equal to r (same for both qubits) was assumed in the calculation.

middle product states. We first illustrate this timing issue and then show
how it can be made negligible by making a larger ensemble measurement.

Once the applied fluxes are changed to those appropriate to perform
the approximate swap, the initialized states will most likely not be eigen-
states anymore, and hence will begin to precess due to a time-independent
perturbation. Assuming things can not be accurately controlled at these
timescales, one will have now introduced a random phase difference
between the two qubits due to this Larmor precession. This effect is pic-
tured in Fig. 6. The states before the bias fields are switched lie along the
same geodesic. Upon changing the magnetic flux seen by each qubit, the
qubits begin to precess, out of phase.

The effect of this phase difference § on the algorithm will be to
alter the fraction of particles at each lattice site, post-collision, that are
“moving” to the right and to the left. The results of measuring the
post-collision occupation probabilities having accounted for a constant
phase difference is summarized by

Py =P), s—o+ysin(d), (8a)

P2 = Pz‘ 5=0—Y sin(8). (8b)
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Fig. 5. The results of the FQLGA are simulated having accounted for the
approximate nature of the collision proposed in Sec. 4.1 (+). Qubit coupling
equal to t (same for both qubits) was assumed in the approximate swap simula-
tion. The ideal results of the FQLGA are also shown (0).

The effect of this error on the simulation is effectively averaged away when
an ensemble is measured, since § is randomly different for each member
of the ensemble. These results are shown in Fig. 7. One can see small
random deviations from the ideal simulation that can be made infinitesi-
mally small by measuring a larger ensemble (an ensemble average of 1000
repeated measurements was simulated here).

In summary, an initialization scheme has been developed that is not
available to qubits with only one term in their Hamiltonian. This initiali-
zation scheme is limited only by the precision of the current source used
to create the magnetic field that biases the qubit. The scalability of this
scheme relative to those used in NMRQC is an interesting question, but
is not resolved here. The collision implementation is also unique to qubits
with multiple term Hamiltonians, but the unitary transform implemented
is unique to the diffusion equation, and fortuitously simple. A collision
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Fig. 6. The unfilled circle and triangle represent two typical initialized states at
one lattice point, both on the same north pole to south pole geodesic, before their
flux bias is changed to perform the collision. The filled circle and triangle repre-
sent the same states after imprecise bias changing has occurred. Imprecisely timed
Larmor precession introduces a random phase difference § between the two states.
The unfilled triangle corresponds to the —o, ground state.

scheme that could be generalized to any unitary transformation would be
much more useful.

4.2. Generalized NMRQC-like Implementation

Generalization of the above implementation to any fluid dynamics,
lLe, any unitary transformation, can be done in an analogous way to
NMRQC schemes. Generalization of the collision transformation consists
of using a universal set of quantum computation gates, and decompos-
ing all transformations into a sequence of these.?) In NMRQC collision
is performed by a sequence of single qubit unitary transformations and
coupled free evolution. In this section, we will begin by discussing the sin-
gle qubit rotations needed for a general decomposition, and briefly men-
tion the role they could play in initialization. We will then explore the
free evolution of a coupled PC Qubit system, and then show how to com-
bine the single and coupled pulses to implement the collision of the 1D
FQLGA for the diffusion equation.
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Fig. 7. The results of the FQLGA are simulated having accounted for a random

phase difference introduced before the collision for each member of the measure-
ment ensemble (+). The ideal results of the FQLGA are also shown (0).

Single qubit transformations can most easily be achieved in a rotat-
ing frame, since here the frequency of precession can be much lower than
the Larmor timescale. For this implementation we will only study the case
where our qubit is biased at f=1/2. This discussion is easily generalized
to any bias point, but the mathematical notation can get quite cumber-
some. The Hamiltonian of the PC Qubit in an applied AC field is

ﬁ = woix + go cos(wot +¢)i2a )]

where w, is the frequency of the applied field, g, is proportional to the

amplitude of the applied field, ¢ is the phase of the applied field, and /; =
hoi/2. X

In the frame rotating about 7, this Hamiltonian becomes

H = 380[cos(@) I +sin(@) ]y ]. (10)

The quantum state will now precess in this frame about the axis defined
by ¢, with the angle through which the state has precessed given by
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0 =g,t/2. It will be convenient to only consider the set of two rotations
defined by =0 and /2, which are rotations about 7, and /,, respectively.
These rotations, denoted as R,(9) and Ry (6), respectively, can be used in
conjunction to bring the qubit state to any point on the Bloch sphere in
the rotating frame.

One can use these single qubit rotations not only as part of the colli-
sion, but also for initializing, since they can bring the qubit state to any-
where on the Bloch sphere. As already discussed in Sec. 4.1, the ground
state of a coupled PC Qubit system is not in general the product of single
qubit ground states. Thus, when initializing a qubit via R,(9) and R,(9),
one is not starting rotation from the single qubit ground state. However,
since the ground state is very close to a product of single qubit ground
states, this difference is nearly negligible. In Fig. 8, we show the effects of
incorporating this error into the algorithm when the coupling constant is
taken to be 1/10 of the qubit resonant frequencies, a rather exaggerated
estimate since the coupling is usually much smaller. The diffusion constant
is decreased by this approximation, due to the enhanced population in the
|11) state relative to the |00) state from the coupling.

The other gate operation needed to form a universal set for general
decomposition is coupled free evolution. It is easiest to go to a co-rotat-
ing frame where one can have a coupled Hamiltonian only, i.e., no single
qubit terms, that is time-independent. In NMRQC this is done by going
to the frame where both qubits are rotated around the 7 axis. However,
since our coupling does not commute with our single qubit terms, a differ-
ent method will be used. For notational convenience only, we consider the
case where both qubits are biased at f =1/2, where our Hamiltonian is

2

A=wifl+uli2+ 2

Tl 3. (11)
In the co-rotating frame where both qubits are rotating around the £
axis, one has the Hamiltonian

T i 172 , 7172

H=%J|2[1z I; +1,L] (12)
as long as w) =w?. This constraint of w)=w?2 imposes limitations on
some NMRQC initialization schemes which use frequency selective initial-
ization.

One can now rewrite the unitary collision transformation in the fol-
lowing suggestive way:

W onlud o aln g
./swap:exp[—ig( Zl 22+ yl yz)]exp[—z

oo|

2 (13)
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Fig. 8. The results of the FQLGA are simulated for NMR-like single qubit pulse
initialization, where errors arise from initializing a coupled ground state that is not
a product state (+). The ideal results of the FQLGA are also shown (o).

The first term is just free evolution in the co-rotating frame. The second
term can be written as:

e
xexp[—i%“z1 ”22] R} (_f_) R} (——£>, (14)

where the middle term can be written as:

exp [—i%&; 62| = exp [—i% (6162 +3)52)| Rl

T A A A
xexp[—z§(021022+ ylayz)] Rzl(n). (15)
Hence one can perform a decomposition of the collision transformation
into a sequence of single qubit rotations and coupled free evolution.

In summary, we have shown that the PC Qubit can implement the
unitary transform that performs collisions in the 1D FQLGA for the



Factorized Quantum Lattice-Gas Algorithm 281

diffusion equation by a single and coupled qubit evolution decomposition.
The single qubit rotations were shown to be feasible for qubit initialization
as well, with a slight approximation due to the coupled ground state that
is not a product state. The coupled free evolution was seen to require iden-
tical qubit frequencies over a lattice site, making initialization a bit more
challenging.

5. CONCLUSIONS

In this paper, we have shown that the implementation of the FQLGA
for the 1D diffusion equation is feasible with PC Qubits. We began by
considering the simplest scheme possible using the PC Qubit. This con-
sisted of first initializing the qubits while keeping them in their ground
state, and then performing the collision by quickly changing their flux bias
points and then performing a single 7/2 pulse. This initialization tech-
nique could prove useful, but the way we have implemented the collision
is not easily generalized to other collisions. We needed to develop a more
general collision scheme, and then see how we could initialize in conjunc-
tion with that new scheme.

A more general collision transformation was then discussed by decom-
posing the unitary matrix into a sequence of single qubit rotations and
coupled free evolution. We first developed single qubit rotations for the PC
Qubit that could be used as part of the collision decomposition as well
as for initializing the occupation probabilities. The initialization was con-
sidered only approximate due to the permanent non-commuting coupling
between qubits. For the coupled free evolution we saw that transform-
ing to a rotating frame analogously to NMRQC set a strong but feasi-
ble constraint on the frequencies of our qubits. Ultimately one would like
to remove the constraint of equal frequencies, so that frequency-selective
initialization can be done analogously to the NMRQC implementation,
alongside the very general collision scheme. One would then also need to
account for initialization pulses rotating states from a non-product ground
state.
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Over the last few decades, developments in the physical limits of computing and
quantum computing have increasingly taught us that it can be helpful to think about
physics itself in computational terms. For example, work over the last decade has
shown that the energy of a quantum system limits the rate at which it can perform
significant computational operations, and suggests that we might validly interpret
energy as in fact being the speed at which a physical system is “computing,” in
some appropriate sense of the word. In this paper, we explore the precise nature
of this connection. Elementary results in quantum theory show that the Hamilto-
nian energy of any quantum system corresponds exactly to the angular velocity of
state-vector rotation (defined in a certain natural way) in Hilbert space, and also
to the rate at which the state-vector’s components (in any basis) sweep out area
in the complex plane. The total angle traversed (or area swept out) corresponds
to the action of the Hamiltonian operator along the trajectory, and we can also
consider it to be a measure of the “amount of computational effort exerted” by
the system, or effort for short. For any specific quantum or classical computational
operation, we can (at least in principle) calculate its difficulty, defined as the mini-
mum effort required to perform that operation on a worst-case input state, and this
in turn determines the minimum time required for quantum systems to carry out
that operation on worst-case input states of a given energy. As examples, we calcu-
late the difficulty of some basic 1-bit and n-bit quantum and classical operations in
an simple unconstrained scenario.
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1. INTRODUCTION

Over the years, the quest to characterize the fundamental physical limits of
information processing has also helped to give us a deeper understanding of
physics itself. For example, Shannon’s studies of the limits of communica-
tion() taught us that the entropy of a system can also be considered to be
a measure of the expected amount of unknown or incompressible informa-
tion that is encoded in the state of that system. Landauer’s® and Bennett’s®
analyses of the lower limit to the energy dissipation of computational opera-
tions led to Bennett’s resolution® of the famous Maxwell’s demon paradox,
via the realization that the demon’s record of its past perception is a form
of physical entropy, which must be returned to the environment when that
information is erased. More recently, Margolus and Levitin® showed that
the energy of a quantum system limits the rate at which it can perform com-
putational “operations” of a certain type, namely, transitions between distin-
guishable (orthogonal) quantum states. In the last few years, several articles
by Lloyd and colleagues®® have elaborated on this theme by suggesting
that we can think of all variety of physical systems (ranging from particles
and black holes to the entire universe) as comprising natural computers,
with each system’s “memory capacity” given by its maximum entropy, and
its “computational performance” given by its total energy. We should also
note that Ed Fredkin has been promoting a universe-as-computer philoso-
phy for many decades.

The concept of interpreting physics as computing is certainly an excit-
ing theme to pursue, due to its promise of conceptual unification, but we
would like to proceed carefully with this program, and take the time to
understand the details of this potential unification thoroughly and rigor-
ously. While taking care to get all of the details exactly right, we would
like not only to establish that a given physical quantity “limits” or “relates
to” a given informational or computational quantity, but also justify the
even stronger statement that the physical quantity actually is, at root, a
fundamentally informational or computational quantity, one that has been
traditionally expressed in terms of operationally defined physical units for
reasons that can be viewed as being merely historical in nature.

As one the most famous examples of this type of conceptual progres-
sion, Rudolph Clausius® first defined (differential) entropy as the ratio of
differential heat to temperature, dS=dQ/T, and at the time, entropy had
no further explanation. Later, Ludwig Boltzmann(!?) proposed the relation
Sx—H=[ flog fdé (where f is a probability density function ranging
over particle energies or velocity vectors &), which was backed up by his
“H-theorem” showing that H spontaneously decreases over time for sta-
tistical reasons. In subsequent decades, this relation for entropy evolved
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and was generalized to become Boltzmann’s eventual epitaph S=klogW,
which related entropy to the logarithm of the number of ways W of
arranging a system.!'D! Boltzmann’s logarithmic quantity H (in a discrete
and negated form) was later recognized by Shannon and others to also
be an appropriate measure of the information content of a system. But,
Boltzmann’s fundamental insight regarding the nature of entropy can be
viewed as having gone far beyond just relating a physical quantity to an
information-based one. Rather, it can be viewed as telling us that physi-
cal entropy, at root, is really nothing but an informational quantity, one
which merely manifests itself in terms of measurable physical units of heat
and temperature due to the fact that these quantities themselves have an
origin that is ultimately of a statistical nature, e.g., heat as disorganized
energy.

Indeed, the long-term quest of physics to eventually create a grand
unified “theory of everything” can be viewed as the effort to eventually
reveal all physical concepts, quantities, and phenomena as being manifes-
tations of underlying structures and processes that are purely mathematical
and/or statistical in nature, and that therefore have an informational/com-
putational flavor, at least insofar as the entire realm of formal mathe-
matics can be viewed as being a fundamentally “computational” entity.
As one interesting logical conclusion of this conceptual progression, if
all observed phenomena are indeed eventually explicable as being aspects
of some underlying purely mathematical/computational system, then we
can argue that in the end, there really is no need for a separate physi-
cal ontology at all any more; we could instead validly suppose that the
entire “physical” world really is nothing but a certain (very elaborate and
complex) abstract mathematical or computational object. Such a viewpoint
has many attractive philosophical features, at least from the perspective
of a hard-core rationalist. One prominent proponent of such musings is
Tegmark, e.g., see Ref. 12. Another proposal for unifying mathematics and
physics was recently made by Benioff.(!3)

However, regardless of one’s personal feelings about such far-ranging
philosophical agendas, if we can at least show that it is consistent to say
that a given physical quantity can be exactly identified with a given math-
ematical or computational quantity, then, as scientists, we can certainly all
agree that the most parsimonious description of physics will indeed be one
that does make that identification, since otherwise our description of the
world would be burdened with an unnecessary proliferation of artificially
distinct concepts, in violation of Ockham’s razor, the most fundamental
principle of scientific thought.

I'The references to Clausius and Boltzmann in this paragraph are also taken from Ref. 11.
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In this paper, we will primarily concern ourselves with just one small
aspect of the grander theme of interpreting physics as information process-
ing. Specifically, we focus on the idea of interpreting the physical energy
content of a given system as being simply a measure of the rate at which
that system is undergoing a certain ubiquitous physical process—namely,
quantum state evolution—which can also be viewed as a computational
process, as we do in quantum computing. In other words, the premise is
that physical energy is nothing but the rate of quantum computing, if the
meaning of this phrase is appropriately defined. This paper will clarify pre-
cisely in what sense this statement is true.

We'll also see that the concept of physical action, in a certain (some-
what generalized) sense, corresponds to a computational concept of the
amount of computational effort exerted, which we’ll call effort for short.

Of course, it is not necessarily the case that a given system will have
been prepared in such a way that all of its physical computational activity
will actually be directly applied towards the execution of a target appli-
cation algorithm of interest. In most systems, only a small fraction of
the system’s energy will be engaged in carrying out application logic on
computational degrees of freedom, while the rest will be devoted to vari-
ous auxiliary supporting purposes, such as maintaining the stability of the
machine’s structure, dissipating excess heat to the environment, etc., or it
may simply be wasted in some purposeless activity.

For that part of energy that is directly engaged in carrying out desired
logical operations, we will see that one fruitful application of the compu-
tational interpretation of energy will be in allowing us to characterize the
minimum energy that must be harnessed in order to carry out a given com-
putational operation in a given period of time. In Sec. 12, we will show
how to calculate this “difficulty” figure for a variety of simple quantum
logic operations, and we briefly discuss how to generalize it to apply to
classical reversible and irreversible Boolean operations as well.

2. BACKGROUND

Of course, the earliest hints about the relationship between energy
and the rate of computing can be found in Planck’s original E =hv rela-
tion for light, which tells us that an electromagnetic field oscillation having
a frequency of v requires an energy at least hv, where h~6.626 x 10734 J s
is Planck’s constant. Alternatively, a unit of energy E, when devoted to a
single photonic quantum, results in an oscillation (which can be consid-
ered to be a very simple kind of computational process) occurring at a
cycle rate of v=FE/h.
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Also suggestive is the Heisenberg energy-time uncertainty principle
AEAt>h/2, which relates the standard deviation or uncertainty in energy
AE to the minimum time interval At required to measure energy with that
precision; the measurement process can be considered a type of computa-
tion. However, this relation by itself only suggests that the spread or stan-
dard deviation of energy has something to do with the rate of a process of
interest; whereas we are also interested in finding a computational mean-
ing for the absolute or mean value of the energy, itself.

More recently, in 1992, Tyagi('¥ proposed a notion of “computational
action” that was based on the amount of energy dissipated multiplied by the
elapsed time (a quantity which has the same physical units as action) and pro-
posed a theory of optimal algorithm design based on a “principle of least com-
putational action.” However, Tyagi’s analogy with Hamilton’s principle was
still a long way from indicating that physical action actually is computation in
some sense, or that physical energy itself (which is, in general, not necessarily
dissipated) corresponds to a rate of computation. Still, it was suggestive.

Going much further, in 1998 Toffoli(!® argued that the least-action
principle in physics itself can be derived mathematically from first princi-
ples (rather than as an ad hoc physical postulate) as a simple combinato-
rial consequence of counting the number of possible fine-grained discrete
dynamical laws that are consistent with a given macroscopic trajectory.
In Toffoli’s model, which intriguingly even captures aspects of relativistic
behavior, the energy of a state is conjectured to represent the logarithm
of the length of its dynamical orbit. Toffoli also gives a correspondence
between physical action and amount of computation that is more explicit
than Tyagi’s, and in which the path with the least Lagrangian action is
the one with the greatest amount of “unused” or “wasted” computational
capacity. In later papers following up on the present one, we will show that
indeed, Lagrangian action corresponds negatively to the portion of the
computational effort that does not contribute to an object’s active motion.

At around the same time as Toffoli’s work, Margolus and Levitin®
showed that in any quantum system, a state with a quantum-average
energy E above the ground state of the system takes at least time Ar >
t~ =h/4E to evolve to an orthogonal state, along with a tighter bound
of At>1ty, =(N—1)h/2NE that is applicable to a trajectory that passes
through a cycle of N mutually orthogonal states before returning to the
initial state. In the limit as N — oo, ty = h/2E, twice the minimum time of
1~ =t, which applies to a cycle between 2 states. Both bounds are achiev-
able in principle, in freely constructed quantum systems.

In a widely-publicized paper in Nature in 2000, Lloyd® used the
Margolus-Levitin result to calculate the maximum performance of a 1kg
“ultimate laptop,” in a hypothetical limiting scenario in which all of
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the machine’s rest mass—energy is devoted to carrying out a desired
computation.

Two years later, Levitin er al(!® investigated the minimum time to
perform a specific quantum logic operation, namely a CNOT (controlled-
NOT) together with an arbitrary phase rotation, in systems of a given
energy E.

In 2003, Giovannetti et al.(!7-1® explored tighter limits on the time
required to reduce the fidelity between initial and final states to a given
level, taking into account the magnitudes of both E and AE, the system’s
degree of entanglement, and the number of interaction terms in the system’s
Hamiltonian.

Results such as the above suggest that energy might fruitfully be
exactly identified with the rate of raw, low-level quantum-physical “com-
puting” that is taking place within a given physical system, in some appro-
priate sense, if only the quantity “amount of computing” could be defined
accordingly. We would like to show that some well-defined and well-
justified measure of the rate at which “computational effort” (not neces-
sarily useful) is being exerted within any quantum system is indeed exactly
equal to the energy of that system.

3. PREVIEW

In subsequent sections of this paper, we address the aforementioned
goal by proposing a well-defined, real-valued measure of the total amount
of change undergone over the course of any continuous trajectory of a
normalized state vector along the unit sphere in Hilbert space. This mea-
sure is simply given by the line integral of the magnitude of the imaginary
component of the inner product between infinitesimally adjacent normal-
ized state vectors along the given path. This quantity is invariant under
any time-independent change of basis, since the inner product itself is. As
we will show, it is also numerically equal to twice the complex-plane area
(relative to the origin) that is circumscribed or “swept out” by the coeffi-
cients of the basis vector components, in any basis. For closed paths, this
quantity is even invariant under not only rotations but also translations
of the complex plane. Finally, our quantity can be perhaps most simply
characterized as being the action of the Hamiltonian along the path; this
is to be contrasted with the usual action (of the Lagrangian), whose pre-
cise computational meaning will be addressed in later work.

We propose that the above-described measure of “amount of change”
is the most natural measure of the amount of computational effort exerted
by a physical system as it undergoes a specific trajectory. For any pair of
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trajectory endpoints, the effort has a well-defined minimum value over possi-
ble trajectories which is obtained along a “geodesic” trajectory between the
endpoint states, thereby inducing a natural metric over the Hilbert space.

We will show that in any quantum system, the instantaneous rate at
which change occurs (computational effort is exerted) for any state, under
any time-dependent Hamiltonian operator, is exactly given by the (Hamil-
tonian) instantaneous average energy of the state. Thus, the state’s energy
is exactly its rate of computation, in this sense.

We use the word “effort” here rather than “work™ both (a) to dis-
tinguish our concept from the usual technical meaning of work in physics
as being directed energy, and also (b) to connote that effort is something
that can be ineffectually wasted; i.e., it does not necessarily correspond to
useful computational work performed. In fact, we will see that indefinitely
large amounts of effort could be expended (inefficiently) in carrying out
any given quantum computational task, i.e., in accomplishing a given piece
of computational work.

Despite having no upper bound, our concept of effort turns out to
still be meaningful and useful for characterizing computational tasks, since
(as we will see) any given quantum or classical computational opera-
tion does have a well-defined and non-trivial minimum required effort for
worst-case inputs, which we will call the difficulty of the operation. As we
will see, for any pair of unitaries Uy, U, the difficulty of the operation
U, U IT that takes us from U; to U, gives a natural distance metric over U,,
the Lie group of rank-n unitary operators.

The difficulty of a computational operation, according to our defini-
tions, determines the minimum time required to perform it on worst-case
inputs of given energy, or (equivalently) the minimum worst-case energy
that must be devoted to a system in order to perform the operation within
a given time. The difficulty thus directly characterizes the computational
complexity or “cost” of a given operation, in the same “energy-delay prod-
uct” units that are popular in electrical engineering, but where the energy
here refers to the average instantaneous energy that is invested in carrying
out the computation, rather than to the amount of energy that is dissipated.

4. A SIMPLE EXAMPLE

In this section, we start by presenting a simple, concrete example in
order to help motivate our later, more general definitions. Consider any
quantum system subject to a constant (time-independent) Hamiltonian
operator H. Let |G) and |E) be any normalized, non-degenerate pair
of the system’s energy eigenstates. The labels G and E here are meant
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to suggest the ground and excited states of a non-degenerate two-state
system, but actually it is not necessary for purposes of this example that
there be no additional states of higher, lower, or equal energy.

Since the Hamiltonian is only physically meaningful up to an addi-
tive constant, let us adjust the eigenvalue corresponding to vector |G) to
have value 0 (i.e., let H|G)=0), and then let E denote the eigenvalue of
|E) (i.e., H|E)=E|E)). For example, for a two-state system, we could let
H =(1+o0;)E/2 with the usual definition of the Pauli z-axis spin operator

Uz=[(l) _?]; and let |G):[(1)] and |E)=[(1)], thus we have that H =|E)(E|
and so E=1.

Now, consider the initial state |y)=(|G) + |E))/~/2 at time =0, and
let it evolve over time under the influence of the system’s Hamiltonian,
with |y (1)) =e''*/" |y50) denoting the state vector at time r.> Let c|G)(t)
and cg) (1) denote (G|y(¢)) and (E|y(¢)) respectively, i.e., the components
(complex coefficients) of the state vector |y (z)) when decomposed in an
orthonormal basis that includes |G), |E) as basis vectors.

Initially, ¢|G)(t) =cg)(t) = 1/\/5. Over time, cgy phase-rotates in the
complex plane in a circle about the origin, at an angular velocity of wg) =
E/h. In time t =2E /h, it rotates by a total angle of 6 =x. The area swept
out by the line between cgy() and the origin is ajg) = %nlqE)]z =m/4.
This is the area of a semi-circular half-disk with radius rjg) = [c|gy|=1/+/2.
Meanwhile, c|G)(¢) is stationary and sweeps out zero area. The total area
swept out by both components is thus a =mx/4. This evolution is depicted
in Fig. 1.

Does the area swept out by the complex components of the state
vector depend on the choice of basis? We will answer this question in
a much more general setting later, but for now, consider, for example, a
new basis that includes basis vectors [0), |1) where [0) = (|G) + |E))/~/2
and |1) = (|G) — |E))/~/2. Consider the evolution again starting from the
same initial state as before, |y) =|0). Note that the final state after time
t=2E/h is |1). In the new basis, the coefficients cjo)(t) and c1(#) respec-
tively trace out the upper and lower halves of a circle of radius 1/2 cen-
tered at the point 1/2+410. The total area swept out by both components
(on lines between them and the origin) is the area of this circle, namely
a=n(1/2)2=mn/4. (See Fig. 2.) Note that the total area in this new basis
is still /4.

At this point we may naturally ask, is the area the same in any fixed
basis? Later we will show that the answer is yes; in general, the area swept

ZFor convenience, we use the opposite of the ordinary sign convention in the time-evolution
operator.
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Ai

Fig. 1. Under the Hamiltonian H = E|E)(E|, starting from the ini-
tial state |¥o) = (|G) + |E)) - 2712, the complex coefficient ¢y =
(El¥(¢)) of |E) (the excited state) in the superposition sweeps out
a half-circle in the complex plane with area 7/4 in time t =2E/h,
while the ground-state coefficient ¢|G) remains stationary.

out is independent of the basis for any trajectory of any initial state. The
area swept out will be (proportional to) our proposed measure of the
amount of computational effort exerted by a system in undergoing any
specific state-vector trajectory.

5. GENERAL FRAMEWORK

In this section we proceed to set forth the general mathematical defi-
nitions and notations to be used in the subsequent analysis.

5.1. Time-independent Case

Let ‘H be any Hilbert space. Any linear, norm-conserving, invertible,
continuous and time-independent dynamics on such a space must proceed
via the application of a unitary time-evolution operator, expressible as
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Fig. 2. The evolution from Fig. 1, re-plotted in the basis
10)=(|G) + |E)) - 2712 |1) = (|G) + |E)) - 2~ /2. The coeffi-
cients of |0) and |1) together sweep out a full circle, but
the total area swept out is still /4.

where At is the length of a given time interval, A(Ar) = HAr maps the
interval to an Hermitian operator A that is proportional to At¢, and H
is an Hermitian operator with units of angular frequency. For any two
times #1,t, € R, and for any initial state vector |)=|y¥(¢1)) at time ¢}, the
implied state at any other time #; is given by |V (1)) =U (At)|y(11)), where
At =1t —t;. We will sometimes also write U and A as functions of the
directed pair of times, written #; — ;. We will sometimes call the U and
A operators “cumulative” when the interval At is not infinitesimal.

Note that in Eq. (1) we are using the opposite of the usual (but arbi-
trary) negative-sign convention in the éxponent; this is an inessential but
convenient choice, in that later it will let us automatically associate posi-
tive energies with positive (i.e., counter-clockwise) phase velocities for the
coefficients of state components.

For convenience, for any operator O and vector v, we will sometimes
use the notation O[v] as an abbreviation for the expectation value (v|O|v).

Now, of course, the eigenvectors of U are also eigenvectors of A
and H, so H’sexpectationvalue H[y] foranyinitial vector vy (t1) € H is
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preserved by the time-evolution v (7;) — ¥ (r2). This conserved quantity
(whose existence follows from time-independence even more generally,
via Nother’s theorem) is called the Hamiltonian energy of the system.
Although in our expressions it has the dimensions of angular velocity,
this is the same as energy if we choose units where # =1, as is custom-
ary. Thus, H is called the Hamiltonian operator. We will call the operator
A=A(t) — tp) the cumulative action of the Hamiltonian from time t| to ty,
where some of the qualifying phrases may be omitted for brevity. The rea-
sons for the use of the word “action” will be discussed later.

For convenience in the subsequent discussions, we will often just set
11 =0 (without loss of generality) and write U=U (t)=U (0 — 1 =ef" We
refer to the complete operator-valued function Az.U(¢) for all ¢ values in
some range (which usually includes 1 =0, for which U(0)=1) as a unitary
trajectory over that time interval. Also, for any r we write A(t):=A(0— 1)
for the cumulative action from 0 to 7.

Differentiating U (r) with respect to time and applying the result to an
initial state |y (0)) then yields us Schrodinger’s equation in various forms
that we’ll use,

; _dU(I) _i iHt __ : iHt __:

= T _dte = LHe ™ =14 U(t) (2)

d )
EU(I)IW(OD =1HU 1)y (0)) 3)

s d .
Ilﬁ):allﬁ(t)) =1H|y (1)) 4)

d 2
a = lH, (5)

where again, note that we are using # =1 and the opposite of the usual
sign convention. Note also that we are able to differentiate ¢!/’ in Eq. (2)
because d/dr commutes with H, since H here is a constant.

5.2. Time-dependent Case

The natural generalization of Eq. (5) (the operator form of
Schrodinger’s equation) to a system with a time-dependent Hamiltonian
H (1) is of course just

.
3 =HO, (6)

where now H(t) is permitted to vary over time, though often with a
constraint that it be differentiable, smooth, or analytic.
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One may at first think that in this time-dependent context, we could
appropriately generalize the time-evolution operator equation (1) by sim-
ply changing the definition of the action operator A (as a function of 1)
from the original A(1)= Ht to what one might naively think would be the
obvious generalization to a time-dependent H,

t
At)= H (t)dr, (7)
=0
while still keeping the relation U(r) =¢A®. But in fact, the definition
(7) does not work for this purpose, since in general the values of H(r)
at different times r will not commute with each other; taking the inte-
gral loses all information about their relative time-ordering, and the time-
derivative of U (r) will no longer be equal to 1H(t) as required, since d/dr
will no longer commute with H(r).

The standard way to repair this problem (discussed in almost any
quantum field theory textbook, e.g., Ref. 19) is to define a time-ordering
meta-operator 7, which takes a given operator expression and reorders its
internal operator products so that operators associated with earlier time
points are applied first in all products (reading right-to-left). For example,
as a matter of definition,

| H@)H(p) iftp>n
TG = [ H(t))H(t;) otherwise ®)
With this notational convention, we can write
U@t)=TeA®, )

where A(r) is as defined in Eq. (7), and the meaning of this meta-
expression will be well-defined and consistent with Eq. (6) applied to U(z).
But the problem with this approach is that the expression A(z) in (9) no
longer denotes a “first class object” of our language, but rather is a sort
of meta-mathematical place-holder to be manipulated via a rather complex
interpretational procedure, which involves applying Eq. (8) to uncountably
many infinitesimal pieces of the integrals appearing in the Taylor-expanded
version of Eq. (9). There is no longer any simple, direct relationship between
the properties of the linear operator A(z) defined in Eq. (7) (e.g., its eigen-
values and eigenvectors) and the properties of U (t).

Thus, in what follows we will find it more useful to instead abandon
Eq. (7), and take the rather more concrete approach of simply redefin-
ing A(t) for a given unitary trajectory U(t) to be the unique continuously
time-dependent Hermitian operator such that A(0)=0 and

U@t)=eA® (10)
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(with no time-ordering operator!) for all 7. To see that such an A indeed
exists and is unique, note that since each particular U =U (¢) (at a given
moment) is unitary, it is a normal operator and can thus be given a
spectral decomposition

U= uilu;)(u] (11)

where {|u;)} and {u;} respectively comprise an orthonormal eigenbasis
of U and the corresponding unit-modulus eigenvalues. We can therefore
define the multi-valued logarithm of U by

InU = lnzui|”i>(ui|

=) (nup)lui) (uil

=Y iarg(u)u) (u;| (12)
i
= Y ilArg(ui) +2mn ) ui) uil, (13)
i
where in step (12) we have used the fact that |u;| =1, and where in

line (13) Arg(u;) €[0,27) denotes the principal value of the multivalued
function arg(u;), while the n; values may be any integers. Although we see
that there are infinitely many values of (InU) for any individual U in iso-
lation, nevertheless there is a unique single-valued definition of the entire
function L(t)=InU(¢), given the function U(t), that is continuous over t
and where L(0)=0.

The uniqueness is due to the fact that U(r) varies continuously in ¢,
and thus, if we like, the eigenbasis {|u; (7))} that we choose for U at each
moment (which has k free gauge-like parameters determining the u;, where
k =dimH) can vary continuously as well. Given basis vectors |u;) (and
thus u; values) that change continuously, it follows that at any moment,
only one assignment of values to the n; parameters can possibly yield con-
tinuity with the logarithm value L(r —dr) at the previous moment, since
any other choice would (discontinuously) change one of the phase angles
Arg(u;)+2mn; in the expression (13) by an amount that is (infinitesimally
close to) a multiple of 2. The n; parameters can (and must) change by
+1 from their preceding values (while leaving L(z) continuous) only at a
discrete set of time points, namely those where the continuously changing
u; value crosses the branch cut of the Arg() function (in some direction),
and Arg(u;) jumps by F2x.
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Now, given this uniquely defined unitary trajectory logarithm L(z) =
InU(t), we simply define our action operator as A(t) =—iL(t), and then
trivially we have that U(r) =e'4® holds for all ¢, where the exponential
can be defined via the spectral decomposition of A (equivalently to the
standard Taylor-series definition), thereby inverting the logarithm.

Meanwhile, the entire unitary trajectory U (¢) itself is derived from the
Hamiltonian trajectory H(t) by setting U(0) =17 and applying the oper-
ator form (6) of the time-dependent Schrodinger equation to U(r). So
(d/dt)U(t)=1H(t)U(t), and we are thereby guaranteed that in fact

e iH (1)eA® (14)
dr

as desired, which (recall) failed to be true (in the absence of a time-ordering
operator) for the A(r) defined in Eq. (7).

For reasons we will explain, we will refer to a complete function
At.A(t) as defined by Eq. (10) as the cumulative Hamiltonian action tra-
jectory implied by the Hamiltonian trajectory H(t).

In cases where H(t)=H is constant over time, note that this defini-
tion of A(r) reduces to the simple Hr form that we used back in Eq. (1).
This follows from the observation that the definition A(t) = Ht indeed
solves Eq. (10) when H is constant, and the fact that (as we just showed)
the A(r) implied by Eq. (10) is unique under the continuity constraint.

Later, we will see the importance of the Hamiltonian action trajectory
A(1), and discuss the precise meaning and computational interpretation of
its expectation value when applied to a given state.

To clarify our terminology, note that in this document we are using
the word action in a somewhat more general sense than is usual; typically
in physics (e.g., in Hamilton’s principle) “action” just refers to the quan-
tity having units of action that is obtained by integrating the Lagrangian
L =pv— H along some path. However, it is also perfectly valid and rea-
sonable to consider the more general notion of the action that is associated
with any quantity that has units of energy, by setting the time-derivative of
that action along some path to be equal to that energy.

Indeed, we will see later that the time-derivative of the cumulative
Hamiltonian action A(z) (as we have defined it) along a given trajectory
is in fact exactly the instantaneous Hamiltonian energy H(¢), i.e.,

d
aA(t)[W(O)]=H(t)[w(t)], (15)

similarly to how the time-derivative of the ordinary (i.e., Lagrangian)
action along a given trajectory is the instantaneous Lagrangian energy
L(t).
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As a final piece of notation which will help us generalize our results
to the time-dependent case, we will sometimes write U’(¢) to refer to the
“Instantaneous” unitary transformation that applies over an infinitesimal
time interval dr at time ¢, that is,

U@):=U@¢—>t+dr)
= 1 +iH@)dr. (16)

Note also that any larger transformation U(f; — ;) can be expressed as
the time-ordered product of all the infinitesimal U’(¢) over the continuum
of times ¢ in the range from #; to f,. That is, we can write

[§)
Ul —»n)=T[]U® (17)

t=t

with the opposite ordering if 7, <t;. Thus, U’(t) uniquely defines U (t), so
we will sometimes refer to U’(r) as the unitary trajectory also.

We should keep in mind that although the complete unitary trajectory
U(t) (or U'(t)) between r; and t, determines the overall transformation
U(t; — 1p), the converse is not true: Knowing the cumulative U =U (t; —
1) for a particular pair of times 7, 1> is of course insufficient to determine
a unique unitary trajectory U(r), since in general infinitely many cumu-
lative action operators A= A(tj — ;) can exponentiate to yield the same
cumulative U (since expression (13) is multivalued), and furthermore, in
the time-dependent case, a continuum of different Hamiltonian trajectories
H(t) (which determine U’(z)) could implement a given cumulative action
operator A.

We will similarly use the notation A’(t)= H(¢)dt to denote the infini-
tesimal action operator that applies from time 7 to ¢t +dt; note that U'(t) =
el O =14iH (r)dr.

6. DEFINING COMPUTATIONAL EFFORT

With the above general definitions and observations aside, let us now
proceed to define our concept of the amount of computational effort
exerted by a system in undergoing a state trajectory |y (¢)) between two
times.

We will find it easiest to define this quantity first for the case of a sys-
tem with a time-independent Hamiltonian H ()= H =const. Later, we will
show how our results can be generalized to the time-dependent case.
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Let |v) be any eigenvector of H, and w the corresponding eigenvalue,
which is real since H is Hermitian. That is, let H|v) =w|v). Thus, |v) is
also an eigenvector of the cumulative action operator A(tr)= Ht for any ¢,
with eigenvalue o =wt.

First, when ¢ is an infinitesimal dr, consider the instantaneous U’ =
1 +iHdt. Clearly, |v) is an eigenvector of U’, since U’|v)=(1+i1Hdt)|v) =
(14iwdr)|v) =u|v), where the scalar u=1+iwdr =¢'®d* =9 Thus, under
application of U’, the eigenvector |v) transforms to |v’) =elodt ) =elda |y,
that is, it phase-rotates in the complex plane at angular velocity @ through
an infinitesimal angle da. Note also that

S(v|v) = (|1 +ida)|v) =31 +ida) (v|v)
da = (v|wdt|v) = (v|A’|v) = A'[v]. (18)

That is, when |v) 1s an eigenvector of H, the magnitude of the imaginary part
of the inner product between infinitesimally adjacent state vectors is equal
to the expectation value A’[v] of the infinitesimal action operator A’= Hdt
applied to the state. As we go on, we will extend the relationship (18)
to non-infinitesimal trajectories, non-eigenvectors, and time-dependent
Hamiltonians.

Next, note that the eigenvectors |v) of H are also eigenvectors of
the cumulative action operators A(t) = Ht and cumulative unitaries U(t) =
elA® =¢if" and vice-versa. Let A(t)|v) =a(t)|v), with |v) a fixed eigen-
ket of A(r), and with a(r)=wt as its eigenvalue. Then, U (1)|v) =e'A®|v) =
e y) = u(t)|v) where u(r)=¢*®. Thus, upon the application of U, |v)
gets multiplied by the phase factor u(z), or (we can say) rotated by a total
phase angle of «(#) = wt, which could be much greater than 27 in long
evolutions, as can also be seen by integrating da over ¢. Note also that if
we integrate J(v|v’) along the trajectory, we still get the cumulative action

AD[vO0)]:

t '3
f_osw(r)lv’(r» s /_Omv(rn(l +iwd?)[v(D)) (19)
= wt=a(t) = WO AD|VO)). (20)

Next, consider an arbitrary pure state | (0)) =), ¢;(0)|v;), where the
|v;) are normalized eigenstates of H with eigenvalues w;, and the ¢;(0) are
the initial coefficients of the |v;) in the superposition. The state at time ¢
can be expressed as
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Y (0) =) expliei]ci (0)[v;)
i
= > expliw;t]ci (0)|v;)

=Y a®lv), 21

where we see that each coefficient ¢; (1) =exp[iw;t]co(t) (in the fixed basis
{lvi)}) simply phase-rotates with angular velocity w; along an origin-
centered circle in the complex plane with constant radius r; = |c;|. Over
any amount of time 7, we see that ¢; rotates in the complex plane by a
total angle of o; =w;t, while the line in the complex plane that joins ¢; to
the origin sweeps out an arc with an area of a; = %w,-triz. (See Fig. 3 for
an illustration of the area swept out in the infinitesimal case.) For exam-
ple, in time t =27 /w;, coefficient ¢; sweeps out a complete disk of area
a; =7rr,.2 as it traverses an angle of « =2x. For consistency, in the case of
clockwise rotations (negative w;), we will consider the area swept out to
also be negative.
Now, let /(1) =v (¢t +dt). Then

% t
f_ (Y@ () :/ S ame+do) (22)

4
_ /ZrIZS{e—iH,-(r)ei[ﬁi(r)+widr]} 23)
i

= pr,-S(l—{—iw,-dr) (24)
= / > pida; (25)
= /da:a(t)=A(t)[l/f(0)], (26)

where the overbar denotes complex conjugation, r; =|c;| as before, 6;(t) =
arg(ci (7)), and « i1s now the weighted-average value of «;.

Now, consider the fotal area a(t) swept out by all coefficients c¢; over
time ¢. Note that rl.2= |ci|? is also the probability p; of basis state v;, and
so the total area swept out is always exactly half of the average angle a(t)
of phase rotation (weighted by the state probability), or in other words,
half of the expectation value of the A(z) operator applied to the state
¥ (0). That is,
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Fig. 3. In the energy eigenbasis, a complex coefficient ¢; of a basis
state sweeps out a small wedge-shaped area (shown exaggerated) in
the complex plane over an infinitesimal time interval dr.

1
a(t) = Z —2-a)itr,-2

1
lz
= = pa
2 [ el

1 1
= §A(t)[1/f(0)]=§0t(t)-

Frank

(27)

Thus we have shown that for time-independent Hamiltonians, the

expectation value of the action operator A(r) applied to any initial state
¥ (0) is equal to the integral over the state trajectory of the inner prod-
uct between infinitesimally adjacent states v (t) and y'(t) =y (t +dt) along
the trajectory, as well as to the average phase angle o accumulated and to
twice the complex-plane area a swept out by the state’s coefficients, when
the state is decomposed in the energy eigenbasis.
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Of course, the inner product between two state vectors is a pure geo-
metric quantity, and so is basis-independent. Therefore, the integral of
(¥ |y’) over the state trajectory does not depend at all on the (fixed)
choice of basis under which states are decomposed into components. Like-
wise, the operator A(r) itself is a geometric object not inherently associ-
ated with any particular basis. Therefore, the identity

{4
/4swaan»=Mowwn (28)

that we proved above is a fundamental one whose truth does not rely on
any particular basis or coordinate system.

However, it is perhaps somewhat less obvious that the average angle
a of phase rotation and the complex-plane area a swept out by the state
coefficients should also be basis-independent quantities, since their original
definitions explicitly invoked a choice of basis (the energy basis). However,
in the next section we will show that in fact, these quantities are basis-
independent as well. Thus, all of the following identities still hold true,
regardless of basis:

w=a=/wswwﬂ=mmw®L 29)

where a is the total complex-plane area swept out by the state coefficients
in any fixed basis, « = [wdr is the time-integral of the expected value w
of the angular velocity w; of the state coefficients in any fixed basis (not
necessarily the same one), ¥ = () is the state trajectory, with ¢/ =y (r +
dr), A(t) is the action operator as we defined in Eq. (10), and we are
using our mean-value notation A(#)[v(0)]= (v (0)|A(t)|v¥ (0)).

Our proposed measure of the amount of change undergone (and com-
putational effort exerted) along a state trajectory v (¢) generated by a con-
stant H will then just be the « value for that trajectory.

Later, in Sec. 8, we will show that the above identities also still hold
even when H(t) varies over time, and so our measure will generalize to
that case as well.

7. GENERALIZING TO ARBITRARY BASES

The above discussion made use of a set of basis vectors {|v;)} which
were taken to be orthonormal eigenvectors of the (temporarily presumed
constant) Hamiltonian operator H. Now, we will show that this particu-
lar choice of basis was in fact unnecessary, and that the same statements
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concerning the relationship between the area swept out, the average phase
angle accumulated, and the action A(t) would remain true in any fixed
(time-independent) basis.

At first, it may seem very non-obvious that the area swept out should
still be exactly half of the action. Note that our previous arguments for
this relied on the fact that in the energy basis {|v;)}, the coefficients c;
all rotate at uniform angular velocities w; in circles in the complex plane,
while their individual magnitudes remain constant. In a different basis |v;)
(distinguished by using a different index symbol j), this will no longer be
true. Each basis vector |v;) in the new basis is in general some superposition
of the {|v;)}, such as

lvj) =) u’lv), (30)

where the matrix U:[u;] of complex coefficients (with the subscript j
indexing rows, and the superscript i indexing columns) is, most generally,
any unitary matrix. We can also write this equation in matrix-vector form
— S .
as |vj) =Uly;), where the over-arrow here denotes that we are referring

to the entire column-ordered sequence of basis vectors, m = Iv;l)J. Of
course, a general state vector y can equally well be expressed as a linear
superposition of either set of basis vectors, that is,
) =) _cilv) 31)
i
W)=Y cjlv)). (32)
J

But now, we can substitute Eq. (30) into Eq. (32) and rearrange, as
follows:

=3 eiubluy=>_| > e | vk (33)
)

ij i

Now, since the |v;) are linearly independent, the expansion of |) in terms
of them must be unique, so we can equate the coefficients on |v;) in Egs.
(31) and (33) to get

Cc; = E u'jcj
J

& ="z}, (34)
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where T is matrix transpose. We can easily solve this equation for the c;
coefficients as follows:

=% UT—)

c = Cj
WO e =%
U =<
gp= Y dher. (35)
i

In other words, each complex coefficient in the new basis is just a partic-
ular linear combination of what the various complex coefficients were in
the old basis.

If the coefficients ¢; in the old energy basis are describing perfect cir-
cles around the complex origin at a variety of radii and angular veloci-
ties, there is no guarantee that the coefficients c¢; in the new basis will still
be describing circular paths centered on the origin, although their paths
will of course still be continuous and smooth if the original ¢; trajecto-
ries were. In general, the c¢; will follow complicated looping trajectories in
the complex plane, generated as if by Ptolemaic planetary epicycles, i.e., as
a sum of circularly rotating vectors. A given c; will in general return to
its initial location in the complex plane only when its components ¢; that
have non-zero values of u’ all simultaneously return to their initial loca-
tions exactly, which might even take infinitely long, if the corresponding
w; values were relatively irrational.

Anyhow, the important point for our present purposes is that the c;s
do not, in general, maintain a constant magnitude (distance from the ori-
gin), and so the area swept out by the ¢; over a given time is no longer
just a section of a circle, which was very easy to analyze. Instead, while
cj’s phase angle 6; is rotating, simultaneously its magnitude r; may also
be growing or shrinking. Figure 4 illustrates the situation.

To clarify what we mean by the phase angle 6;(z) a bit more carefully,
let us use da(r)~0 to denote the infinitesimal increment of phase angle
from times ¢ to r+dr such that

da; Earg(c/j) —arg(c;) (mod 2m), (36)

so that de; remains infinitesimal even when ¢; crosses a branch cut of the
Arg() function. Then, let «;(r) be the total accumulated phase angle over
time ¢, that is, the integral of da; over time,

t
Olj(t)=/ daj (37)

=0
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Fig. 4. Area swept out (exaggerated) by a coefficient c¢; (in a basis other
than the energy eigenbasis) over an infinitesimal time interval ds. Note
that both its phase and its magnitude change, in general.

so that «;(0) =0. Now, just let 0;() = Arg[c;(0)] + «;(r). Thus also
d9j == daj.

What, now, is the area swept out in our new basis? First, notice that
in the infinitesimal limit, it is exactly half of the area of the parallelogram
that is spanned on two adjacent sides by c¢;=c;(¢) and c;. =c;(t+dt), con-
sidered as vectors in the complex plane. See Fig. 5.

The parallelogram area, itself, is da; =rjr;. sin(dd;), where r; and r;
are the magnitudes of the old and new coefficients, respectively. However,
note that the area da; of this parallelogram is also the signed magnitude

Fig. 5. The infinitesimal area da; swept out
approaches one-half of the parallelogram area
rjr} sin d()j.
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of the scalar “cross product” ¢; x ¢/, between the coefficients, considered
as vectors in the complex plane. (The traditional cross product, defined in
three dimensions, would be a vector perpendicular to the complex plane
having this value da; as its length.) There is a nice identity®? connecting
the scalar cross product and dot product with the conjugate multiplication
of complex numbers, namely:

cd=c-d+1(c xd), (38)

where ¢ means the complex conjugate of ¢, and c-d denotes the real
scalar “dot product” between ¢ and d considered as vectors, namely
lc||d| cos[arg(d) —arg(c)], and ¢ x d denotes the real scalar “cross product”
previously mentioned, namely |c||d|sin[arg(d) — arg(c)].

Applying this identity to our situation, we can see that the area swept
out, since it is half the cross product, is half of the imaginary part of the -
conjugate product ¢ jc} between the old and new coefficients, and also to
half of sin(da;)=daj;

1 (—
daj=§daj=§i”s(cjc3-). (39)

Now, this is just the area swept out by a single component c;. To find
the total area da swept out by all coefficients, we merely sum over com-
ponents:

1 _ 1l ~—.
da = 3 Z.\s(cjc;)ziu chc’j

J J
1 o 1
= 53y y) =5da (40)

In other words, just like in the energy basis, in an arbitrary basis, it is
still true that the infinitesimal increment da in the area swept out by the
coefficients is exactly one-half of J(y|y¥’), the imaginary component of
the inner product between infinitesimally adjacent vectors ¥ = v (¢t) and
V' =1y (t+dr) along the trajectory, and further that this is equal to half
of da=d#, the average increment of the continuously varying phase angles
0;(t) of the coefficients.

Now, we saw earlier that J(y|y’) is also equal to the expectation
value A’[Y] = (Yy|A’|¢¥) of the infinitesimal action operator A’ = Hdt
applied to the state ¥, for any state . So in connection with the result
(40) that we just obtained, this means that A’[v/] gives exactly the average
phase angle accumulation da of the coefficients ¢; of ¥ in any basis, and
twice the complex-plane area da swept out by those coefficients. We can
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thus think of A" as being the operator representation of a fundamental,
basis-independent concept of “average angle accumulated” or “total area
swept out” over infinitesimal intervals.

8. GENERALIZING TO TIME-DEPENDENT HAMILTONIANS

In the previous section, we established the basis-independence of the
identities 2da =da =3(Y |Y) =wdt = A'[Y] = (Y |Hdt|y) for infinitesimal
changes of the state vector (¥ — ¥') along its trajectory over infinitesimal
time intervals dr, under any constant Hamiltonian H.

But, as long as the Hamiltonian H(r) only changes in continuous
fashion, it can always be considered essentially “constant” throughout any
infinitesimal interval dz, even if it is varying over non-infinitesimal time-
scales. Therefore, the above identities will still hold true instantaneously
even for a time-dependent Hamiltonian H(¢), which is what we originally
started out our discussion with. Thus, when we integrate the above Eq.
(40) over time, it remains true that:

5]

2a=a=f S @)Y (¢ +dn)) @1)
t—t-ztl

_ f w()dt (42)
t=t|
n

_ / W OIHOIY @) de 3)
=t
t

= f T AOW O] (44)
t=t)

In words, this says that for any initial state ¥, we have that 2a (twice
the complex-plane area swept out by the coefficients of ¥, in any basis)
is equal to «, the average phase angle swept out by the state coefficients,
as well as to (41) the integral along the trajectory vy (¢) of the imaginary
component of the dot product between neighboring vectors along the tra-
jectory, and also to (42) the integral of the average phase velocity of the
coefficients, weighted by the instantaneous basis state probabilities p; (1) =
ri(t)?, which is (43) the time-integral of the instantaneous Hamiltonian
energy E(t)=H(t)[y(t)] of the instantaneous state v/ (r), which (finally) is
(44) the integral of the infinitesimal actions dea(z) = (Y (¢)|A’(¢)|¥ (1)) on
the instantaneous states ¥ (7).

The natural next question to ask is, given that A’[Y]=da remains
true over infinitesimal intervals ds in the general time-dependent case,
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and given that cumulatively, A(7)[¥(0)]=« in the time-independent case
(H ()= H =const.), does this cumulative relation still hold true in the gen-
eral time-dependent case? That is, for A(r) (as defined in Eq. (10)) is it still
true that

AV (0)]=«a (45)

even if the phase angle « was accumulated under the influence of a vary-
ing H()?

If this Eq. (45) is universally correct, then we will have a very nice,
simple interpretation for the general action operator A(t) even in the case
of a time-dependent H(r), namely that, when applied to any initial state
¥ (0), it simply gives the angular length « of the trajectory that will be tra-
versed by that state, a quantity which obeys all of the identities (41)—(44).

Actually it seems that this is true, and the proof is quite elegant.
First, from Eq. (17) and the boundary condition U(0) =1, fix U=U(t),
the overall unitary transform operating between times 0 and ¢ that is
implied by the values of the time-dependent Hamiltonian H () for all 0 <
T <t. Fix then also A=A(r) by using Eq. (13) and the associated discus-
sion, using the continuity requirement on A(t) and the requirement that
A(0)=0.

Now, consider any eigenvector |¢;) of U, which is a state that under-
goes a cyclic evolution (in the projective Hilbert space) under H(t) or any
other process (Hamiltonian trajectory) that implements U, since U|¢) =
wilgi), with p; being the associated unit-modulus eigenvalue. Of course,
|¢i) 1s then also an eigenvector of A, with an eigenvalue «; such that
Algi) =«ai|¢i) and u; =e'*.

To see that this @; must indeed be the same as the total phase angle
a accumulated by |¢;) as defined in e.g. Eq. (44), consider that once the
overall operator A has been determined, we can simply divide it by ¢ to
find an alternative time-independent H.= A/t that would also generate the
very same action operator A and the same unitary U when applied over
the same time interval ¢. From the discussion in Sec. 6, its easy to see
that the value of « is then indeed exactly the phase angle accumulated
from the initial state |¢;) when implementing A via this (alternative) time-
independent H,.

Now, does every Hamiltonian trajectory that implements A (including
our original time-dependent H(t)) involve the same total accumulation «
of phase angle? We can see that it must, because any trajectory H(t) can,
it seems, be continuously deformed into the constant trajectory H.(t)= H,
while maintaining the same overall A (and thus U) throughout the deforma-
tion process. At no point during this continuous deformation process can
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the total phase « that is accumulated ever change, since, to produce the same
U, the total phase « must always remain congruent to «; (mod 2x), and it
would be impossible for the total phase accumulated to jump by a multiple
of 27 at any point during any continuous deformation of the trajectory.

To see that this is true, recall from Eq. (13) and the associated dis-
cussion that any continuous A(r) can be characterized by a continu-
ously varying eigenbasis {|u;(7))} of U(r) (with a sort of k-dimensional
continuous gauge freedom, where k is the Hilbert space dimension), and
by implied integer parameters n;(t) that select which of the logarithm val-
ues must be used at each time point t. As we continuously deform the
Hamiltonian trajectory H(t) as well as the eigenbases {|u; (7))} (and thus
the gauges of the associated eigenvalues u;(7)), the set of time points 7 at
which the n;(t) values change also changes continuously. Nowhere during
this continuous, local process can the total angle o accumulated along the
trajectory possibly change discontinuously by a multiple of 2.

Thus, our arbitrary time-dependent H(r) takes the eigenstate |¢;)
through the same total angle o as would the constant H. for which we
already know that (¢;|A|¢;) =«.

The above discussion establishes that (regardless of the dynamics
H(t)) the A operator that we derive from it always gives the correct accu-
mulated angle o for all eigenstates ¢; of A; therefore it is also correct for
arbitrary initial superposition states ¥ (0) (and for mixed states as well).

For a final interesting observation, let a(y¥(0),?) denote the angle o
accumulated from the initial state |4 (0)) over time ¢, and note that since

(Y O)A@D ¥ (0)) =a(y(0), 1) (46)
for all initial v (0), the time-derivative of the operator A(z) must satisfy
d d
(W(O)Id—A(I)Iw(ON=——01(1/f(0),t)- (47)
t ot
Recall meanwhile that da(z) is given by applying A’(r) = H(t)dr to the

state ¥ (1); i.e., da(t)=A"(t)[y (1)]. Of course, ¥ (t)=U(t)¥(0), so we have
that

dA A’
WO S OWO) = L2y o) (48)
= (YO UT @) H @)U @) (0)). (49)

and thus
dA +
E(I) =U"(O)H@®U (1)
= e MO (r)elA®), (50)
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Now, note that applying the time-dependent operator form (6) of the
Schrodinger equation to U () =e'A®) | we get

iei/‘([) — lH(t)elA(t)
dr

- ieiA(t)e—iA(t)H(t)eiA(t)
-

= e _[iA@ 51
e dt[l (0], (51)

where we have used (50) in the last step. In other words, the ordinary rule
de/ =e/df for the differential of an exponential of a function f actually
turns out to be true when f =1iA(t), despite the fact that the Hamilto-
nian may be time-dependent and that A(r) doesn’t necessarily even com-
mute with its time-derivative! This is due to the special way in which we
defined our A(r) function, and would not be true for more general time-
dependent operators.

9. DISCUSSION OF EFFORT

Although a choice of a particular cumulative action operator A still
gives us freedom to choose any number of different Hamiltonian trajecto-
ries H(tr) for implementing it, over various total amounts of time 7, we
have seen above that all such trajectories are equivalent in terms of the
total amount « of phase angle that is accumulated starting from any fixed
initial state | (0)).

As hinted previously, we might even consider the quantity a (or, more
properly, its absolute value) to be a reasonable definition of the geomet-
ric length of the path that a normalized state vector |y (t)) describes as it
moves along any continuous path (parameterized by any real variable r)
along the unit sphere in Hilbert space, since (note) o depends only on the
shape of the state trajectory itself, and not on any other properties of the
Hamiltonian trajectory, such as the energy of other orthogonal states.

As a result, an intrinsic metric on the normalized Hilbert space is
provided by the distance function

d([¥1), [¥2)) :=min |a], (52)

where « is the accumulated phase angle along a given trajectory, and the
minimum is taken over all normalized, continuous paths from |y) to
[Yr2), or a subset of such that is deemed available. The absolute-value oper-
ator is required in order to obtain a proper (positive) metric, since trajec-
tories with unboundedly negative values of o could exist if we allow states
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to have negative energy. Paths having the minimum absolute o between a
given pair of states can be considered to be (sections of) geodesics on the
normalized Hilbert space.

In Ref. 21, Wootters introduced a statistically motivated distance met-
ric between quantum states which he called “statistical distance,” and
showed that it was identical to the ordinary Hilbert-space distance func-
tion d (Y, yp) = arccos |[(Y¥1|¥2)|. It turns out that our distance function
d above is in fact exactly the same as this also, if all Hilbert-space tra-
jectories are considered. However, if the space of allowed trajectories is
restricted (for example, if the Hamiltonians are forced to be local) then
a different distance measure results. In Wootters’ metric, the distance
between any two distinguishable states (e.g., two different randomly cho-
sen computational basis states) is only arccos0=/2, whereas if we define
distance by minimizing over allowed trajectories, we could obtain a much
greater figure.

Later, we will see that our distance measure will also allow us to
derive a natural metric on unitary operations, telling us the “distance”
between two unitaries, as measured by the difficulty of getting from one to
the other, in terms of the minimum distance traversed by worst-case states.

Anyway, noting that this measure « of trajectory length which we
have explored above is stable with respect to changes of basis, that there
are multiple simple ways of defining it, and that it connects strongly with
fundamental physical concepts such as action and energy, as well as with
primitive geometric concepts such as angles and areas, and that it forms
a natural metric on the Hilbert space, all of these facts together moti-
vate us to propose this measure as being the most natural and genuine
measure of the total “amount of change” that is undergone by a physical
quantum state vector |y (¢)) as it changes dynamically under a (possibly
varying) physical influence H(t).

Insofar as we can consider all dynamical evolution and change to be
forms of “computation,” where this word is construed in a very general
sense, we can also accept this measure as being an appropriate measure of
the amount of computational effort exerted by the system as it undergoes
the given trajectory.

Thus, from here on, rather than calling our quantity “action” (which
would lead to confusion with the action of the Lagrangian), or “accumu-
lated phase angle” (which is awkward) we will refer to our quantity as
simply the effort when we wish to be concise, and abbreviate it with the
symbol F. That is,

n

Fooy [0 (0] = / SO ®) (53)

t=t
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1s a real-valued functional of a state vector trajectory v (¢) taken between
two times 7; and 7. Note that the value of F depends only on the shape
of the path. It is independent of the absolute time, the speed at which the
trajectory is traversed, and on various other details of the Hamiltonian
that generates the trajectory (such as its eigenvalues for eigenstates that are
not components of v); in general, many different Hamiltonian evolutions
can generate the same path, which will always have the same total effort.
So, in the above equation, we can consider v/ (¢) to just be a parameterized
curve where ¢ is now just any arbitrary real-valued parameter, not neces-
sarily even corresponding to physical time. In other words, the effort quan-
tity does not depend on the precise system of coordinates that is used for
measuring the passage of time, but rather only on a pure geometric object,
namely the path taken through Hilbert space.

Note that to say that the path length corresponds to computational
effort is not to imply that all of the physical computation that is occurring
in the given system is necessarily being harnessed and applied by humans
to meet our calculational needs, only that this is the total amount of raw
computational work that is occurring “in nature.” The choice of the word
“effort” is intended to evoke the commonsense realization that effort may
be wasted, i.e., not used for anything useful.

Note also that the action operator A (as we have defined it) gives a
concise yet particularly comprehensive characterization of a given compu-
tational process, in the sense that it determines not only the overall unitary
operation U =e'4 that will be performed, but also the amount of effort
that will be expended in getting to the final result from any given initial
state.

The primary caveat to the above conception of computational effort
seems to be that the quantity F (together with the rate of phase rotation,
and the path length in Hilbert space) is dependent on where we choose
to draw our zero of energy. As is well known, absolute energies are only
physically defined up to an additive constant, and so the total Hamilto-
nian action or effort is only well defined up to this constant multiplied by
the elapsed time 7.

A natural and widely used convention is to define the least eigenvalue
of the Hamiltonian (the “ground state” energy) to be the zero of energy.
In a similar fashion, we can choose to additively shift the Hamiltonian so
that the least eigenvalue of the cumulative action operator A(z) is taken
to represent zero effort. (Note that this approach can even be used when
the Hamiltonian itself is time-dependent.)

However, this choice is by no means mandated mathematically, and
in fact, in certain pathological cases (such as an infinite-dimensional
or time-dependent Hamiltonian with unboundedly negative eigenvalues),
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there might not even be any minimum eigenvalue for the resulting action
operator over a given interval. One needs to keep these caveats in the back
of one’s mind, although they seemingly end up not very much affecting the
potential practical applications of this concept, which we will address in a
later section.

Another reason that we might not want to consider the ground state
energy to always be zero is if the ground state energy varies, especially if it
includes energy that had to be explicitly transferred into the system from
some other external subsystem. Thus, energy that is present in a given sys-
tem, even if that system is in its ground state, may still represent energy
that was transferred from elsewhere and isn’t being used for other pur-
poses; i.e., it may represent “wasted” computational effort, and we may
wish to count it as such, rather than just counting it as zero effort.

Another possible convention would be to count a system’s energy as
being its total (gravitating) mass—energy, or rest mass—energy, if we want it
to be independent of the observer’s velocity. One might think this choice
is a somewhat less arbitrary than the ground state convention, since mass
is a physical observable, but unfortunately, in general relativity, the contri-
bution to the total mass—energy of a local system that is due to its gravita-
tional self-energy isn’t actually independent of the coordinate system that
is used (Ref. 22, p. 62). However, this caveat is usually only important in
extreme systems such as neutron stars and black holes, where the gravita-
tional self-energy contributes significantly to the system’s total mass.

In any case, for now, we propose to just make a “gentlepersons’ agree-
ment” that we will always make sure that the energy eigenvalues of the
systems that we consider are always shifted so as to be positive, so that the
total effort is always positive, and we don’t have to worry about what would
be the meaning of a negative “amount of computational effort.” Unfortu-
nately, this strategy rules out considering certain classes of systems, such
as bottomless potential wells, or the infinite Dirac sea of negative-energy
fermion states. But resolving this issue will have to wait for future work.

10. MORE ABSTRACT SCENARIOS

In the above, we have specified a well-defined (at least, up to an addi-
tive constant) positive, real-valued measure F of the amount of compu-
tational effort represented by any trajectory of a state vector in Hilbert
space.

This raises the question of whether we can assign a measure of com-
putational effort to other physical situations that may be less completely
specified. For example, we may be given a cumulative action operator A,
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but not know the detailed Hamiltonian trajectory H (t)|:2=;| that generated
it, and we may be given only a set V of possible initial states (rather than
a single definite state), or we may have a probability distribution or den-
sity function p:V — [0, 1] over initial states. In such more abstract situa-
tions, can we still meaningfully define the amount of computational effort
exerted by the system as it undergoes the evolution specified by its Ham-
iltonian over a given time interval?

Of course we can. Given a cumulative action operator A and given
any specific state ¥ =1(#]) at the initial time ¢;, the value of Frisn[¥@)]
is independent of the details of the Hamiltonian trajectory H(r) and is
given simply by

Fa(W) =AlY]=(y|Aly), (54)

which can be called the effort undergone by  under A.
We can therefore also naturally express the average or expected effort
over V exerted by the action operator A as:

Fv(A)=Exy[Fal= Y p()Fa(¥)=(4) =Tr(pA), (55)
Yyev

where the density operator p describing the initial mixed state is con-
structed from the probability distribution over pure states v in the usual
fashion, that is, with P=Zwev p(W)|Y)(¥]|. If no probability distribution
p has been provided, we can use a uniform distribution over some natural
measure on the set V.

This then gives us a workable definition of the mean effort exerted by
a system over time under a given Hamiltonian, even when the initial state
is not exactly known.

In some situations, we might also be particularly interested in the
maximum effort over the set V of possible initial states. For example, sup-
pose we are preparing the initial state of the system, and we want to ini-
tialize the system in such a way that it will exert the maximum effort
possible. Given A and maximizing over V, we define the maximum effort
exerted by A over V as '

Ff(A):=max Fo(y). (56)
veV

This can be considered to be a measure of the potential computational
“strength” of the given action operator A, expressing that any Hamiltonian
H(t) that implements A over some arbitrary interval t; — t» could exert
an amount f‘}L (A) of computational effort over that same interval, given
a suitable initial state. Insofar as the actual state that we end up getting
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might be the one that undergoes the maximal amount of effort, we can
say that a system with an unknown or unspecified state is, at least, exert-
ing this much “potential” computational effort.

Even if the actual state turns out not to be the maximal-action
one, the system could still be thought of as having “done the work™ of
determining that the actual state is not the one that should have transi-
tioned through the given maximum Hilbert-space distance. This particular
thought should really be credited to Seth Lloyd, who pointed out to me in
personal discussions, as an analogy, that an ordinary Boolean gate opera-
tion can still be thought of as doing computational work even if the out-
put bit that it is applied to is not actually changed; namely, it is doing the
work of determining that the bit should not change.

Similarly to how we defined the maximum effort, we can likewise
define the minimum effort of A over V as F,(A) = minycy Fa(¥),
although we should keep in mind that if the ground state of the action
operator A is an available initial state in V, and if we use the convention
that the ground state action is defined to be zero, then F, (A) will always
be 0, and so will not be very useful.

11. DIFFICULTY OF PERFORMING AN OPERATION

Suppose now that we are given no information about the situation
to be analyzed except for a unitary operator U on the Hilbert space H,
and we want to address the following question: How much computational
effort, at minimum, is required to physically implement U? By “imple-
ment” we mean that U is the time evolution operator that ends up being
generated by the dynamics over some interval, according to U =¢'A for
some action operator A. We can call this minimum required effort the
difficulty D of implementing the unitary operator U. Our framework gives
us a natural way to formalize this notion.

Assuming we have some freedom of choice in the design of the sys-
tem, then among the set A of all Hermitian operators A on H, or among
at least a set X C A of available or implementable action operators, we
might want to choose the operator A that generates U that has the small-
est value of the maximum or worst-case effort .7-':; (A) over the set V of
possible initial state vectors. This A can be considered to be the “best”
action operator for generating the given unitary U, in the sense that the
length of the longest trajectory that would be undergone by any possible
state vector y € V is minimized. This strategy is analogous to what we
do in traditional algorithm design, where we usually choose the algorithm
that has the minimum time complexity on worst-case input data. In our



On the Interpretation of Energy as the Rate of Quantum Computation 315

case, A can be considered to abstractly represent the algorithm selected,
while the initial vector  represents the input data. Rather than time com-
plexity, we focus on effort or Hamiltonian action, since (as we will see)
this translates directly to time when a given supply of energy is available
to be invested in the system.

In some situations, it may be preferred to choose A so as to mini-
mize the expected effort rather than the worst-case effort, for example, if
we want to minimize the total effort exerted over an arbitrarily large set of
computations with randomly chosen input states selected from some distri-
bution.

We can thus define the maximum (D;“, v) and expected (5&‘/) diffi-
culty of a desired unitary transform U under the available action set X and
initial-state set V as follows:

Dg (W) = min F 4

= s Fa(y) (57)

Dy.v(U) := min Fy (A)
AeRr

= min | p(¥)Fa(¥) (58)

yev

Note that in all cases we still want to minimize over the available action
operators A € R, because there is usually no physical reason why indefi-
nitely large action operators (which waste arbitrarily large amounts of
effort) could not be constructed to implement a given unitary; thus, maxi-
mizing over action operators would thus always give oo and would not be
meaningful.

A remark about the set N of available action operators. Typically it
would be constrained by what constitutes an “available” dynamics that
we are free to choose within a given theoretical, experimental, or manu-
facturing context. For example, X might reasonably be constrained to
include only those action operators that are obtainable from time-dependent
Hamiltonians H(t) which are themselves constructed by summing
over local interaction terms between neighboring subsystems, or by inte-
grating a Hamiltonian density function that includes only local terms on
a field over some topological space, e.g., to reflect the local structure
of spacetime in a quantum field theory picture. Or, we might constrain
ourselves to action operators that are obtainable from time-independent
Hamiltonians only, e.g., if we are designing a self-contained (closed) quan-
tum system. Finally, practical considerations may severely constrain the
space of Hamiltonians to ones that can be readily constructed in devices
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that can be built using a specific manufacturing process, although we
should note that if scalable universal quantum computers can be built,
then any desired local Hamiltonian could be straightforwardly emulated
on these machines.

As a brief aside, it is also interesting to note that a given difficulty
function D(U) (either the worst-case or average-case version, and whatever
N and V are) also induces an intrinsic metric on the space of unitaries of a
given rank; we can define a suitable distance function between unitaries by

d(U, Uy) =D(U4U)) (59)

that is, the distance between U; and U, in this metric is just the diffi-
culty of performing the relative unitary U;_,;:=U,U IT that is equivalent to

undoing U; (using U1T=U1_]) and then doing U,. A unitary trajectory for
implementing U;_,, that actually minimizes the effort will then form, when
right-multiplied by Uj, a (section of a) geodesic in the space of unitaries
passing between the unitaries Uy and U; (since U;_,oU; =U,). Of course,
in general, the shortest unitary trajectory for implementing Uj_.» will not

actually work by doing U;f followed by Us; for example, if U; and U; have
high difficulty but are very close together, then the shortest unitary trajec-
tory between them will be much more direct than this.

Now, given our notion of the computational difficulty of a given
unitary U, we can now reinterpret previous results (such as®:19)) regard-
ing “quantum speed limits” or minimum times to implement various spe-
cific unitary transforms of interest, or classes of transforms, given states
of specified average energy above the ground state, as follows: These anal-
yses are implicitly specifying an R (usually, just all Hermitian operators)
and a V (usually, just the entire Hilbert space), and showing that the
worst-case difficulty D (U) for the transform U has a specific value (or
lower bound), assuming the presence of a time-independent Hamiltonian
where the ground state energy is usually set to 0. In other words, such
analyses show that a certain minimum worst-case effort or Hamiltonian
action is required to implement the particular U in question.

As an example, Margolus and Levitin’s result’® can be interpreted as
telling us that any U that rotates some state { to an orthogonal state has a
worst-case difficulty of D (U) > h/4, since their result shows that any state
of energy E takes time at least #/4E (no matter what the Hamiltonian) to
accumulate the action needed to take it to an orthogonal state; thus the
Hamiltonian action A= Et that is required to carry out such a transition
1s at least h/4.
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Another result in Ref. 5 implies that if there is a ¢ such that (|v), U|y),
U1y), ..., UN"Yy), UN|y) =|y)) comprises a cycle of N states, with
each orthogonal to the preceding and succeeding states in the cycle, then
DT (U) > %NT‘I-, even if we are given complete freedom in constructing the
Hamiltonian, aside from a requirement that it be time-independent. For
N =2, this expression reduces to h/4, while for N — oo, it goes to h/2.
Thus, any physical computation that proceeds autonomously though an
unbounded sequence of distinct states must exert at least h/2 effort per
state transition.

Notice that the Margolus-Levitin theorem is, strictly speaking, only
giving us a lower bound on the worst-case difficulty, since it is consid-
ering only a particular state y of interest (namely, one that actually
undergoes a transition to an orthogonal state), rather than finding the
worst-case potential effort to perform the corresponding U, maximized
over all possible initial ¥ in the Hilbert space. Later, we will see that the
actual worst-case effort for an orthogonalizing transformation is actually
h/2=m even in the N =2 case, and possibly even higher in cases that go
through more states.

We anticipate that, armed our definitions, it would be a highly use-
ful and worthwhile exercise to systematically go through a variety of the
quantum unitary transforms that have already been identified in quan-
tum computing as comprising useful “quantum logic gate” operations,
and quantify their worst-case and average difficulty, according to the
above definitions, under various physically realistic sets of constraints. This
would directly tell us how much physical Hamiltonian action is required
to carry out those operations (given a best-case Hamiltonian implemen-
tation, while operating on a worst-case or average-case input state). We
can likewise do the same for classical reversible Boolean logic opera-
tions embedded within unitary operations, as well as classical irreversible
Boolean logic operations embedded within classical reversible operations,
with ancilla bits used as needed for carrying away garbage information to
be discarded.

Such an investigation will, for the first time, give us a natural and
physically well-founded measure of the physical complexity of logic oper-
ations, in terms of Hamiltonian action. This in turn would directly
tell us the minimum physical time to perform these operations within
any physical system or subsystem using a set of states having a given
maximum energy about the ground state, given the known or prespeci-
fied constraints on the system’s initial state and its available Hamiltonian
dynamics. This new quantification of computational complexity may also
allow us to derive lower bounds on the number of quantum gates of a given
type that would be required to implement a given larger transformation in
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terms of smaller ones, and possibly to show that certain constructions of
larger gates out of smaller ones are optimal.

In subsequent subsections, we begin carrying out the above-described
line of research, with some initial investigations of the difficulty of various
simple operations in situations where the available dynamics is relatively
unconstrained, which is the easiest case to analyze.

12. SPECIFIC OPERATIONS

In this section, we explore the difficulty (according to our previous
definitions) of a variety of important quantum and classical logic opera-
tions.

We will begin by considering some educated guesses about the difficulty
of various unitaries. For each unitary U we are to imagine implementing it
via a particular transformation trajectory U’(¢) (and Hamiltonian H (¢) such
that U’(r) =e'H (Vd") that is as “direct” as possible, in the sense of minimizing
the Hilbert-space distance through which worst-case states are transported.
Intuition tells us that these minimal trajectories are expected to follow geo-
desics in the space of unitaries, as per the metric we defined earlier; in other
words, they should be “straight-line” paths, so to speak, that get us to the
desired unitary as directly as possible.

12.1. General Two-dimensional Unitaries

Let us begin by considering U,, the space of unitary transformations
on Hilbert spaces of dimensionality 2. In quantum computing, these corre-
spond to single-qubit quantum logic gates. As is well known (e.g., see Ref.
23, Eq. 4.9), any such U can be decomposed as

U=¢“R; (), (60)

where n=(ny,ny,n;) is a real 3D unit vector and R;(6) is a Bloch-sphere
rotation about this vector by an angle of 6, that is,

R;(6) =¢'¢/P@0) 61)

where o = (0y, 0y, 0;) is the vector of Pauli matrices

S N L S (™

Let us now consider breaking down U into its multiplicative factors gl
and R;(0), which we observe commute with each other, since e'* is a
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scalar. Thus, we can consider these two components of U to be carried
out in either order, or even simultaneously if we prefer.

Let’s start by looking at R;(f). At first, we might guess that the
worst-case effort that is required to perform R;(9) for angles 6 where
—m <60 <m ought to just turn out to be |6|/2, since, for example, a Bloch
sphere rotation through an angle of 6 = radians corresponds to invert-
ing a spin in ordinary 3D space through an angle of 180° to point in
the opposite direction, which is an orthogonalizing transformation, and
we already know from the Margolus-Levitin theorem that any transition
to an orthogonal state under a constant Hamiltonian requires a minimum
action (given zero ground state energy) for the state in question of h/4=
(7/2)h = (mr/2)rad, or an area swept out of 7 /4 square units. This is a
good first guess, but later, we will see that the actual worst-case action
turns out to be twice as large as this. (Our intuition forgot to take into
account the fact that the state vector in the Margolus—Levitin theorem
isn’t actually the worst-case one, as far as the accumulated Hamiltonian
action is concerned.)

Indeed, for any real unit 3-vector n (the “axis of rotation” for the
Bloch sphere), one can easily verify that there is always a corresponding
complex state vector

1 n;+1

- P . 63
) ﬁm—)[+] -

which is a unit eigenvector of n-o having eigenvalue +1. This state vector
is therefore also an eigenstate of Rj;(0), with eigenvalue ¢'®/?). In other
words, in any orthonormal basis that includes |v"{) as one of the basis
vectors, as 6 increases from 0 (for now, we’ll assume for simplicity that
the final value of 6 is non-negative, 0 <0 <), the coefficient of the |v;’)
component of the state |y (t)) = R; (9)|v;) (starting from the initial state
v (0)) = lv;f), where the coefficient Clu is 1) describes a circular arc in
the complex plane centered on the orl'lgin, sweeping out a total angle of
0/2, and an origin-centered area of 6/4. As we saw earlier, this same
measure of the weighted-average accumulated angle and total area accu-
mulated still holds in any basis. So, we have that the effort of R;(0) must
be at least /2. Indeed, this is the exact worst-case effort, since |v;r)’s
eigenvalue is maximal, so no pure energy eigenstate can possibly sweep
out a larger angle as 6 increases, and therefore no superposition of energy
eigenstates (i.e., no general state) can do so either.

Now, what about the e!® factor that’s included in the expression for a
general U € U,? Note that this term represents an overall (global) phase
factor that applies to all eigenstates. As such, even the ground state |g)
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of whatever Hamiltonian is used to implement U might still accumulate
a phase due to this phase factor. In this case, |g) would have non-zero
Hamiltonian energy. If we redefine |g) to instead have zero energy (H|g) =
0), then |g)’s coefficient would not phase-rotate at all, since the action
operator A= Ht would give A|g) =0 for this state, and U|g) would give
e))g) = (e)|g) = |g), that is, |g) would be unchanged by this U. How-
ever, it does not follow that we can always just let « be zero, as |g) may
generally have accumulated an additional phase resulting from the R;(6)
component of U as well. It is the total phase accumulated by the ground
state that we wish to define to be zero.

Let us now consider the following: Under the transformation Rj;(0),
as 0 increases from 0, we notice that |v;) (the eigenvalue-1 eigenstate
of n-o which we constructed above) only phase-rotates by an angle 6/2.
Under U =¢'“R;(0), |vﬁ+) therefore undergoes an overall phase-rotation by
an angle of o +6/2. We confidently conjecture that the “least potential
action” or most efficient way to implement U is to apply a Hamiltonian
that simultaneously sweeps both « and 6 forward steadily from 0, at
respective rates that are exactly proportional to their intended final values.
If this i1s correct, then lv"{) is indeed an eigenstate of that best-case
Hamiltonian, with energy (¢ +6/2)/t (recall that we’re using 7= 1), where
t is the total time taken for o and 6 to reach their final values.

However, since the space we are working with is two-dimensional,
there must be another energy eigenstate as well. Solving the eigen-equation
(n-0)|v) =r|v), we find that the other eigenvalue r of n-o is —1, and the
other unit-length eigenvector, modulo phase-rotations, is (for n, > 0)

_ 1 n;,—1
Ivﬁ )—_— ———\/m [nx -{-jny] (64)

or, in the special case when n, =0, then instead any normalized column
vector |v; ) =[vo; v1] where |vg|=|vi|=2""/2 will work, so long as the vec-
tor components vyp and v; have the specific obtuse (that is, > 90°) relative
phase angle that is given by the relation v| = (—n, —iny)vg. (Note that
Iny +iny|=1 when n,=0.)

Thus, for any Hamiltonian that smoothly sweeps 6 forward in a
steady transformation R;(0) with 6 oct, there will actually be two differ-
ent energy eigenstates having energies that are negatives of each other, one
state in which the accumulated action of the Hamiltonian is 6/2 (as we
saw above), and another state (the ground state) where the action is the
negative of this, or —6/2. Together with the global phase-rotation of «,
we have that the total action for U is ¢ +6/2 and o —6/2 for these two
energy eigenstates, respectively.
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Following our convention that the total action in the ground state
should be always considered to be zero, we can shift the energy levels
upwards in such a way that the lower value « —6/2 will be equal to 0, in
other words, we can adjust our rate of global phase rotation (which deter-
mined «) in such a way that we have exactly a =6/2. Now, the total action
in the high energy state is « +60/2=0/2+60/2=6.

In other words, starting with any U € U, and decomposing it as
U =¢“R;(6), which involves a rotation of the Bloch sphere through an
angle of 6 about an axis n, we can calculate a meaningful difficulty
DT (U) by using the convention that the ground state should be consid-
ered to have energy 0, and by letting DY (U) =D (U;(9)), where we define
Ui (0) =e/?R;(6), that is, ignoring the original value of a (whatever it
was) and instead adjusting o to have the value o =6/2 which assigns the
ground state to zero energy. Thus, we can say that the “true” computa-
tional/physical difficulty of U (given this choice) is exactly 6 for any sin-
gle-qubit unitary U =e'*R;(6), regardless of the value of «. If 6 is a pure
number (implicitly bearing an angle unit of radians), then the worst-case
Hamiltonian action to carry out the desired transform using the best-case
Hamiltonian (assuming that is indeed what we have managed to charac-
terize above) is 0, in whatever physical units we wish to express #. That
is, DY (U)=0.

To wrap up this section, let us take a look at the precise form of the
Hamiltonian that we are proposing. Note that

nx+1ny —n,

is itself an Hermitian operator which plays the role of the Hamiltonian
operator H with respect to the Bloch-sphere rotation unitary R;(0) =
el®/2(9) " if the rotation angle 6 is taken be equal to twice the time .
Meanwhile, in this scenario, the extra phase-rotation factor el =¢!®/2) out
front corresponds simply to an additional constant energy of +1, using the
same angular velocity units of (6/2r). This gives us a total “Hamiltonian”
(in quotes because we haven't introduced an explicit time parameter here
yet) of Hj that is required to implement a steady rotation about 7 which
is equal to

(66)
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With this choice of “Hamiltonian,” we can easily check that the |vﬁi)
are indeed its energy eigenstates, with Hj|v.) =0 (the ground state has
“energy” 0) and Hﬁlv;f) =2, which is what we want since it will cancel
out with the 2 in the denominator of the exponent in the rotation unitary
U,‘l‘ ) =ei9/2Rﬁ ) :ei(9/2)(l+ﬁ~a) =ei(9/2)H;l )

To generalize the picture slightly, if a rotation through 6 about an axis
n is to take place over an arbitrary amount of time #, then we require a
Hamiltonian (a proper one now, in actual angular-velocity energy units) of

_9 _9 1+nz nx—iny
H_thn_Z[nx-{-iny ]—nz (67)

With this choice of Hamiltonian, note that things work out nicely so
that the high-energy eigenstate |vﬁ+) phase-rotates at exactly the desired
rate ot =0/t, since we have that

0 0 0
Hlv7) = 5  Hilvg) = 5.2007) = o) =™ ). (68)

Thus, the action operator A = Ht comes out exactly equal to the angle
operator  which gives the total angle of phase rotation for both the
energy eigenstates |v;f), that is, Ajv7)=Q|v;)=0v7) and A|v})=Q[v]) =
0|v;’r). And for an arbitrary initial state v, i.e.,, for any normalized com-
plex superposition of the eigenstates |vﬁi), Aly]=Q[y] gives the quantum
mean angle of phase rotation.

Note that in all the above discussion, we have assumed that the rota-
tion angle is non-negative, i.e., that 0 <6 <n (rad). To complete the pic-
ture, note that for values of 0 between 0 and —m, we can convert them to
positive angles by the simple expedient of rotating instead by an angle of
|6| =—6 about the —n axis , which is an exactly equivalent rotation. This
has the effect of exchanging the values of the |v;"t) eigenstates, as well as
the sign of the H; component of H. Other than that, everything else is the
same, with the result that the action A always comes out non-negative and
equal to the absolute value of 6. Of course, for the case of absolute angles
outside the range (—, ], we can just reduce them to the equivalent angle
in (—m, ] by adding or subtracting the appropriate multiple of 2.

In the above, although we have not yet quite finished proving rigor-
ously that the specific H we have given is in fact the one that implements
U with the least possible value of the worst-case action A, still, we expect
that it should already seem highly plausible to the reader that this should
in fact be the case, due to the directness and simplicity of our construc-
tion, which made use only of the simple fact that any arbitrary U € U, can
be decomposed into a single generalized rotation about an arbitrary axis
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is real three-space, accompanied by a global phase rotation. Of course, a
more complete proof of the optimality of this construction would be desir-
able to have, but it will have to wait for future work.

12.2. Specific Single-Qubit Gates

Given the above discussion, to determine the difficulty D of any sin-
gle-qubit gate U is a simple matter of finding some unit 3-vector n and
angles «, 0 € (—m, 7] such that U’ =e'*R; (), which is always possible. This
then establishes that D" (U)= 6|, under our ground zero energy conven-
tion. Let us look briefly at how this calculation comes out for various sin-
gle-qubit gates of interest.

1. The Pauli spin-operator “gates” X =o, (which is the in-place NOT
operation in the computational basis), ¥ =0,, and Z =0, all of course
involve a rotation angle of 6 =x, since they all square to the identity (27
rotation). Thus, DT(X)=D*(Y)=D ' (Z)=n=h/2.

2. The “square root of NOT” gate N = %[}J_r: ::] of course requires
an angle of 7/2, since N>=X. Thus, DY (N)=n/2=h/4.

3. The Hadamard gate N = %[} _}] requires a rotation angle of =
about the n=(1,0, 1)/\/5 axis; le; n:-o=(0y +oz)/~/§. Also note that
H2=1 and a rotation through 27 is the identity. Thus, Dt (H)=m =h/2.

4. The “phase gate” S= [(1) ?] requires & =m/2 since note that S2=2Z.
So, DY (S)=n/2=h/4.

5. The so-called “n/8” gate T = (l)exp[?” /4]] involves 6 = /4 since
note that T#=2Z. Thus, DY (T)=n/4=h/8.

. 10

6. The generalized phase gate ph(9) = [o sxpilié]

an angle of 6 about the z axis, so Dt (ph(8))=6=06h.

] is just a rotation by

As a point of comparison, the paper (!9 studies the time required
to perform the specific gate U =X (i.e., NOT with global phase rota-
tion) using an optimal Hamiltonian, and conclude that the minimum time
t required (for a specific initial state) is

h 0
=—(1+2—). 69
T 1E ( 3 n) (69)
Note that the corresponding Hamiltonian action « or effort F is

T
= e
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=T ton
— 9

= %+9 (with h =1). (70)

At first glance, this might appear to contradict our claim that the diffi-
culty of such a U ought to be exactly 7. However, we should keep two
things in mind. First, in Ref. 16, Levitin et al., are concerned with the time
to carry out U in the case of a specific subset of initial states which will
actually transition to an orthogonal state in the time tr. However, these
particular states are not the “worst-case” ones from our perspective, and
so they don’t determine the maximum effort. Rather, the particular states
under consideration in their paper all have a mean energy of only E =
(E1 + E»)/2, where E| and E, are the low and high energy eigenvalues
of the ideal Hamiltonian, respectively. Letting E; =0 (our ground zero
assumption), we have that E;=2E. Since E; has the highest energy avail-
able given this spectrum, the E, energy eigenstate accumulates more action
over the time t than any other possible state, in particular, double that of
states with energy E = E;/2, and thus it is the E, state that determines the
worst-case action, which is twice that of!® or in other words A=x. The
term involving 6 in (70) drops out entirely, since as we already saw ear-
lier, global phase shifts are irrelevant when considering total action, under
our convention that the ground state action is always defined to be zero.
Levitin et al. don’t make this adjustment, because they are assuming that
the Hamiltonian has already been arranged in advance to have a desired
energy scale. Thus, the global phase rotation by 6 leads to an extra addi-
tive 6 in their expression (70) for the action.

12.3. Difficulty of Achieving Infidelity

A natural and widely-used measure of the degree of closeness or sim-
ilarity between two quantum states u,v is the fidelity, which is defined
(for pure states) as F(u, v)=|(u|v)] =luTv1. (see Ref. 23.) Note that if the
actual state of a system is u, and we measure it in a measurement basis
that includes v as a basis vector, the square of the fidelity p= F? gives the
probability that the measurement operator will project the state down to
v, and that v will be seen as the “actual” state. (This is a “quantum jump”
or “wavefunction collapse” event, or, in the many-worlds picture, it is the
subjectively experienced outcome when the state of the observer becomes
inextricably entangled with that of the system.) Likewise with the roles of
u and v reversed. Thus, only when F =0 are the states u and v orthogonal.

We can also define a related quantity, the “infidelity” Inf(u,v) =
V1—p=+/1—F2. The squared infidelity between u and v is then just the
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probability 1 — p that if the actual state is u, then it will not be taken to
v by a projective measurement (in a measurement basis that includes v),
and vice-versa. In other words, if v is some old state of a system, and u
is its new state, the squared infidelity between u and v is the probability
that the answer to the question “Is the state different from v yet?” will be
found to be “yes” when this question is asked experimentally by a mea-
surement apparatus that compares the state with v.

Let us now explore the minimum effort that is required in order for
some of the possible state vectors of a system to attain a given degree
of infidelity (relative to their initial states), in the case of two-dimensional
Hilbert spaces. Note that not all vectors will achieve infidelity; in particu-
lar, the eigenvectors of any time-independent Hamiltonian will always have
0 infidelity.

We start by recalling from earlier that any 2-dimensional unitary can
be considered a rotation of the Bloch sphere about some axis in ordinary
(real-valued) 3-D space. Since a simple change of basis suffices to trans-
form any axis to any other, we can without loss of generality presume a
rotation about the z axis, represented by

e—i9/2 0
R2(9)=[ 0 eia/z]

We saw earlier that the effort of any such rotation (under the ground-zero
convention) is always exactly 6. What initial state will gain infidelity most
rapidly under this transformation? Until we figure this out, let us allow the
initial state to be a general unit vector |v) =[vg; v1]=1vg|0) + v1|1) in the
basis |0), |1). Then |u) = R;(0)|v) =[e""*/2vy; €?/2v,] as a column vector of
complex coefficients. Now the fidelity between v and u is

(71)

F(v,u) = [{v|u)] =|(v|R;(6)|v)]

= v(‘;e"‘ﬁ/zvo—{-v elf/2y ‘

19/2|v | +el(9/2|v I ‘

¢
g .. 8
= cos——lsm |v0| -+ cosE+1sm5

= (cos—)(|v012+|v1| )+1<smi)(|v1|2—
= (cos—)+1<sm9> (|v1|2— ¢
2 2

where in the last line we have made use of the fact that |vg|2 + |v;|2 =1
for a normalized v. Now, F? is the sum of the squared real and imaginary

(72)
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components of the expression inside the outermost absolute-value delimit-
ers || above:

[Fu,v)]* = S[(v]u)]+R*[(v]u)]

6 6 2
. 3 R =3[ 2. 2
= COS <2>+sm <2> <|v1| |v0|)

0 0
. 2 s 2 Y _ 2 2
= Cos <2>+sm (2) (1 4lv | Ivol)

0

= 1—4sin2 <§> |U1|2|U0|2, (73)

where in getting from the second to the third line, we have again made
use of the fact that |vg|? + |v;|> = 1. We can reassure ourselves that the
last line of (73) is always in the range [0,1], since |vg|?|vi|> < 1/4 given
that |vg|> +|vi|>=1. Note also that the fidelity is minimized when |v|?>=
v 2= %, that is, when the two z-basis states are in an equal superposition.
This is then the “worst case” (worst in terms of “least fidelity”) which we
wish to focus on.

So now, the infidelity I =1Inf(u, v)=+/1— F2(u, v) comes out to be a
reasonably simple expression:

Inf (u, v) = /1 —[F(u, v)]?
= \/4sin2 <g—) lv112|vo|? (74)

0
=2(sin§)lvollv1]. (75)

Note that for any given angle of rotation in 0 <6 < /2, the infidelity is
maximized when |vg| = |v;| = 1/+/2. For such v, we have |v0||v1|=% and

SO

.6

Inf (1, v) =sin 3 (76)
Thus, if we wish that some system initially in state v should achieve a
desired degree I of infidelity (relative to its initial state) using a transfor-
mation of minimum effort, we must choose a unitary transformation that
is a rotation R;(0) about an axis n that is “perpendicular” to v, and rotate
by an angle 6 =2 -arcsin(/). The Hamiltonian action « accumulated by
“worst-case” (that is, maximum-energy) vectors under this transformation
is (by definition) the difficulty D*(R;(0)) of that unitary, and is given by
a=2-arcsin(/).
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However, the specific initial vector v that we are dealing with will
not have the maximum energy E (relative to ground) but rather half of
this, or E/2, since half of its probability mass will be in the high-energy
state, and half in the zero-energy ground state. Therefore, v’s total
Hamiltonian action (amount of change) along its trajectory will instead
be exactly a(v) =arcsin(/), a wonderfully simple expression. This « is the
effort exerted by the specific state v as it traverses a maximally efficient
path for achieving infidelity / =sina.

So, for example, suppose we want to cause some given initial state v
to transition to a new state that has only a probability of at most p=1/2
of being confused with the initial state if it were measured. This is to say
that the infidelity between the states should be at least I =,/1—p=1/+/2,
which requires the state to traverse a trajectory that has a length of at
least @ =arcsin(/) =arcsin(1/+/2) =7 /4=h/8, which can be done using a
minimum-difficulty unitary transform whose worst-case effort is twice as
great as this, or 7/2="h/4, meaning that the worst-case (maximum-energy)
states of the system would traverse a trajectory of this (greater) length
under an optimal implementation of such a transformation.

Assuming that the actual given initial state in question is assigned an
average energy of only E above the ground state, it will take time at least
t=h/8E to carry out a unitary transformation on this state that achieves a
probability above 1/2 of distinguishing it from the resulting state; whereas,
if we are given that the maximum energy state in the qubit spectrum has
energy E, then it will take time at least r =h/4E to carry out the trans-
form.

In other words, to carry out an operation in time ¢ that yields a 50%
probability (or less) of conflation of some initial states with their succes-
sors requires that the initial states in question must have energy at least
E =h/8t, and that states of energy at least E = h/4r must exist in the
spectrum.

Note that the above results are also perfectly consistent with the
Margolus-Levitin theorem.® That is, plugging in an infidelity of /=1 to
represent a transition to an orthogonal state, we find that the specific ini-
tial state’s effort F(v) =arcsin(l) =n/2 while the worst-case difficulty for
this transform is 6 = 2arcsin(l) = ; these figures are twice that for the
previous example. And so for a state to attain a 0% probability of con-
flation (i.e, to reach an orthogonal state) requires that it have at least
twice the energy as the previous scenario, or E =m/2t =h/4t (under the
Hamiltonian used to carry out the transformation), while other energy
levels of at least n/t = h/2t must be present in the spectrum of the
Hamiltonian operator being used.
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12.4. Higher-dimensional Operations

Naturally, we are interested not only in unitaries in U,, but also in
higher dimensions, in particular, unitaries in the groups U», which corre-
spond to general “quantum logic gate” operations (really, arbitrary quan-
tum computations) operating on sets of n qubits.

In particular, let us focus on the “controlled-U” gates with one target
bit, which take the general form (modulo qubit reorderings)

1
1
U'=Clu= . (77)
U

where we have 2" —2 ones along the diagonal, and a rank-2 unitary matrix
U in the lower-right corner. In other words, for computational basis states
|boby ...b,—1), whenever the first n — 1 qubits bgb; ...b,_5 are not all I’s,
the state remains unchanged; otherwise, the unitary U is performed on the
final qubit b,_;.

We observe immediately that Dt (U’) > DT(U), since all the input
states that undergo any change at all will undergo the exact same transfor-
mation (in the subspace associated with the last qubit) that they would if
U were just applied unconditionally. Thus, the worst-case trajectories when
conditionally applying U can be no shorter than the worst-case uncondi-
tional trajectories (under an optimal implementation).

Furthermore, if U by itself would be optimally implemented by the
Hamiltonian H, then it is easy to believe that U’ would likewise be opti-
mally implemented by the Hamiltonian

0

0
H = _ (78)
H

that is, with 0’s everywhere except for a copy of H in the lower-right 2 x 2
submatrix. It is easy to verify that this H’, when exponentiated, indeed
produces the desired U’. And since its worst-case difficulty is equal to our
lower bound D (U), it is in fact an optimal H’, assuming our earlier con-
jecture about the optimality of H is correct. In this case, if H’ is actually
an available Hamiltonian in the context one is considering, then the effort
of U’ is indeed exactly the same as the effort of U.

We can see from this example that when we consider the full
space of mathematically describable Hamiltonians, we are likely to greatly
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underestimate the effort, compared to what can actually be implemented.
The typical known implementations of U’ in terms of small local quan-
tum gates would require a number of orthogonalizing operations that is at
least linear in n, whereas in our case above, the effort is constant (upper-
bounded by ). It seems likely that the effort for a physically realistic
(e.g., field-theory based) Hamiltonian for this class of Us would have to
be more than constant, since the interaction of n qubits to determine an
outcome would appear to necessarily be a non-local process.

In most physical situations of interest, we will not necessarily have
available Hamiltonians that are of any form desired, such as the form H’
suggested above. Instead, we may only have available a more limited, per-
haps parameterized suite of Hamiltonians, perhaps ones that are formed
by a sum or time-sequence of specific, controllable, localized couplings
having (say) at most 2 qubits each, as is popularly represented in the
quantum computing literature using the schematic notation of quantum
logic networks.

Obviously, whenever our space of available Hamiltonians is more
restricted than the simple “all Hermitian operations” scenario analyzed
above, the resulting values of Dt (U) will in general become much larger,
and probably also much more difficult for us to analytically calculate. To
compute D (U) for Hamiltonians that can plausibly be constructed within
the context of particular experimental frameworks that are readily physi-
cally realizable in the lab (or in a manufactured product, e.g., a someday-
hopefully-to-be-realized commercial quantum computer) is clearly a much
more complex and difficult task than we have attempted to tackle in this
paper. To address this problem more fully will have to wait for future
work.

Still, we hope that the present work can at least serve as a fruitful
conceptual foundation on which we can proceed to build meaningful ana-
lytical and/or numerical analyses of the physical/computational “difficulty”
of performing various quantum operations. We also hope that this work
will serve as a helpful stepping stone for future investigators who wish to
continue exploring the many deep and rich interconnections between phys-
ical and computational concepts.

12.5. Classical Reversible and Irreversible Boolean Operations

Although in the above discussion we have focused on the effort
required to carry out quantum gate operations, it is easy to extend the
results to classical logic operations as well. Any classical reversible opera-
tion is just a special case of a quantum gate where the matrix elements of
the unitary operator (in the computational basis) are 0 or 1. For example,
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a reversible Toffoli gate or Controlled-Controlled-NOT (CCNOT) is a
special case of the C2U gate addressed in §12.4 above. Specifically, since
the U in question is X (NOT), which has a rotation angle of n, the effort
required for Toffoli must be at least w, and indeed is exactly = if arbi-
trary Hamiltonians can be constructed. Toffoli is a universal gate for clas-
sical reversible computation, so a construction of any classical reversible
circuit out of Toffoli gates sets an upper bound (as a multiple of 7) on
the difficulty of that computation, apart from any extra effort that may be
required to control transitions between gates (which could be substantial,
but is probably close to linear in the number of operations performed).

As for ordinary irreversible Boolean operations, these can be embed-
ded into reversible operations as follows. Consider, for example, a standard
boolean inverter, whose function is irreversible as it is normally specified
in an electrical engineering context. The explicit function of an inverter
is to destructively overwrite its output node with the logical complement
of its input. (Please note that this function is distinct from that of a
classical reversible NOT operation, which simply toggles a bit in-place.)
Due to Landauer’s principle, the physical information contained in the
output node cannot actually be destroyed, but is instead transferred to
reside in the environment. So, we can model the ordinary inverter’s func-
tion as a sequence of reversible operations as follows:

1. Exchange output bit with an empty bit in the device’s environment

2. Increment an “environment pointer” to refer to the next empty bit
in some unbounded list

3. Perform a CNOT between input node and (now empty) output
node

The first step can be understood as the emission from the device of
the old stored value of the bit, in the form of entropy. The second step
can be viewed as implementing the continuous flow of entropy away from
the device, to make room for discarding the results of subsequent inverter
operations. Finally, the third step carries out the desired logical function.
The above breakdown is not necessarily the simplest possible implementa-
tion of the classical inverter (although it is probably close), but it at least
sets an upper limit on the number of quantum operations that are abso-
lutely required.

The first step can be carried out by a unitary SWAP operation
between the two bits in question. The second step can be carried out
by an annihilate/create pair of operations that moves a “particle” by one
position to point to the next empty location in the environment; this cor-
responds to a unitary operation that increments the state vector |i) of
some subsystem that specifies the integer location i of the environment
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pointer. Finally, the third step is just an ordinary CNOT, with an effort
of m. In principle, we could calculate and add up the effort for all these
steps, together with the effort needed to update a part of the machine state
that keeps track of which step we are on, to arrive at an upper bound on
the effort required to implement a classical inverter operation. However,
this calculation might not be very meaningful unless we did more work to
specify a detailed physical setup that would allow us to confirm that such
a bound was achievable in a practical hardware implementation.

13. RELATION TO BERRY PHASE

An interesting question to ask about our quantity F is what rela-
tionship (if any) it has to the classic notion of the geometric or Berry
phase of a quantum trajectory.?*3!) So far, the relationships between
these concepts are not completely clear, and working them out in more
detail will have to wait for future work. However, some initial remarks are
in order.

Let H(t) be any time-dependent Hamiltonian that implements the
unitary U for ¢ going from 0 to 7, and let |¢) be an eigenvector of U,
with eigenvalue e'?. The state |) thus undergoes a cyclic evolution in the
projective (phase-free) Hilbert space. Aharonov and Anandan‘®®) point out
the relation —¢ =« — B (the integrated form of their Eq. (2)), where « is
the integral of the instantaneous Hamiltonian energy of the state,

1 T
a=3 f WOIH O O)dr (79)
t=0

and B is a term given by
T,
ﬁ=/ (llf(t)lld—IW(t))dt, (80)
1=0 t

where /(1) is any continuously gauge-twiddled version of v (r) such that
¥ (0) =¥ (r) = ¥(0). Aharonov and Anandan’s paper® revolves around
their claim that this B quantity is a generalized version of the Berry phase
that applies even to non-adiabatic evolutions.

However, if the results of the present paper are correct, then Aharonov
and Anandan’s B is always an arbitrary value congruent to 0 (modulo 27)
and thus is not a physically meaningful quantity. The reason is that the «
in (79) is exactly our a = A[y(0)], where U =e~'4 (in the usual sign con-
vention, which A&A are using), and thus ¥ (0) is also an eigenvector of A
with eigenvalue a, so |y (1)) =U|¥(0)) =e~ |y (0)). Since we are already
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given that ¥ (t) =e'y(0), it follows that ¢ = —a (mod 27); thus 8 =0
(mod 2m). Any desired multiple of 27 can always be selected for g by
appropriate choice of the function v (r). So, g does not contain any infor-
mation at all about the specific evolution ¥ (z), and thus it is not a phys-
ically meaningful quantity.

It it interesting to note that the A&A paper®® never actually shows
that their quantity B can ever be different from 0 (mod 27x), although they
do prove that B has some other “interesting” properties (such as being
independent of the gauge of the original trajectory) which of course are
true trivially if B i1s always congruent to zero.

Thus, it seems that one implication of our results (assuming they are
correct) is that Aharonov and Anandan’s particular version (at least) of
the “geometric phase” is a chimera, and does not really exist. Further
study is needed to verify this conclusion more rigorously, and also to
determine whether other definitions of the Berry phase might escape from
it, and retain a useful physical meaning that relates in some way to our
quantity «. Since many researchers have reported the experimental detection
of Berry-type phases (e.g., see Ref. 32), it seems highly unlikely that our
results will turn out to nullify all versions of the geometric phase for all
quantum evolutions. However, as of this writing, the correct resolution of
the apparent discrepancy between theory and experiment on this question
is not yet clear.

14. CONCLUSION

In this paper, we have shown that any continuous trajectory of a nor-
malized state vector can be measured by a real-valued quantity which we
call the effort F, which is given by the line integral, along the trajectory,
of the imaginary component of the inner product between adjacent states
along the trajectory. This quantity is basis-independent, and is numerically
equal to the probability-weighted average phase angle accumulated by the
basis state coefficients (in radians), and to twice the area swept out by
the coefficients in the complex plane, and also to the action of the time-
dependent Hamiltonian along the trajectory, in units of #. This notion of
effort can be easily extended to apply also to transformation trajectories
U'(t) over time, as well as to an overall resulting unitary transform U,
where it measures the difficulty D or minimum effort (over available tra-
jectories) required to implement the desired transform in the worst case
(maximizing over the possible initial states). Our framework can be used
to easily rederive a variety of related results obtained by earlier papers for
various more specialized cases.
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The major implication of these results is that there is indeed a very
definite sense in which we can say that the physical concept of energy does
indeed precisely correspond to the computational concept of the rate of
computation, that is, we can validly say that energy is the rate of physi-
cal computing activity, defined as the rate of change of the state vector,
according to the measure that we have described in this paper. Further-
more, we can validly say that physical action is (an amount of) computa-
tion, defined as the total amount of change of the state vector, in the sense
we have defined.

What about different specific types of energy, and specific types of
action? Later papers along this line of research will survey how different
types of energy and action can validly be identified with computational
activity that is engaged in different types of processes. For example, heat
may be identified with energy whose detailed configuration information is
unknown (is entropy), rest mass—energy can be identified with energy that
is engaged in updating a system’s internal state in its rest frame, potential
energy with phase rotation due to emission/absorption of virtual particles,
and so forth. As a preview, it turns out that we can even make our compu-
tational interpretation consistent with special relativity by subdividing the
energy of a moving body (in a given observer frame) into the functional
energy & that is associated with updating the body’s internal state (this
turns out to be just the negative Lagrangian —L = H — pv) and a motional
part M = pv (related to but not quite the same as kinetic energy) that is
associated with conveying the body through space; relativistic momentum
then turns out to be the motional computational effort exerted per unit
distance traversed. Future papers will elaborate on these related themes in
more depth.

It is hoped that the long-term outcome of this line of thought will
be to eventually show how all physical concepts and quantities can be
rigorously understood in a well-defined mathematical framework that is
also simultaneously well-suited for describing physical implementations
of desired computational processes. That is, we seek an eventual uni-
fying mathematical foundation that is appropriate for not only physical
science, but also for device-level computer engineering and for physics-
based computer science. We expect that such a unifying perspective should
greatly facilitate the future design and development of maximally effi-
cient computers constructed from nanoscale (and perhaps, someday, even
smaller) components, machines that attempt to harness the underlying
computational resources provided by physics in the most efficient possible
fashion.
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We describe a model for the interaction of the internal (spin) degree of free-
dom of a quantum lattice-gas particle with an environmental bath. We impose the
constraints that the particle-bath interaction be fixed, while the state of the bath
is random, and that the effect of the particle-bath interaction be parity invari-
ant. The condition of parity invariance defines a subgroup of the unitary group
of actions on the spin degree of freedom and the bath. We derive a general con-
straint on the Lie algebra of the unitary group which defines this subgroup, and
hence guarantees parity invariance of the particle-bath interaction. We show that
generalizing the quantum lattice gas in this way produces a model having both
classical and quantum discrete random walks as different limits. We present pre-
liminary simulation results illustrating the intermediate behavior in the presence
of weak quantum noise.
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1. INTRODUCTION

Lattice gases are arguably the simplest models for the simulation of
classical physical systems. These models provide elementary microscopic
dynamics whose hydrodynamic limits are, inter alia, the diffusion equation,
Burgers’ equation and the Navier Stokes equations.(l) They also provide a
simple arena for the creation of new models of physical phenomena such
as multicomponent flow and dynamical geometry.>=> Lattice gases pos-
sess deterministic, stochastic and quantum (unitary) formulations.
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Simulation of quantum systems on quantum computers remains one
of the very few applications for which exponential speedup over classical
computation is provable. The quantum lattice gases defined by Meyer(®
and by Boghosian and Taylor” may be simulated on a quantum com-
puter in exponentially fewer steps than are required on a classical com-
puter and with an exponential reduction in hardware. These models,
together with other approaches by Lloyd®® and by Ortiz and Guber-
natis,1%!D have made concrete Feynman’s observation that simulation of
quantum systems is hard on classical computers, but easy on quantum
computers. (12714

Meyer was led to the definition of the quantum lattice gas by con-
sideration of quantum generalizations of cellular automata (CA). The sim-
plest possible quantum CA model would be a map in which the updated
state of a cell depended linearly on the state of its neighbours and the
global evolution rule was unitary. Meyer showed that the only such maps
are trivial, namely, the identity map and the left or right shift, possibly
multiplied by a phase. This “No-Go” theorem proves that there are no
nontrivial homogeneous scalar unitary cellular automata.

Quantum cellular automata models may evade this No-Go theo-
rem> by having cell values which are not scalar, or by having local
update rules which are not linear (although the global evolution in such
models remains quantum mechanical, and therefore linear). Non-scalar
models sacrifice some simplicity, while the determination of unitarity for
nonlinear models is problematic.(1=18) A third possibility exists: We may
partition our cellular automata, dividing our evolution into two substeps,
acting on two distinct neighborhoods. This was the approach taken by
Meyer(!?) and also by Watrous.??) If one of the substeps of the evolution
is interpreted as propagation of the cell values to neighboring sites we may
identify the partitioned cellular automata with a lattice gas model.(!”

The dynamics of all lattice gases take place by propagation of
particles to neighboring sites on the lattice, followed by a local collision
operation. In a stochastic lattice gas which obeys semi-detailed balance,
the collision step is a doubly-stochastic Markov matrix acting on the state
of a single lattice site. For a lattice gas with only a single particle mov-
ing on the lattice, the stochastic model reduces to a classical random walk.
In the collision step of a quantum lattice-gas model, the state at a site is
acted on by a unitary scattering matrix. Just as in the classical case, the
one-particle sector of the model possesses an interpretation as a discrete-
time discrete-space quantum random walk.

Quantum lattice gases are explicitly formulated as discrete models for
quantum physics, and so are subject to additional physical constraints.
In particular, the unitary scattering matrix is constrained to be parity
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invariant. The quantum lattice gas was shown to yield the continuum
propagator for the Dirac equation in one-dimension,!?) and also possesses
the Schroedinger equation as a nonrelativistic continuum limit.?"

The quantum random walk has also been studied extensively from
a point of view quite different from that of physical modeling. Quantum
random walks may provide an alternative route for the development of
new quantum algorithms. Such walks have the property that the variance
of the walk grows linearly with time, in sharp contrast to classical
walks where the variance grows as the square root of time. This echoes
the computational advantage of Grover’s search algorithm, and indeed
unstructured search can be reformulated as a quantum random walk
problem. Discrete-time quantum walks have yielded exponential perfor-
mance improvements in the hitting time on the hypercube, and continu-
ous-time quantum walks have yielded an exponential improvement in the
solution of a graph traversal problem. For an overview of the subject of
quantum random walks we refer the reader to the review of Kempe.??

Two things distinguish quantum lattice gases from discrete quantum
walks. Firstly, the absence of scalar homogeneous models means that dis-
crete quantum walks must also introduce an extra degree of freedom.
This degree of freedom is interpreted as a “coin” state which determines
the motion of the walker at the next time step. In the context of the
quantum lattice gas this degree of freedom is interpreted as the spin (or,
in one-dimension, helicity) degree of freedom of the particle. Secondly,
the constraint of parity invariance imposed by Meyer in one-dimension,
and discrete rotation invariance imposed by Boghosian and Taylor in
d-dimensions is infrequently applied to discrete time quantum random
walks. The coin state is commonly updated by the Hadamard operation,
which is not invariant under parity inversion. While parity inversion sym-
metry is a fundamental requirement for models of physics, from the point
of view of the computational properties of quantum walks parity invari-
ance 1s not an obvious requirement.

Unitary actions and measurements are the elementary operations
allowed on closed quantum systems. However, no quantum system (except-
ing, possibly, the entire universe) is truly closed. Open quantum systems
may be treated as subsystems of some larger closed quantum system. The
unitary evolution of the entire closed system induces a (generally non-uni-
tary) evolution on the open quantum subsystem. Such operations, which
include measurements and unitary actions in their span, are referred to
as quantum operations in the context of quantum information theory.?¥
The theory of open quantum systems has been developed from the point
of view of fundamental physics in the work of Feynman and Vernon,
Caldeira and Leggett and Prokof’ev and Stamp.?*=27 In this seminal
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work the environment degrees of freedom are included explicitly, and
renormalization group arguments are adduced to model the environment
as belonging to one of two universality classes: either the environment
degrees of freedom are localized (spin bath) or delocalized (oscilla-
tor bath). “Random level” models of the environment have also been
studied. (829

In keeping with the motivation of this issue we shall leave the fasci-
nating computational properties of both discrete-time and continuous-time
quantum random walks aside. We shall focus instead on the physical inter-
pretation of the classical stochastic lattice gas as a microscopic model for
diffusion and of the quantum lattice gas as a microscopic model for a sin-
gle particle obeying the Dirac equation in the continuum limit. OQur aim
in the present paper will be the construction of a single model capable of
capturing both types of behavior in different parameter regimes.

We shall consider decoherence arising from an interaction with an
environment coupling only to the particles’ internal degrees of freedom
and not to the particles’ position degrees of freedom. Such decoherence
models are referred to as “coin” decoherence in the context of quantum
random walks. In general, coin decoherence produces a transition from
behavior characteristic of a quantum walk in which the standard devia-
tion of the walk grows linearly in time to behavior characteristic of a clas-
sical walk in which the standard deviation varies as the square root of
time.39=3% Previous decoherence models for quantum walks considered
a scattering step which is a unitary action with probability 1 — p, and
a unitary action followed by a projective measurement with probability
p.G%=33) Models in which measurements on the coin yield less than total
information have also been considered.3®

We begin by considering a decoherence model for quantum lat-
tice gases (or equivalently, discrete-time quantum random walks) with
an explicitly physical motivation. We require that the system-environment
interaction be fixed and that the interaction preserve the parity invariance
of the original lattice gas. We first describe the unitary lattice-gas dynam-
ics and the extension of such dynamics to the density matrix formalism,
necessary for the introduction of quantum operations into such dynam-
ics. We then introduce the framework of quantum operations, and discuss
two types of decoherence models for quantum lattice gases. We derive the
constraints on the unitary operator coupling the system and environment
arising from the requirement of parity invariance. Numerical results are
presented for one parameterization of the decoherence model, which qual-
itatively verify the transition from quantum to classical (i.e., diffusive)
behavior in the model. We close the paper with discussion and some direc-
tions for future work.
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2. DECOHERENCE

The state vector formulation of quantum mechanics is inadequate to
describe situations in which we have imperfect knowledge of the quantum
state. Such perfect knowledge is expressed by the system being in a pure
state, that is, a vector of complex amplitudes whose moduli squared sum
to one. Consider the imperfect preparation of a quantum state such that
state |) is prepared with probability P(|y)), where the (classical) proba-
bilities P(|y)) sum to one. We cannot simply represent this by a real linear
convex combination of states, as we already have a complex superposition
over observable basis states. We must instead consider a linear real convex
combination of the dyads |y) (v,

p=) P I¥) (¥l ()

Such a real linear convex combination is called a mixed state. The density
matrix is the appropriate tool for simultaneously describing two probabi-
listic aspects of the theory—one arising from classical uncertainty about
the state of the system, and one arising from the fundamental uncertainty
arising from quantum superposition.

The time evolution of the density matrix may be obtained by lin-
ear extension of the evolution of the pure states. The time evolution of a
pure state is given by |y/)=U |¢) where U is the unitary evolution oper-
ator of the system, and so the time evolution of the density matrix is
given by conjugation: U:p’=UpUT, where dagger indicates the Hermitian
conjugate. The Hilbert space of a quantum system which can be divided
into two subsystems A and B possesses a basis which can be tensor fac-
tored such that each basis vector [m) can be expressed as a tensor product
Imy) ® |myp), such that |m,) € H, and |mp) € Hp. The reduced density matrix
of subsystem A is obtained by taking the partial trace of the full density
matrix over subsystem B.

We may now define a quantum operation on the density matrix of
system A. We take the tensor product of the density matrix of the system
A with that of the environment B. A unitary operation UA2 acts on the
resulting density matrix by conjugation. The environmental subsystem B is
then traced over, resulting in a new density matrix for the system A. Such
quantum operations are therefore maps from density matrices to density
matrices. Such maps may be constructed without reference to an environ-
ment state by invoking the operator-sum representation. The theory of
such maps may also be formulated axiomatically without reference to the
constructive procedure adduced here.?® In the present paper we utilize the
unitary representation of quantum operations given above, while noting
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that a formulation of the noise model we shall construct in terms of the
operator-sum representation is possible, and in fact may be a more conve-
nient representation of the model.

3. QUANTUM LATTICE-GAS MODEL

In the present paper we restrict attention to one-dimensional lattice
gases with two directions per site. The (classical) particle states are spec-
ified as follows: Each site on the lattice has two lattice vectors connect-
ing it to its left and right neighbors. There may be at most one particle
per site per vector.?”) The dynamics of all lattice gases take place in two
substeps. First, the particles propagate along their vectors to neighboring
sites, retaining their velocity as they do so. Second, the particles at each
site undergo a collision changing the occupations of the vectors at each
site. The propagation step clearly conserves any quantity that is obtained
by summing a function of particle mass and velocity over all particles,
since those quantities are not changed as particles propagate. The collision
step is required to conserve a subset of these quantities that are of physical
interest, such as mass, momentum, etc. In the following we shall consider
models which conserve particle number only; if we regard the particles as
each having unit mass, this may be thought of as conservation of mass.

For a one-dimensional lattice with two vectors per site, the only
deterministic rules which preserve particle number are trivial. The first
nontrivial model occurs when one considers a stochastic collision in which
a single particle at a site has probability 1 — p to reverse direction. The
stochastic lattice gas with a single particle may be identified with a ran-
dom walk. Generalizing to multiple particles we find the evolution of the
single particle distribution function for a classical stochastic lattice gas
obeys the diffusion equation. The stochastic models include the (trivial)
deterministic models as the special case p=1.

The single timestep evolution operator U of the quantum lattice gas
without decoherence is the composition of advection and scattering steps:

advect
Z Vx.alX, ) = YYxalxt+a,a)
scatter Zl//x,asaa’u +a, a/)’ (2)
where the scattering matrix may be parameterized up to a global phase as:

cos® isinf

o= (i sinf cos&) G)
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and the Hilbert space is 2N-dimensional, where N is the lattice size. This
quantum lattice gas was shown to yield the continuum propagator for
the Dirac equation for a particle with mass tan® in Ref. 19. The model
may also be interpreted as a discrete-space discrete-time quantum random
walk, subject to the constraint that the scattering rule be parity invariant.

We generalize the above model by first extending the dynamics to
those of the density matrix for the lattice gas. This allows us to handle
the mixed states which will arise when we introduce decoherence into the
dynamics. We couple the particles’ internal degrees of freedom to a bath
of arbitrary size and act on the internal degrees of freedom and the bath
with a unitary matrix which is the product:

Uc > [S & Hhath] ’ (4)

where I is the identity operator on the bath. We then trace over the envi-
ronment degrees of freedom at each timestep.

This decoherence model corresponds to a generalization of the quan-
tum lattice gas to the case where the collision operator is neither a uni-
tary operator, nor a classical Markov matrix as in the stochastic classical
lattice gas, but a quantum operation. The set of quantum operations con-
tains both unitary actions and Markov actions as special cases. The uni-
tary operator is clearly included as a special case when one considers U,
which do not couple the system and the environment (i.e., which tensor
factor into U, = Uc(sys) ® Uc(bath))-

It is clear that the Markov operations of the classical stochastic lattice
gas are included when one considers an initialization of the density matrix
of the lattice gas in a completely classical state — that is, a density matrix
at each site with only diagonal entries, p; and p,. The action of the uni-
tary part of the collision operator on this matrix is:

cosf isinf\ (p, O cosf —isin6

isinf  cos@ 0 p)\—isiné cos6

_( 00529+p, sin® @ isin@cos@(p,—pﬁ) 5)
isinfcosb(p;—p;) pi sin20+p, cos? 6

This reproduces the action of a classical Markov matrix on the vector of prob-
abilities (p;, pr), where the probability that the particle continues in its current
state is cos 6 if the interaction with the environment induces the map:

p100529+prsin20 i sinécosf(p, — pr)
i sinf cosf(p; — py) p,sin20+prc0529

2 )
cos“ 0 + p,sin“ 6 0
0 pi1sin” 0+ p, cos“ 60
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We can construct this mapping by coupling the system to a
two-dimensional environment in the completely mixed state 1/2[ using the
controlled-NOT gate where the system is the control qubit. More generally,
the map given in Eq. (6) is the effect of a measurement on the system,
and such actions are included in the set of quantum operations. The cor-
respondence of unitary operations combined with measurements as equiv-
alent to Markov operations is also discussed in the context of Type-II
quantum computing in Ref. 38.

In order to complete the demonstration that classical stochastic lat-
tice gases are included as a subset of models described by a density matrix
whose collision process i1s a quantum operation, we must show that a
classical (i.e., diagonal) density matrix evolves to another classical density
matrix under propagation. The classical density matrix is non-zero only in
entries |x, «) (x, «|, which evolve under propagation to |x +a, a) (x +a, «|.
Diagonal density matrices evolve to diagonal density matrices under prop-
agation and a subset of collision operations evolving diagonal density
matrices to diagonal density matrices are equivalent to the Markov matic-
es implementing collisions of a classical stochastic lattice gas.

Hence a single-particle quantum lattice-gas simulation in which the
entire density matrix is stored and in which the collision rule is a quan-
tum operation includes as special cases quantum lattice-gas evolution and
the stochastic evolution of a classical lattice gas. Deterministic classical lat-
tice gases are included as they are a special case of stochastic lattice gases.
Such a model therefore provides a bridge between the quantum lattice gas
which possesses the Dirac equation as a continuum limit and classical sto-
chastic lattice gases which possess the diffusion equation as a continuum
limit.

4. PARITY-PRESERVING NOISE

We now define the set of quantum operations giving our new scat-
tering rule. Specification of a set of quantum operations defines a “quan-
tum noise” model. Such a model has two ingredients: a model for the
environment state and a model for the system-environment interaction.
Before specifying the environment state we must specify how many dimen-
sions the environment Hilbert space must have. Here we may invoke a
theorem which states that for a d-dimensional system Hilbert space a d2-
dimensional environment is sufficient to produce every possible quantum
operation on the system. This theorem states that for a quantum opera-
tion specified by a set of principal components in the operator-sum rep-
resentation it is always possible to find a unitary operator coupling a
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d’-dimensional environment to a d-dimensional system which reproduces
this quantum operation.®?

This suggests the following noise model: We initialize the four-dimen-
sional environment in a fiducial state (|00) for example). We then sample
from a distribution over the unitary group U(8) and apply our sampled
operator to the eight-dimensional system-environment pair, and then we
trace over the environment. Such a model samples from the entire set
of quantum operations. The preparation of the environment in a fiducial
state does not imply a loss of generality, as the sampled operation can be
considered to be first an operator acting only on the environment prepar-
ing a random environment state, followed by an operation coupling the
system and environment. The distribution over the set of quantum oper-
ations is induced in a nontrivial way by the distribution over U(8). Such
a model would resemble a random level, or random matrix model, of the
environment. ?8:2%)

On the other hand, our aim is the construction of a noise model with
physically inspired constraints on the system-environment interaction. For
such physically motivated noise models we wish the system-environment
coupling matrix to be a constant unitary operator, arising from a putative
fixed system-environment interaction Hamiltonian (which we may or may
not know). If we regard our quantum lattice gas as a discrete model for
the Dirac equation, we note that the interaction of the helicity degree of
freedom of a Dirac particle with an environment is indeed fixed by funda-
mental physics.

We must take care about the meaning of the theorem invoked
above for noise models with a constant system-environment interaction.
The theorem does not state that a fixed unitary operator coupling a
d’-dimensional environment to a d-dimensional system can reproduce
every quantum operation on the system. In the sequel we construct our
noise model for an environment of arbitrary dimension, although we
revert to a four-dimensional environment for reasons of computational
tractability for simulations.

Equation (3) gives an explicit parameterization of all parity-preserv-
ing two-dimensional unitary operators, up to a global phase. Such con-
venient parameterizations of quantum operations do not yet exist, and
so we follow the explicit constructive procedure for such operations given
above. We choose a model for the environment such that its state is a
unimodular complex vector whose Cartesian components are independent
random variables. The environment-system interaction is fixed, and we
consider a wide class of such interactions, namely those which preserve the
parity invariance of the original unitary quantum lattice gas. The unitary
update S obeys parity invariance ST =TS where T is the parity exchange
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operator. The parity preserving couplings Us have the property that they
commute with the parity exchange operator acting on the system tensored
with the identity operator acting on the environment.

[Us, T®I]=0 (7)

Equation (7) expresses a discrete symmetry of a discrete-time evolu-
tion operator. In physics we are more usually concerned with continuous
symmetries and continuous time evolution operators. The usual statement
of invariance of an interaction Hamiltonian under a particular symmetry
transformation is that the infinitesimal generators of the symmetry trans-
formation commute with the Hamiltonian. In the language of Lie groups
this means that the Hamiltonian lies in the commutator subalgebra of the
generators of the symmetry transformation in the Lie algebra of U(N),
where N is the number of degrees of freedom of our system. We may also
apply these ideas to a discrete symmetry of a discrete-time discrete-space
model. Let ¢ be the Lie algebra element corresponding to 7 ®I. Let u be
the Lie algebra element corresponding to U. A sufficient condition that
Eq. (7) holds is:

[u, {]=0. (8)

The Lie algebra of U(N) is the set of anti-hermitian matrices. We use
the basis arising from the root system of the Lie algebra of U(N):39

Dy =i8pképi lzpsN
Sif =i(Gkpdyt +8kg8p) 1<p<N gq<p ©)
AZIPZ(‘SkP‘Sql—akqfspl) l<p<N g<p

where 4y, is the Kronecker delta, and there is no sum on repeated indices.
We note that A7 =0 and S99 =2D?. The convention for the antisymmet-
ric matrices i1s chosen so that the labelling superscripts increase from left
to right, and so that the negative entry is always in the upper triangular
portion of the matrix.

The commutation relations of the Lie algebra basis follow from

Eq. (4):

[DP,D%y =0 l<p<N

[D7, Sk =8, AT + 8,4 APT

[Dr, qu]kl =5rpSrq _5rqup

[S™, APy =85pS™ — 85qS™P +8,pS°9 — 6,4 S°P
[S7, Sy =8ps AT + 645 APT +<S,,,A‘/“: <+ Sq,A/’-‘:
(A7, A9y =85 AT + 8,3 APT + 8, AT + 84, APS

(10)



From Dirac to Diffusion ' 345

The block diagonal form of 7 ® I makes it straightforward to diag-
onalize, and it is therefore straightforward to obtain the Lie algebra ele-
ment ¢.

N/2

N
t=lnT®1:%ZD’_%ZS(ZS—I)Z.\" an
r=1

s=1
A general element u of the Lie algebra may be written:
N

u=) a,D" +
1

r=

N

N
Z [B4p ST + vgpATP] (12)
p=1qg=1

DO —

where B,, =8,, and y,p =—ypq, and Bgq =y, =0.
The commutator is then

N/2 N N

N N
[, t]:% Z DS — Z §@s=12s ZarD’ ki Z [Bup ST + ygp ATP]
s=1 s=1 r=1

= p=Ilg=1

N =

(13)

Applying the structure constants of the Lie algebra and using B,, = B4
and y,p, =—yp, gives:

N/2 N

ﬂ —_ -
== ZZ[ﬁp(zs)A”(zs D+ Bps-1) AP
s=lip=1
+V[J(2&‘)S(2S_l)p+Vp(23—l)S(2s)P:| (14)

The constraint that this be zero imposes a set of constraints on the B
coefficients and a set of constraints on the y coefficients. Because the
coefficients and the matrices A are real, while the matrices S are pure
imaginary, we may rearrange terms involving the A’s and S’s separately to
obtain these constraints. We write

[u,t]=Cg+C,. (15)
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where Cg=0 and C, =0 are necessary conditions for [u,?]=0.

N/2 N
Gl 251 2
€ =—3 ZZ[ﬂpm)A"( D+ Bpas-1) AP ”]
s=1 p=1
- N N - N N-1
e pE=1),. .= p(s—1)
S Z Z BpsA 2 Z Z BpsA
s even p even s even p odd
- N-1 N - N—-1 N-1
L pis+1) _ 2% p(s+1)
LY X 4TS T st g
s oddp even s oddp odd

We wish to rearrange terms so that we have a unique set of A’s whose
coefficients we can set to zero in order to obtain our constraints. In the
first and fourth terms here the indices on the A’s have opposite parity,
whereas in the second and third terms the indices have the same parity in
each term, but the indices are both odd in the second term and both even
in the third term. This means that the first and fourth terms may be com-
bined by exchanging dummy indices and using the symmetry properties of
the A’s, whereas the second and third terms must be dealt with separately.
Denoting term x in the right hand side of Eq. (16), C, and taking the
first and fourth terms:

N-1 N N N-—1
s oo =
Cp+Ch=—3 > 2 Bre+nA” == Do 2 Brs-nA”

s oddp even s even p odd
(17)
Exchanging p and s in the second term on the right hand side:
- Bl N
Cp+Cy= ) Y D [Brs+nA” +Bsp-1AT] (18)
s oddp even
Using the antisymmetry of the A’s, we have
o Bl B
Cp+Ch==%5 2 D [Brern—Bsp-n]a™ (19)

s oddp even
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Now consider the second and third terms in Cg. The second term is:

- N-1 N-1
Cp ==% 2. 2 Brs+nA”

s oddp odd
- N—-1 N-1
==7 2 2 [Bresn—Brprn] A” (20)
s oddp odd
The third term is:

N N
Ch =73 Y. D Be-nAaP

§ even p even

N N
=_% > 2 [Bo-n—Bep-n] A" @

§ evenp even

S|

These equations give the following set of conditions on the beta coeffi-
cients:

Bpis+1) — Bs(p-1) =0 s mod2=1 p mod2=0
Bps+1) — Bs(p+1) =0 s mod2=1 p mod2=1
Bps—1) — Bs(p—1) =0 s mod2=0 p mod2=0
(22)

These constraints are redundant. In fact a pair of constraints is sufficient
to ensure Cg=0:

Bpis+1) = Bs(p-1y=0 s mod2=1 s<p
Bpis+1) — Bs(p+1) =0 s mod2=1 p mod2=1s<p (23)

We now consider C,,.

- N/2 N
& =3 Z[VP(Z.V)S(ZS_I)P+VP(2A'—1)S(2S)pj|
s=1 p=1
- N N o N N-1
=3 2 2 Y-S =5 2. > Vee-nS”
s evenp even s even p odd
- N-1 N - N-1 N-1
— 2 vpernST=3 D0 D0 vpernST (29)
s oddp even s oddp odd
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Exchanging dummy indices in the third term, expanding the first and
fourth terms, and utilizing the symmetry of the S’s and the antisymmetry
of the y’s gives:

N N
n g
Z Z Z YpGs—1) +Vx(p—-1)] il
§ even p even
T N N—-1
E Z y[)(\ 1)_)/(p+l)s]Sp
s evens odd

Ne—

4=-|=l
MZ

[Vpi+1) + Vsp+1] S (25)
s oddp odd

This yields the constraints on the y’s:
Ypis—1) — Y(p+1)s =0 s mod2=0 p mod2=1 p<s—1

Yps—1) + Vs(p-1)=0 ¥y mod2=0 p mod2=0 p=<s
(26)

5. SIMULATIONS

Simulations were performed for a system whose internal degree of
freedom is coupled to a four-dimensional bath. The coupling operator is
therefore an element of U(8). The general form of an element of the Lie
algebra of U(8) obeying the constraints derived above is

a1 B2 Biz Bia Bis Bis B17 Bis ( 0 O =y =Y =Yis ~¥is =1 —VIS\

B2 a2 Bia P13 Bis Bis Bis B17 0 0 —yia —y13 Y16 —¥Y15 =18 —V17

B13 Bia a3 Bia B3s Bis B37 B3s visvie 0 0 —y35 —y36 —y37 —¥38

i Bia P13 Baa as Bse B3s Bis B3z 4| e v 0 0 -y —y3s =y —¥37

Bis Bis Bis B as Bse Bs7 Bss Yisvie v3s v 0 0 —ys7 —ysg

Bie Bis Bie Bis Bse a6 Be1 Bst Yievis v s 0 0 —ysg —ys

B17 Bis B37 Bis Bs1 Be1 a7 Brs Yizvis v37 v ¥s1 vss 0 0

\/318 B17 B3g B37 Bss Bs7 Brs ag Yisvi7 v v31 vss vs7 0 0 )
(27)

In all cases the system was initialized in a pure state corresponding
to a gaussian spatial wavefunction centred at the origin with a standard
deviation equal to one quarter of the lattice size, with equal amplitudes for
both internal states of the particle. The system was a periodic lattice with
64 sites, and the parameter 6 in the unitary part of the collision operator
was set equal to 0.35.
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Fig. 1. Plots of the time evolution of the diagonal components for 400 time steps. The
greyscale indicates the magnitude of the density matrix evolving from a Gaussian pure state
centered at the origin with standard deviation one quarter of the system size. Left: Unitary
evolution. Middle: Evolution with Zg coupling the system to the bath. Right: Evolution with
a parity-invariant coupling between system and bath.

Three types of simulations were performed. First, a simulation of the
density matrix of the system and bath was performed in which the cou-
pling matrix was the identity operator. In this case the quantum lattice gas
reproduces the unitary evolution expected in the case that the system-bath
coupling is zero. Second, simulations were performed in which the system-
bath coupling operator is the Fourier transform over the cyclic group Zg.
Finally, simulations were performed in which all coefficients «, 8 and y in
a matrix of the form (27) were set equal to one and the resulting matrix
numerically exponentiated to obtain a parity-preserving coupling (Fig. 1).

The simulation with no system-bath coupling shows typical unitary
evolution on a cycle, with the wave-packet dispersing until the edges of the
wave-packet reach the periodic boundaries of the system, at which time
interference occurs between the original packet and the reentrant com-
ponents. The reversibility and unitarity of the dynamics is apparent as
the system never settles into a static equilibrium state. The simulations in
which the system-bath coupling is given by the Fourier transform, which
violates parity invariance, exhibit a driving of the system to the right.
Additional simulations in which the coupling is given by the conjugate of
the Fourier transform with the parity inversion operator show the same
driving effect in the opposite direction, as expected. Simulations in which
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Fig. 2. Top: Time evolution of the probability distribution for the first
300 timesteps of unitary evolution. Curves are plotted every 50 timesteps.
Bottom: Time evolution of the first 300 timesteps of the parity-invariant
decoherent evolution and the final uniform distribution. Curves are plot-
ted every 50 timesteps, and the final state after 8000 timesteps of evolu-
tion is shown.

the system is coupled to the bath by our example parity-invariant unitary
matrix show no driving effect. The system undergoes an irreversible evo-
lution of the initial probability distribution to the uniform distribution on
the cycle.
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The behavior of the model shows its intermediate quantum-classi-
cal nature in two ways. First, the decay of the probability distribution
shows some residual “wave-like” behavior in addition to the overall damp-
ing. Second, the final density matrix is not a completely mixed state, but
retains non-zero off-diagonal components within a finite band. Both these
effects indicate that the coupling matrix chosen implements a coupling
strong enough to cause irreversible dynamics on an observable timescale
but weak enough that the dynamics retains some interesting quantum
characteristics (Fig. 2).

6. CONCLUSIONS

We have defined a new quantum lattice-gas model for a single parti-
cle (or equivalently, a discrete-space discrete-time quantum random walk)
in which the scattering rule is given by a quantum operation, rather than a
unitary, deterministic, or stochastic operation. We showed that the model
so defined includes unitary, stochastic and deterministic models as special
cases, as well as interesting intermediate behavior. Preliminary simulation
results confirm this by exhibiting non-unitary diffusive decay of an initial
gaussian pure state.

The noise model chosen here utilized a fixed unitary operator cou-
pling a four-dimensional bath to the two-dimensional Hilbert space of the
internal degree of freedom of a single quantum lattice-gas particle. This
distinguishes our work from the noise model given by Kendon and Sand-
ers®® in which a single environment qubit is coupled by an interaction
with a strength tunable from the case of no coupling to the case where
the environment produced a projective measurement of the coin degree of
freedom of the quantum random walk.

As noted above, a two-dimensional environment with a fixed inter-
action is insufficient to reproduce all quantum operations. However, the
constraints of parity invariance on the coupling operator were obtained
here for U(N), and so this work could be extended to include an arbi-
trarily large environment. If the most general noise model is desired, the
sampling procedure discussed but not implemented above, in which ran-
domly sampled unitary operators couple a four-dimensional bath to the
internal degree of freedom of the particle, provably includes all quan-
tum operations. The parameterization of the noise model then involves a
parameterization of the distribution of quantum operations induced by a
given distribution on the unitary group.

The above discussion motivates several directions for future work.
First, the noise model presented here is not conveniently parameterized.
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Ideally we would be able to smoothly vary the degree of coupling between
the system and the environment from zero (where the time evolution
would approximate the Dirac equation) to the case where the environ-
ment performs projective measurement of the particles’ internal degrees of
freedom. This property is possessed by the noise model of Kendon and
Sanders,®® and such a parameterization of the model presented here is
certainly possible, although it may be tedious in practice. The work of
Kendon and Sanders®® discusses decoherence in quantum random walks
from the point of view of complementarity. The work of the present paper
was motivated instead by the principle of correspondence. The generaliza-
tion here satisfies the requirement that the results agree with classical the-
ory in the case that the particle is strongly coupled to an environment.

The two most natural generalizations of the work described here
are to quantum lattice-gas models with multiple particles, and to mod-
els defined in multiple dimensions. The constraint of parity invariance
becomes the constraint of invariance under discrete rotations in multiple
dimensions, and one expects the constraints analogous to those derived
here to be correspondingly more complex. Simulations of multiple par-
ticles, even in one dimension, have a classical computational cost which
grows exponentially with the number of particles. However, one expects
that few-particle simulations will be tractable.

The possibility of efficient quantum simulation of classical systems
is an important open problem in the field of quantum computation for
physical modeling. One of the central problems in this area is that most
of the equations of classical physics of practical interest are irreversible
macroscopic equations of motion. The work presented here shows that
irreversibility may be simply included by the use of quantum operations
instead of unitary matrices. The emergence of irreversible behavior in the
degrees of freedom of the subsystem exhibited here is a manifestation of
the “arrow of time” of non-equilibrium thermodynamics. The interesting
practical question, which remains open, is whether there are systems for
which the time complexity of such classical and quantum simulation is
different. More glibly: Can time’s arrow may be made to move faster on
a quantum computer?
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The quantum circuit and design are presented for an optimized entangling probe
attacking the BB84 Protocol of quantum key distribution (QKD) and yielding
maximum information to the probe. Probe photon polarization states become
optimally entangled with the signal states on their way between the legitimate
transmitter and receiver. Although standard von-Neumann projective measurements
of the probe yield maximum information on the pre-privacy amplified key, if
instead the probe measurements are performed with a certain positive opera-
tor valued measure (POVM), then the measurement results are unambiguous, at
least some of the time. It follows that the BB84 (Bennett—Brassard 1984) proto-
col of quantum key distribution has a vulnerability similar to the well-known vul-
nerability of the B92 (Bennett 1992) protocol.

KEY WORDS: Quantum cryptography; quantum key distribution; quantum
communication; quantum computer; entanglement.
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1. INTRODUCTION

It is generally known that the standard two-state B92 protocol of quantum
key distribution!) is not a good solution for quantum key distribu-
tion.® Although the two nonorthogonal photon-polarization states of the
protocol cannot in general be distinguished unambiguously by an eaves-
dropping probe without being disturbed, they can be unambiguously dis-
criminated at least some of the time, at the cost of there occurring some
inconclusive events. However, if the inconclusive rate equals the loss rate
of the legitimate receiver (due to attenuation in the key distribution chan-
nel), and only the unambiguous states are relayed by the probe to the
legitimate receiver, then the probe can obtain complete information on the
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pre-privacy amplified key, once the bases are announced on the public
channel during reconciliation. A POVM receiver is an implementation of
such a probe.®% Also to counter alteration in the attenuation due to the
probe, the legitimate channel might be replaced by a more transparent
one. In the present work, I argue that the four-state BB84 protocol of
quantum key distribution® has a similar vulnerability.

In Section 2, the optimized unitary transformation is reviewed, repre-
senting the action of an optimized entangling probe on quantum key dis-
tribution in the BB84 protocol. In Section 3, the corresponding quantum
circuit is obtained. In Section 4, a method is determined for projectively
measuring the appropriate correlated states of the probe, thereby obtaining
the maximum possible information (in the ideal case, ignoring losses). In
Section 5, a possible implementation of the entangling probe is obtained.
In Section 6, analysis is presented for alternatively using the Positive Oper-
ator Valued Measure (POVM) receiver in measuring the probe, thereby
unambiguously discriminating the signal states, at least some of the time.
Section 7 contains a summary.

2. OPTIMUM ENTANGLING PROBE

For the standard four-state BB84 protocol of quantum key distribution,
the author recently calculated a simple optimized unitary transformation
representing the effect of an eavesdropping probe, which on average yields
the maximum information to the probe for a given error rate induced by
the probe.(® The most general possible probe consistent with unitarity was
addressed,’~1? in which each individual transmitted bit is made to inter-
act with the probe so that the carrier and the probe are left in an optimum
entangled state, and measurement of the probe then yields maximum infor-
mation about the carrier state. The probe optimization was based on maxi-
mizing the information gain by the probe on corrected data for a set error
rate induced by the probe in the legitimate receiver.®~!? Corrected data
include data remaining after discarding inconclusive results and also erro-
neous data as determined by block checksums and bisective search.(7-2:10)
The maximum information gain by the probe is needed for privacy amplifi-
cation. 710

It was shown that the above unitary transformation representing the
probe produces the following entanglements for initial probe state |w)
and incoming BB84 signal photon-polarization states |u), |u), |v), or |v),
respectively:(©
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) @ [w) —> 7 (lor) @ ) + o) ® [i)) (1)
) ® lw) —> %(Ia>®lu)+la_)®ld)), (2)
v) ® [w) —> %(|a_>®|v>—|a>®|ﬂ)), (3)
|0)® lw) — ‘—11(— ) ® [v) +|ay) ® D)) . (4)

Here, the states [u) and |u) are orthogonal signal states in the {|u), |u)}
basis, and |v) and |v) are orthogonal signal states in the {|v), [0)} basis,
and the two bases are nonorthogonal with /4 angle between the linear
polarizations of states |u) and |v). The probe states |ay), |@_), and |a) are
given by

) = [ (2724 1) A+m' 2+ (272 = 1) (= m)'7] o)

[P +1)a-p 24 (22 a4 lwy.  ©

)y = [(22=1) A+ 24 (224 1) (=)' o)

+[(22-1) a2+ (22 +1) q +m'2]ws),  (6)

o) = [_ A+ +( —,,)1/2] |wo) + [— A-m'2+( +n)‘/2] lw3), (7)
where
n=[8E(-2E)]'/?, (8)

expressed in terms of the probe basis states |wg) and |ws), and also the
set error rate E induced by the probe. Of particular importance is the fact
that the states |«wy) and |@_) are in general nonorthogonal. The Hilbert
space of the probe is two-dimensional, depending on the two probe basis
vectors, |wp) and |w3). It should be noted here that in Egs. (29) and (32)
of Ref. 6, the overall signs must be positive in order to yield Eq. (19)
of Ref. 6. Also, in Egs. (5)—(7) above, the sign choices correspond to the
implementation chosen here. Also, it is important here that large error
rates are to be ignored to enforce monotonicity. The present analysis and
that of Ref. 14, Eq. (71) of Ref. 13, and Eq. (89) of Ref. 6 apply for
E <1/4. [To include larger E, the optimization of Eq. (158) of Ref. 13
with sin2u =1, cos6=1, and p=(1 — 2E)Y/2 can be implemented, also
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with a single CNOT gate yielding the same maximum information gain
and POVM measurement characteristics given here. However such large
error rates are of less practical importance.]

It is to be noted in Eq. (1) that the projected probe state |y,,) corre-
lated with the correct received signal state (in the notation of Refs. 7, 12),
in which the state |u) is sent by the transmitter, and is also received by
the legitimate receiver, is |y ). Analogously, using Eq. (2), it follows that
the correlated probe state |1,[/b—”;) is |¢—). The two states |o4) and |a_) are
to be distinguished by the measurement of the probe. Also, according to
Egs. (3) and (4), the same two probe states are the appropriate correlated
states ’Wf;ﬁ) and [y,,), respectively. It will be shown below that the fact
that the same two nonorthogonal states are to be distinguished in either
polarization basis is critical to unambiguous state discrimination of the
BB84 signal states (at least some of the time), since it is this feature of the
entangling probe that will enable measurement of the probe by the POVM
receiver.®)

It should also be stressed that the state |@) in Egs. (1)~(4) is only
correlated with the cases where one of the four signal states is sent and
the orthogonal state is received by the legitimate receiver, and this will be
interpreted as error. However, again it is to be remembered that the erro-
neous bits are discarded, and so their only role in the entangling probe
optimization is in determining the error rate induced by the probe, and the
latter is appropriately set by the eavesdropper. For any eavesdropping pro-
tocol, there is always a tradeoff between information gain by a probe and
the induced error rate, and any key distribution protocol has some intrin-
sic noise level that the eavesdropper can exploit. It must also be under-
stood that privacy amplification is always necessary, and this process is
very error-rate dependent. Analogous arguments apply to attacks on the
B92 protocol, which as stated above has a well-known POVM attack vul-
nerability.

3. QUANTUM CIRCUIT

In this Section, I exploit the quantum circuit model of quantum com-
putation to determine the quantum circuit corresponding to the optimum
unitary transformation, Egs. (1)—(4). It was shown in Ref. 6 that the tensor
products of the initial state |w) of the probe with the orthonormal basis
states, |eg) and |ep), of the signal transform as follows (See Egs. (1), (35)-
(40) of Ref. 6), again with the above sign choices:

leo ® w) —> |eg) ® |Ay) )

and
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leg @ w) —> le1) ® |A2), (10)

expressed in terms of probe states |A;) and |A;), where

|A1)=ay [wp) +az |w3), (11)
|A2) =az [wo) +aj |w3), (12)
in which
a1 =2"121+p'72, (13)
ay=2"121 -1/, (14)

and n is given by Eq. (8).

In the two-dimensional Hilbert space of the signal, the two orthog-
onal basis states |ep) and |e;) are oriented symmetrically about the sig-
nal states |u) and |v), and make angles of m/8 with the signal states
lu) and |v), respectively. Next, consider a quantum controlled-NOT gate
(CNOT gate), in which the control qubit consists of the two signal
basis states {|eg),|e1)}, and the target qubit consists of the probe basis
states {|wp), |lw3)}, and such that when |ep) enters the control port then
{lwo), lw3)} becomes {|ws), |wp)} at the target output port, or when |e;)
enters the control port then {|wy), |ws3)} remains unchanged. It then fol-
lows that a simple quantum circuit affecting the transformations (9) and
(10), and thereby faithfully representing the entangling probe, consists of
this CNOT gate with the state |A;) always entering the target port, and
{leo), le1)} entering the control port. When |ep) enters the control port,
then |A;) becomes |A;), or when |e;) enters the control port then |Aj)
remains unchanged, in agreement with Egs. (9) and (10) with |w)=Aj).
According to the quantum circuit model of quantum computation, it is
known that at most three CNOT gates, together with single-qubit gates,
are in general necessary and sufficient in order to implement an arbitrary
number of unitary transformations of two qubits. Apparently in the pres-
ent case, a single CNOT gate suffices to faithfully represent the optimized
unitary transformation.

Next expanding the signal state |u) in terms of the signal basis
states,”) it then follows from Egs. (9) and (10) that the CNOT gate affects
the following transformation when the signal state |u) enters the control
port:

4 o
lu)®|A2)—>cos§|e0)®|A1)+sm§|e1)®|A2). (15)
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Equivalently, then
/4 n i [ v
lu) ® |Ay) —> cos 2 (cos o lu) —sin oy [u)) ®|A1)

L mE, W T s
+sin s (sm = lu) +cos§ |u)) ®|Aj), (16)

or

1
) ® A7) — [ + 212) 1A @ Ju) + (2 —2"%) |A2) @ |u)
2121 4)) @ |i)+ 272 | Ap) ® |a)], (17)

which becomes Eq. (1). Analogously, it follows that the quantum circuit
also yields Egs. (2)—(4).

4. PROBE MEASUREMENT CORRELATIONS

According to Egs. (1)—+(4), and the analysis of Section 3, the probe
produces the entanglements of Eqs. (1)+(4) for initial probe state |w)=|A,)
and incoming BB84 signal states |u), |u), |v), or |v), respectively. Then if,
following the public reconciliation phase of the BB84 protocol, the signal
basis mutually selected by the legitimate transmitter and receiver is pub-
licly revealed to be {|u), |L2)}, then the probe measurement must distinguish
the projected probe state |o4), when the signal state |u) is both sent and
received, from the projected probe state |«_), when the signal state ‘L]) 1s
both sent and received. In this case one has the direct correlations:

) = lay), |a) = o). (18)

The same two states o) and |o—) must be distinguished, no matter which
basis is chosen during reconciliation. Thus, according to Egs. (3) and (4),
if, following the public reconciliation phase of the BB84 protocol, the sig-
nal basis mutually selected by the legitimate transmitter and receiver is
publicly revealed to be {|v), 1'))}, then the probe measurement must distin-
guish the projected probe state |«_), when the signal state |v) is both sent
and received, from the projected probe state |« ), when the signal state |u)
is both sent and received. In this case one has the direct correlations:

) = e}, |0 oyl (19)

Next, one notes that the correlations of the projected probe states
|ey) and |a_) with the probe’s two orthogonal basis states |wg) and |w3)
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are indicated, according to Egs. (5) and (6), by the following probabilities:

[{wola-) > _ [(wsle)* 1  [E(-2E)]'/?

— = 20
oy |2 > 2 (1-E) -
[(wola—)* _ |(wslay)® 1 [E(1—2E)]'/? @
e Jey? 2 A-E)
and one then has the following state correlations:
lat) = wo), la-) <= |w3). (22)

Next combining the correlations (18), (19), and (22), one then establishes
the following correlations:

{lu)

)} &= lay) < |wo), (23)

{[#), v)} = la-) <> |w3), (24)

to be implemented by the probe measurement method. This can be simply
accomplished by a von Neumann projective measurement of the orthog-
onal probe basis states |wg) and |w3), implementing the probe projective
measurement operators {|wg)(wol, |wz)(w3|}. The chosen geometry in the
two-dimensional Hilbert space of the probe is such that the orthogonal
basis states |wg) and |w3) make equal angles with the states |a) and |a_),
respectively. This geometry is consistent with the symmetric von Neumann
test, which is an important part of the optimization in Refs. 7, 9-12.

5. ENTANGLING PROBE DESIGN

Based on the above results, I have invented a simple entangling probe
design.('> An incident photon coming from the legitimate transmitter is
received by the probe in one of the four signal-photon linear-polarization
states [u), |u), |v), or |v) in the BB84 protocol. The signal photon enters
the control port of the CNOT gate. The initial state of the probe is a pho-
ton in linear-polarization state |A;) and entering the target port of the
CNOT gate. The probe photon is produced by a single-photon source and
is appropriately timed with reception of the signal photon by first sam-
pling a few successive signal pulses to determine the repetition rate of the
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transmitter. The photon linear-polarization state |A;), according to Egs.
(12)~(14) and (8), is given by

1 1/2 1 1/2
|A2)=[5{1—[8E(1—2E)]1/2}} |w0>+[§{1+[8E(1—ZE)]I/z}] lws),

(25)

and can be simply set for an error rate E by means of a polarizer. In this
way the device can be tuned to the chosen error rate to be induced by the
probe. The outgoing gated signal photon is relayed on to the legitimate
receiver, and the gated probe photon enters a Wollaston prism, oriented to
separate photon orthogonal-linear-polarization states |wg) and |ws), and
the photon is then detected by one of two photodetectors. This is an ordi-
nary von Neumann projective measurement. If the basis, revealed during
the public basis-reconciliation phase of the BB84 protocol, is {|u), [t)},
then the photodetector located to receive the polarization state |wg) or
|lws), respectively, will indicate, in accord with the correlations (23) and
(24), that a state |u) or |u), respectively, was most likely measured by the
legitimate receiver. Alternatively, if the announced basis is {|v), i))}, then
the photodetector located to receive the polarization state |w3) or |wp),
respectively, will indicate, in accord with the correlations (23) and (24),
that a state |v) or ‘f)), respectively, was most likely measured by the legiti-
mate receiver. By comparing the record of probe photodetector triggering
with the sequence of bases revealed during reconciliation, then the likely
sequence of ones and zeroes constituting the key, prior to privacy ampli-
fication, can be assigned. In any case the net effect is to yield, for a set
error rate E, the maximum information gain to the probe, which is given
by Eq. (19) of Ref. 6, namely,

l=BEN*
1§)t:10gzl:2—< 1—E) } (26)

The geometry of the initial and shifted probe polarization states |A;)
and |A;), respectively, and the orthogonal probe basis states, |wp) and
|lw3), in the two-dimensional Hilbert space of the probe, is such that the
angle §p between the probe state |A;) and the probe basis state |wg) i1s
given by

8o =cos ™| ((ul)i\'ﬁl))’ (27)
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or, substituting |A;), given by Egs. (11), (13), and (14), namely,

1 172 1 1/2
|A1>=[5{1+[8E(1—2E>]‘/2}] |w0)+|:§{1—[85(1—2E)]1/2}J jws)
(28)
in Eq. (27), one obtains
1 12
so=cos ! (5 {1+[8E(1 —2E)]'/2}> . (29)

This is also the angle between the initial linear-polarization state |A,) of
the probe and the probe basis state |w3). Also, the shift § in polarization
between the initial probe states |A;) and the state |A;) (the angle between
|Aj) and |Aj)) is given by

_ 1 ( (A1lA2)
— <|A1||Az|)’ (30)

or, substituting Eqgs. (25) and (28), one obtains

s§=cos '(1-4E). (31)

6. POVM MEASUREMENT OF ENTANGLING PROBE

Instead of performing a von-Neumann projective measurement of the
entangling probe (using the Wollaston prism along with two photodetectors,
as in Section 5), one can unambiguously detect the two nonorthogonal
probe states o) and |a_), at least some of the time. For this purpose, the
POVM (See Fig. 1 of Ref. 3) will simply be setup to distinguish the non-
orthogonal states |« ) and |@_) (instead of the states |u) and |v) described
in Ref. 3). For this purpose, the Wollaston prism in Fig. 1 of Ref. 3 must
be aligned to separate the orthogonal states:

. B lott) / log |+ la—) / la—|
Capta. | = 1/2 (32)
[ | / N |+ (| / le—]) (ot ) / lag ] 4 la—) / la—])]
and
ea+_a_>s ot ) / lag | = la—) / | 3
(et ]/l ] = (a1 /la—]) (lag) / los | = la—) / la— ]V
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(instead of 'éu+v> and ‘éu_v>, as in Ref. 3). The overlap Q between the

states |ay) and |a_) is given by

(a4 ]a-)

Q= , (34)
oty | lor—|
or using Egs. (5) and (6), one obtains
1-3E
L (35)

The reflection coefficient R; of the beamsplitter BS; in Fig. 1 of Ref. 3
must, for the case at hand, be given by

1 1—
R; =tan? (5 cos™! Q) = % (36)
or substituting Eq. (35) in Eq. (36), one obtains
Ri= = (37)
i =7 )

Thus the reflection coefficient R; must be set, according to Eq. (37), by
the set error rate induced by the entangling probe. This will require a
beamsplitter with an adjustable reflection coefficient.

The inconclusive rate Ry (or, equivalently, P» in the notation of Ref.
3, also see Refs. 16-18) of the POVM receiver is given by Ref. 3

Ry= Bﬂ_ (38)
o4 | o |
Next, using Egs. (34) and (35) in Eq. (38), one obtains
1-3E
Ry= ! 39
"=T"% (39)
The conclusive rate R is then given by
R.=1—Ry, (40)
or using Eq. (39), one obtains
2E
Ri=——, (41)
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which is clearly nonoptimal, particularly for low error rates, as can be seen
by comparing Eq. (41) with Eq. (20). However, if the loss in the key dis-
tribution channel between the probe and the legitimate receiver, due to
attenuation, equals the inconclusive rate, Eq. (39), and only the conclusive
states are relayed by the probe to the legitimate receiver, then the entan-
gling probe together with the POVM receiver can obtain complete infor-
mation on the pre-privacy-amplified key, once the polarization bases are
announced in the public channel during reconciliation. Also, to counter
alteration in the attenuation due to the probe, the legitimate channel might
be replaced by a more transparent one.’?) One may therefore conclude that
the BB84 protocol has a vulnerability very similar to the well-known vul-
nerability of the B92 protocol.

7. SUMMARY

Exploiting the quantum circuit model of quantum computation, the
quantum circuit, needed to implement the optimum unitary transforma-
tion representing an entangling-probe attacking the BB84 protocol, was
determined and shown to yield the correct entangled states. The quan-
tum circuit, faithfully representing the optimum entangling probe, consists
of a single CNOT gate in which the control qubit consists of the two
photon-polarization basis states of the signal, the target qubit consists of
the two probe-photon polarization basis states, and the probe photon is
prepared in a specific initial linear-polarization state, set by the induced
error rate. The required initial polarization state of the probe photon can
be produced by a single-photon source together with a linear polarizer.
The gated probe photon, optimally entangled with the signal, enters a
Wollaston prism which separates the appropriate correlated states of the
probe photon to trigger one or the other of two photodetectors. Basis
selection, revealed on the public channel during basis reconciliation in the
BB84 protocol, is exploited to correlate photodetector clicks with the sig-
nal transmitting the key, and to assign the most likely binary numbers,
1 or 0, such that the information gain by the probe of the key, prior
to privacy amplification, is maximal. The probe is a simple special-pur-
pose quantum information processor that will improve the odds for an
eavesdropper in gaining access to the pre-privacy-amplified key, as well as
impose a potentially severe sacrifice of key bits during privacy amplifica-
tion.(10)

Finally, it is argued that if the projective measurement of the probe
is replaced by a nonoptimal measurement using a POVM receiver, then
unambiguous signal state discrimination is achieved at least some of the
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time. It follows that if the loss rate due to attenuation in the key distri-
bution channel equals the inconclusive rate of the POVM receiver, then
the standard BB84 protocol has a vulnerability very analogous to the well-
known vulnerability of the standard B92 protocol.
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Recent work has demonstrated the feasibility of using an array of quantum infor-
mation processors connected via classical channels (type II quantum computer)
to implement a quantum lattice-gas algorithm. This paper describes work towards
constructing a new experimental set-up for a type II quantum computer. This set-
up has new hardware and software specifications but does follow previously pub-
lished approaches of operation encoding the initial mass density onto a twoqubit
processor and using standard pulse techniques to step through the algorithm. New
hardware for this system includes the ability to read both qubits at once, effec-
tively reducing the processing time by twofold. Hardware changes also include the
use of multiple coils controlled by a single spectrometer and a hardware switch.
New software includes a top level control system for the spectrometer for quick
experimental configuration as well as configurable modeling software to verify
results. Results are presented here from a system with the final software imple-
mentations and the two channel spectrometer configuration run on a single proto-
type coil. Progress towards the final multi-coil implementation is described.
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quantum lattice gas; diffusion equation; quantum computing.
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1. INTRODUCTION

Researchers in the newly emerging field of quantum information process-
ing have made great strides both in its theoretical development and exper-
imental practice during the last several years but progress is still strongly
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limited by the technological difficulty of accurately preparing and con-
trolling the quantum state of many qubits. One successful approach to
expanding the computational capabilities of current quantum informa-
tion processing hardware is the construction of type II quantum comput-
ers. Type II quantum computers, as described in Refs. 1,2, constitute an
ordered set of quantum processing nodes where inter-nodal information
transfers is reducible to invertible quantum mechanical operators repre-
sented by orthogonal matrices — effectively inter-nodal communication via
classical channels. This architectural paradigm allows for the use of sev-
eral, uncorrelated quantum processors to speed computational times as a
whole by working on separate parts of the problem: quantum parallelism
occurs locally within a quantum node while classical parallelism occurs
globally. A group from the Massachusetts Institute of Technology (MIT)
has implemented one such device using a liquid state nuclear magnetic res-
onance (NMR) imaging technique and have achieved proof-of-concept by
simulating the spacetime dynamics of a quantum lattice gas in 1+1 dimen-
sions, modeling the macroscopic scale behavior of a many-body quan-
tum system whose effective field theory is either the classical diffusion
equation®= or the classical nonlinear Burgers equation.®? This type II
system used a standard NMR setup with field gradients to spread out
the magnetization signal from a single sample, containing two spin-1/2
nuclei, into 16 effective quantum computational nodes. While offering
great advantages in increasing the number of computational nodes avail-
able, it also had the disadvantage of the complexity of the operations
needed to encode and readout out data while still preserving the distinct-
ness of the quantum nodes.’

This report describes our work towards implementing a different design
for a type I NMR quantum computer intended to address the issues men-
tioned above.® Furthermore, this report presents new experimental results

SA newer version of the MIT approach attempts to employ a k-space encoding that directly
implements the inter-nodal communication (or stream operator) using pulsed field gradients.
This eliminates the need for continual readout of data after each time step.

6At University of Minnesota Center for Magnetic Resonance Research, a modern commer-
cially available magnetic resonance imager called SENSE is used, arrays of four or eight
different coils and receivers have been commonplace for the last five years. In some ways,
they are built with vastly more sophistication than the idealized prototype system we have
considered. Clinical SENSE coil arrays are a series of overlapping surface coils used to
limit penetration and increase the signal to noise for imaging purposes. They are inappro-
priate for QIP applications for the following reasons. First, NMR QIP uses different nuclear
spins to serve as qubits. This requires the use of multiple tuned or multiple coil NMR
probe. Multi-frequency SENSE arrays are not presently available and will take a consider-
able engineering effort to develop. Second, QIP requires a highly uniform B; field for QIP
calculations. SENSE coils have an inhomogeneous B field due to their planar structure.
Adiabatic pulses are not appropriate for NMR QIP because it takes milliseconds to achieve
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as well as new NMR simulator results (modeling the operation and error
sources in the NMR spectrometer) of the same quantum lattice-gas algo-
rithm tested in Ref. 5. The main goals of this work are to explore this new
hardware approach, improving efficiencies where possible, and streamlining
and improving related data acquisition and control software as well as the
simulator software. This work is the first step in an effort to construct a
practical multi-coil system that can be quickly reconfigured and reused for
testing different quantum computing algorithms.

Two key differences exist between our hardware design and the MIT
design. The first is the simultaneous use of two receive channels as well as
two output channels. This is in contrast to most system configurations that
allow one or more send channels but are restricted to a single receive chan-
nel. This system can be scaled for additional send and receive channels as
well. The advantage of simultaneous data readouts for each coil is twofold:
the first is in performance and the second in accuracy. The system perfor-
mance speed is doubled since the data can be obtained from two channels at
once rather than having to read one channel, repeat the experiment, transfer
the data from one channel to another and then read out the second chan-
nel. Furthermore, the experimental accuracy also improves since the data
from both channels are obtained from the same run and not a repeat of the
previous run; hence we can avoid errors from irreproducibility problems.

The second difference is using a one-to-one mapping of NMR coils
to quantum computers as depicted in Fig. 1. This means as many coils
are needed as desired quantum processors. This offers the advantage of
relatively simple encode and read operations to operate each processor.
It also allows the system to let nuclear spins contained within individual
coils relax in preparation for the next computation while another coil is

a spin rotation versus microseconds in a conventional high homogeneity RF coil. Third,
SENSE coils require precise geometric layouts. Crosstalk between small dimension SENSE
coil arrays will pose significant, if not insurmountable, engineering challenges. They isolate
themselves from one another by careful geometric arrangement of the coil layout. As the
dimension of the coil decreases, the relative error in layout increases — thus making orthogo-
nality of RF fields from adjacent coils more difficult. In contrast, in our approach the exact
location of each microcoil, with respect to one another, is not critical. This is because the
design goal is to have each microcoil be self-shielded, hence mitigating inter-nodal interac-
tion. Positional uncertainty is not an issue in our case as it is with SENSE coils. Forth,
typical SENSE coils have 20dB isolation between channels. Under extraordinary condi-
tions SENSE coils can have up to 60 dB isolation from one another. Crosstalk between
channels will lead to decoherence in QIP experiments. Using individually shielded RF coils
can provide isolation exceeding 100 dB thus providing higher immunity from decoherence.
Finally, QIP uses 'H, '*C and other spin-labeled compounds to serve as qubits. A minimum
of two qubits (different spins) are necessary for liquid sample QIP alpplications. Expensive
“designer” molecules are necessary for two qubit applications, e.g., 'CHCI;. Samples for
QIP applications are mass limited and cannot use available SENSE coils due to filling fac-
tor and SNR considerations.
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Fig. 1. Each coil acts as a quantum processor.

run by the central control processor and spectrometer, a type of pipelin-
ing. This is especially handy for samples with long 7} times. Finally, this
setup also allows for optimal use of costly spectrometer channels, increas-
ing the system speed with the addition of more relatively inexpensive coils.

The MIT approach uses pulsed field gradients, decoupling and shaped
radio frequency (RF) pulses to subdivide one sample into multiple quan-
tum processors. It is difficult to create isolated quantum processing cells
by this method. There is the potential for cross-talk between adjacent cells
created by shaped RF pulses and gradients. The RF pulses are typically
amplitude and phase modulated to create well defined spatial nodes. How-
ever, the dividing lines between the spatial nodes are not “brick walls” and
thus the spins in adjacent slices are not completely isolated.

The use of shaped pulses also leads to a dispersion of phases within the
selected slice. For many collision experiments there can be a significant accumu-
lation of phase errors. The imaging approach also requires decoupling during
the read portion of the experiment. This leads to partial spin polarization due
to the nuclear overhauser effect (NOE).® NOE increase in signal strength for
a carbon spin can be up to a threefold factor during proton irradiation and
depends on the efficiency and duration of decoupling. This is an additional
source of error when integrating the detected NMR signal.

A pulsed field gradient (PFQG) is necessary to spatially map the spins.
A PFG will induce eddy currents within the bore of an NMR magnet
resulting in a time-dependent perturbation of the spins lasting long after
the gradient is off. This can result in imperfect slices and unwanted fre-
quency and phase shifts of the NMR spin ensemble. Note that PFGs
are necessary for destroying off diagonal spin coherences during an NMR
quantum information processing experiment and is a major source of error
for both the imaging and multiple coil approach.

Finally, subdividing a sample by imaging methods results in a smaller
signal to noise ratio (SNR) for the defined voxel than attainable by hav-
ing a coil with a dimension equivalent to the voxel size. This observation
is known as reciprocity and is the basis of matching the RF coil dimension
to the sample size to optimize SNR.:!19 The SNR for a specific nucleus
at a fixed temperature is defined by
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where B/l is the RF coil sensitivity, Vs the sample volume, N the num-
ber of spins, w, is the larmor frequency and Vs is the sample and RF
coil noise voltage.®:!'V) The term B;/I represents a unit current induced
in an RF coil from nuclear spins precessing in the transverse plane. This
term becomes larger when spins coupling to the coil are physically close to
the coil. So as the coil dimension decreases, nuclear spins are closer to the
coil windings, thus inducing a larger current in the coil. The behavior of
RF coils for mass-limited samples, i.e., a fixed number of spins, has been
theoretically and experimentally investigated.®:!2 Generally, for a solenoi-
dal RF coil the SNR per unit volume of sample is proportional to the
inverse of the coil diameter for a coil diameter greater than 0.1 mm. For
coils below 0.1 mm in diameter the per unit volume SNR is proportional
to the square root of the coil diameter.

In addition to the new hardware features mentioned above, several
custom software applications were created. The first was a highly recon-
figurable control program that runs on the top layer of the experiment,
controlling both the spectrometer software and coordinating the data col-
lection and writing. This software was designed and written in a mod-
ular form and can be quickly reconfigured for different algorithms and
experiments. The second software application was an NMR simulator to
verify experimental results. This consisted of a Java user interface and a
mathematica back-end. Again, both pieces were designed in a modular
fashion for ease of reconfiguration and reuse.

For the initial work detailed in this paper, a single prototype hard-
ware coil was used to simulate the behavior of 16 parallel coils. The soft-
ware written for this NMR quantum computer experiment was designed
for use with the multiple coil system.

This paper will first present a brief description of the quantum lattice
gas system in Sec. 2. Section 3 describes the NMR implementation hard-
ware and software. Section 4 shows the results of the first data run with
the prototype coil and Section 5 provides a short summary and remarks
about future work.

2. QUANTUM LATTICE GAS SYSTEM

The type II quantum algorithm can be exactly represented at the mes-
oscopic scale by an effective field theory: the quantum Boltzmann equa-
tion of motion that describes the time-dependent dynamics of a kinetic
many-body particle system. The quantum algorithm is a novel computational
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technique to reduce the complexity of fluid dynamics simulations where
quantum logic operations directly causing qubit—qubit interaction are used
to model the relevant local particle—particle interactions occurring within
the fluid. The quantum model of the diffusion equation, in D+ 1 dimen-
sions where D can be any number of spatial dimensions, requires only two
qubits per node, and hence encodes the occupation of up to two particles at
that node. An operator splitting method reduces the algorithmic complexity
down to a modeling problem in 1+ 1 dimensions.!3 This decomposition
method in demonstrated for a 2+ 1 dimensional test case in Ref. 14. The
quantum algorithm then models unit-mass particle—particle interaction with
one unitary collisional operation per lattice node per unit time step. In par-
ticular to model diffusion in 1+ 1 dimensions, the ~/SWAP-quantum logic
gate models the on-site particle-particle interaction. Once the interaction
calculation is completed, the final algorithmic step of a single iteration of
the time-dependent evolution of the quantum algorithm requires streaming
the results (particle occupations) to the neighboring nodes. Both the colli-
sional operation and the streaming operation conserve mass over the entire
system. The orthogonal stream operator, %, and its transpose (inverse), &7,
are the two informational transfer operations on the one-dimensional lat-
tice, one operation per direction (% x). In the case where the particles have
an equal probability of reversing direction in each interaction, the particle
motion is effectively a random walk and the mass density field consequently
diffuses isotropically over time.!%)

Our work concentrates on the implementation of the type II quan-
tum algorithm in 1+ 1 dimensions. This algorithm works by mapping
the energy of each particle to the probability values of our quantum sys-
tem and uses quantum state mixing to describe the interaction of parti-
cles.®: 1617 Mapping the occupational probability onto the single-particle
state of a quantum bit is done as follows:

lg) = V£I1) + V(1= £)]0). )

A two qubit system is required for a one-dimensional quantum lattice
representation of the diffusion equation. The initial wave function for such
a system with f; and f> occupational probabilities is the following tensor
product state:

[y (m, n)) =/ fi(m, n) f2(m, n)|[11) +/ f1(m, n)(1 — fa(m, n))|10)
+V (1= fi(m, n)) fr(m, n)|01)
+V (1= fi(m,n))(1 = f2(m,n))|00), 3)

where m 1s the node index and n is the time-step index.
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The four main steps of the type II quantum lattice gas algorithm are:

1. Encoding of the probability value for each qubit (i.e., f; and f>).
2. Application of a unitary collision operator for quantum state
mixing:

¥/ (m,n)) = Uy (m, n)), )
for all m where the vSWAP-quantum logic gate is
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3. Reading of the resultant probability values f{ and f; (i.e., quantum
state reduction).
4. Unitary streaming the results to the next site:

fitm,n+1) = fim—1,n), (6)
falm,n+1) = fr(m+1,n). (7)

The reading method employed in this experiment follows the method of.

3. NUCLEAR MAGNETIC RESONANCE IMPLEMENTATION

Liquid-state NMR was used for this implementation using a two
gram sample of Carbon 13 labeled chloroform ('3CHCIl;) where the
two spin-1/2 nuclei of hydrogen and the labeled carbon 13 comprised a
two qubit system for ensemble quantum computing. A frequency differ-
ence, or chemical shift, of the spin-1/2 nuclei in the labeled chloroform
is caused by the local magnetic fields within the molecule’s geometrical
structure. An external magnetic field By, on the order of a Tesla, cre-
ates a difference in population of the quantum states, between the aligned
and anti-aligned spin-1/2 nuclei because of a small energy change in the
Boltzmann weights at thermal equilibrium.!® This energy difference is rel-
atively small at room temperature but is still detectable due to the large
number of molecules in the sample. Spin—spin coupling, mediated by cor-
related electrons within the molecule, further splits the ground state energy
of one of the fermionic nuclei in the molecule depending on whether the
other fermionic nuclei is spin up or spin down. This energy shift is much
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smaller than the chemical shift, but is also clearly detectable. NMR spec-
trometers use high fidelity RF circuits to manipulate the net magnetiza-
tion of the system and detect the population of each state as it returns
to equilibrium. For the two qubit sample used above, the system is accu-
rately described by the density matrix that depends on only the intramo-
lecular spin degrees of freedom by tracing over all non-spin degrees of
freedom, such as positional degrees of freedom, leaving a reduced 4 x 4
density matrix.

While NMR is technically advanced as compared to many quantum
computing schemes due to the near 60-year history since the publication
of the phenomenon of magnetic induction!”) there are still several tech-
nical challenges to the use of liquid-state NMR for quantum computing.
Inhomogeneities in the background magnetic field and the RF coils cause
spin-spin decoherence, limiting the number of quantum logic operational
that can be executed with phase-coherence. Another problem is the rel-
atively small number of controllable qubits within a molecule. Yet, the
largest problem is the control of the pure quantum state of each mole-
cule individually, which is not possible within the context of our experi-
mental approach; hence the system is always in a mixed quantum state.
Liquid-state NMR quantum computing was made possible with the devel-
opment of several methods@%2D) for ensemble qubit preparation and the
creation of start states that simulate pure quantum states. This work used
the method described by Price et al.?? for initial state preparation.

3.1. Mapping the Quantum Lattice Gas to the NMR Spin System

Much of this work, but not all, followed the same mapping scheme
for the quantum state description to the physical experiment as in previ-
ous work.®) One exception is the elimination of the need for the overall
pulsed field gradient and a truncated RF modulation function for the dis-
cernment of different quantum processors. A summary of all the imple-
mentation differences are listed in Table 1.

3.2. Hardware

The basic elements of a NMR spectrometer setup are shown in
Fig. 2. Components of the system include the magnet that provides the
external magnetic field, the coil creating the orthogonal magnetic fields
to manipulate the sample, the sample itself, a RF signal source that cre-
ates the pulse signals, a RF transmitter/receiver to prepare the outbound
pulse and receive the resultant signal from the sample and finally the con-
trol computer for the whole system. In addition to the main components
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Table 1. Implementation differences for type II quantum computer
using imaging techniques versus separate coil design

Pravia et al Multi-coil
Item (5,16.17) Implementation
Quantum Portion of a sample One coil per
Computer in a coil quantum computer
Addressing  Via field gradient By coil
possible crosstalk, no crosstalk,

possible eddy current artifacts  no eddy current artifacts

Encoding Shaped pulses Hard pulses
Decoupling needed No Decoupling needed
Reading Decoupling needed No Decoupling needed

needed, there are several key items for increasing the quality of the sig-
nal. Auxiliary magnetic shim coils are used within the magnet itself for
increasing field homogeneity and for the creation of magnetic gradients.
Pre-amps are used for increasing signal strength from the mixer and
Transmit-Receive (TR) switches that allow the same coil windings to do
dual duty as senders and receivers of signal from the sample.

A 1.5Tesla large bore (55cm) magnet was used for this experiment.
The large bore allowed for the quick prototyping of a custom coil out of
readily available materials. This bore can easily accommodate the addition
of many more coils for the future expansion of this system. This is the
planned next step in this work with the final goal being the construction
of at least four coils working in parallel. The prototype coil used orthog-
onal Helmholtz-saddle circuits to independently control of each spin-1/2
ensemble via RF pulses.

The system described here differs from previous implementations of
this algorithm®2% in that the entire RF coil is used as a single quantum
computer. Previous implementations used a pulsed field gradient to split

Spectrometer
[ Magnet |
RF Detector
| Gradient Coils | g I 1
s Sample“ | TR Switch | A-to-DC onverter |

Bo

— = RFCoil”
I Gradient Coils

[ Magnet ]

| RFSource | Computer
|

RF Amp|— Pulse Programmer]

Gradient AmpHGradient Pulse Programmerl——

Fig. 2. Schematic overview of a NMR system.



442 Siskind, Hammer, Christensen, and Yepez

(a)  Magnet RF Caoill TR Switch Pair Spectrometer
1.5 Tesla Two Channel
(b) Magnet Coil Array Switch Arrays Spectrometer

5 Tesla Two Channel

Fig. 3. (a) The prototype configuration shown above was used to obtain the data
described in this work. (b) The new setup uses a four coil array, as shown in the final
configuration schematic. The four coils are connected to a single multichannel spectrom-
eter via a hardware switch. This switch allows the use of a single coil for a calcula-
tion while the remaining coils relax. This significantly improves the use factor for the
spectrometer and magnet hardware since the relaxation time used between calculations
for this work was 180s, while the calculation sequence itself is executed in under a sec-
ond. The use of four coils accessed round-robin instead of repeatedly using a single coil
would allow a calculation to be executed every 45s instead of once every 3 min, decreas-
ing the overall experiment time needed by a factor of four.

a single coil into 16 effective quantum computational processors using
NMR imaging techniques. While the single computer per coil design does
force the construction of many coils versus the use of a single one, it also
allows to us use hard pulses rather than shaped pulses for data encoding
and to skip the use of decoupling sequences altogether for encoding and
reading channels. It further eliminates artifacts from eddy currents induced
by pulsed field gradients and possible crosstalk between adjacent cells due
to imperfect slice selection from a truncated RF sinc function all through
the use of independent coils.

The eventual goal of this work is to have several such coil quan-
tum processors connected to the spectrometer via a hardware switch as
shown in Fig. 3. This would allow the spectrometer to access one coil for
a calculation while the remaining coils relax. This approach would signifi-
cantly improves the use factor for the spectrometer and magnet hardware
since the relaxation time used between calculations for this work was 180s,
while the calculation sequence itself is executed in under a second. The use
of four coils accessed round-robin instead of repeatedly using a single coil
would allow a calculation to be executed every 45s instead of once every
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Fig. 4. (a) Classic spectrometer design with two send channels and a single receive
channel. (b) Full two channel design configuration used for this work, containing two
send as well as two receive channels.

3min. This decreases the overall experiment time needed by a factor of
four while still maintaining all the benefits of long decoherence times.

This approach is feasible within the physical parameters of existing
NMR hardware. The magnet allocated for this final work is 210 mm use-
able bore 5.0 Tesla magnet with uniformity of 2 ppm for a 100mm diam-
eter spherical volume (DSV). Four individual 22 mm coils will be placed
within in an array with center axis separation of roughly 45 mm, easily fit-
ting within the 100mm DSV. Shim and pulse power calibration parame-
ters can be measured per coil and used by the software control program
to minimize response differences between the coils. Additionally, the sam-
ple sizes used for these coils sizes are not much larger than those used for
micro coils,*1? the use of which would allow even more coils to fit within
the magnet’s 100 mm DSV.

A custom built Apollo spectrometer (Tecmag, Inc., Houston, TX) was
used to control the hardware system. This windows based unit was outfit-
ted with two send as well as two receive cards which allowed for simul-
taneous control of both channels in all aspects of the experiment. This is
shown schematically in the bottom section of Fig. 4. This system differs
from the typical NMR spectrometer setup in that while many have multi-
ple channels to send pulses out, few have more than one hardware channel
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available for reading data. Thus most systems cannot look at the state of
more than one qubit at the end of a computation. For a two qubit sys-
tem this limitation would force an experimenter to run the same compu-
tation twice: once for the nominal qubit the channel was tuned to and a
second time to read the data from the other qubit, using a swap operation
to move the data over to the read-capable channel.

3.3. Control and Simulation Software Design

Custom software was written for both the control of the NMR quan-
tum computer and the simulation software to verify the experimental results.
Figures 5 and 6 show the designs for the experimental and the simula-
tion software, respectively. A high level of encapsulation was used in the
design for both systems. This allows for maximum reusability for the core
code, meaning that core code written for this experiment could also be used
for future experiments, whether a different algorithm for liquid state NMR
quantum computing or even the same algorithm for solid state quantum
computing.

Visual Basic
Interface & Control
f ™
NMRQC VB
Package
. ",
_ ?
OLE Objects
Na ¢ i
& ™
Spectrometer
Control Software

- A

Fig. 5. High level architecture of the Experimental Control Software. This software is com-
prised of several layers: the top layer user interface and control module, the OLE objects
used to communicate to the spectrometer and the spectrometer software itself. The top layer
is designed to eventually be split into two separate layers as is denoted by the second object
contained within it labeled “NMRQC VB Package”. This package contains core NMR quan-
tum computing commands needed for the execution of any quantum algorithm.
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Fig. 6. Design of the Simulation Software. This software is comprised of several layers. The
top layer contains the user interface and control module, all written in Java. The middle layer
is the package of generic quantum computing Mathematica commands needed for the actual
calculations. The middle layer also contains a few helper commands that combine many of
the generic functions for quick communication. The bottom layer is the Mathematica engine
itself that executed the commands and returns the results. Not explicitly shown is the J/Link
communication package that facilitates communication between the Java application and the
Mathematica software.

3.3.1. Experimental Control

The experiment was run using a Visual Basic software program devel-
oped to execute the algorithm logic and work as a higher layer of control
over the spectrometer software. This allowed for precise timing between
sequence executions as the sample reset to the thermal state. It also
allowed for the automated analysis of results.

The Visual Basic program consisted of two layers: “User Interface and
Control” and a core package of commands, “NMRQC VB Package”, to
access the Tecmag Objecting Linking and Embedding (OLE) objects’ which
were in turn used to control the spectrometer software and hardware.

The “User Interface and Control” layer accepted user input for
experiment start values, provided a method to control the start of the
experiment, coordinated the execution of all core commands needed to
implement the algorithm and provided user feedback on the progress
of an experiment underway. This allowed for the running of multiple

"OLE is a Microsoft developed standard for access and control of one program by another.
The Tecmag software is written following the OLE standard and the company provides an
Application Program Interface (API) guide for accessing these objects on their system.
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experiments with different initial mass density distributions without the
modification of a single piece of code.

The control layer also handled the saving and initial analysis of data.
Data was stored as both raw spectrum files as well as final integrated val-
ues. The raw spectrum showed the state of the system over the duration of
the experiment, as well as allowed the possibility of later applying multiple
analysis methods, if so desired.

The layer just below the user interface, the “NMRQC VB Pack-
age”, contained general commands needed for NMR quantum comput-
ing. This core code contained commands that are needed to run NMR
quantum computing experiments in general, such as operations to ini-
tialize the system, encode values into each qubit and read out resulting
values.

3.3.2. Pre-computed Experimental Overhead

In an ideal world, the sample response to RF power would be linear
and could accurately be characterized by percent power needed per degree
flip angle, which is in turn related to the spectral integral projection value
by a sine function. This was not the case for the actual hardware in the
real world. Others have found this to be true as well!® and used a spy
coil to record the actual response and adjust accordingly. The system used
for this experiment was consistent enough to allow the use of a lookup
table for actual found responses per RF power unit. The creation of this
entailed the following steps:

1. The nominal RF power needed to flip the sample spectra 180 degrees
in 180 or 240 us was found, depending on the system used.

2. The RF power was divided into 28 equal parts.

3. The overall time used for the RF pulse was reduced by a factor of
two so the nominal 180 power should produce a 90 degree pulse.

4. Spectra integral values were measured for the 28 RF pulse intervals
chosen above plus another additional division in the event of undershoot-
ing the initial 180 degree power for a total of 29 RF power intervals.

These steps were repeated for each channel used. This created a lookup
table of percent maximum response per percent input power. For the
running of the actual experiment needed RF pulse powers were interpo-
lated between lookup table values as needed. Figure 7 shows the data for
the 1.5 Tesla system.
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Fig. 7. The percent of maximum signal response, per percent input RF power from
the spectrometer software. Twenty nine divisions were used to measure the overall
system signal response. These are the maximum power divided by 28, plus another
increment to verify that the maximum power was not under-estimated. The maximum
power value was determined during an initial calibration process as the power needed
to produce a 90 degree flip, i.e., the maximum signal. The diamonds are channel one
and the stars are channel two. A sine curve, showing the theoretical power response,
is fitted to channel one and is shown as the solid line.

3.3.3. Simulation of Expected Results

Experimental results were verified through a separate simulation pro-
gram. This program also follows the multilayer paradigm, as shown in
Fig. 6, for a high level of code reuse. This software consists of two
main sections: a core Mathematica package containing all the quantum
state manipulations necessary and a top-layer java application written to
access the Mathematica engine through the Mathmatica toolkit J/Link.
This design allows the top layer java application to evaluate different user
input, load the core quantum computing package, execute the desired sim-
ulation and quickly return well formated results. The benefits of such a
design are multi-fold: the top layer user interface allows different inputs
to be evaluated nearly instantaneously without any re-coding, standardized
graphical user interface tools can be used, along with standardized logging
techniques for the results, and finally, the lower layer core Mathematica
package can be reused for new quantum algorithm experiments.

The simulator program calculated two sets of data. The first is an
ideal calculation dataset that assumes perfect encoded values and zero
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error terms, for each cell of our simulated lattice. The second dataset eval-
uates the addition of user specified errors in the implementation, such as
incorrect system calibration and outside noise. The error terms specifi-
cation allowed for the evaluation of both systematic as well as random
errors. The systematic errors analyzed included incorrect flip angle power
calibration, which would introduce overall under or overshooting of the
intended angle, incorrect initial value encoding error, which is also a flip
operation but was analyzed separately, incorrect evolution timing, overall
signal loss and incomplete gradient applications. Random errors analyzed
included random flip angle errors, evolution errors and encoding errors.

Systematic errors were modeled by using a multiplier of magnitude
selected by the user. It could be positive or negative. All operations using the
selected operation were equally affected. Selecting an error of 0 is the same as
executing the ideal calculation. Furthermore, random errors were also propa-
gated by a multiplier but this time using a random number generator to selected
a number within plus or minus the user selected value. A new random number
was selected for each occurrence of the operation, and for each iteration.

Overall loss was calculated by reducing the final output matrix values
by the user selected amount at the end of each complete calculation. This
was performed once per calculation cell per iteration.

Incomplete gradient application was calculated by attenuating the
density matrix off-axis values to a user selected percentage. Ideally, the
application of a gradient reduces all off-axis terms of the density matrix to
zero. The result of this application was the existence of off-axis terms after
the application of a gradient. This error was termed gradient “leakage,”
since the magnitude denoted the percent of off-axis terms remaining.

3.4. Quantum Lattice Gas Simulation

Figure 8 shows the steps involved in one calculation cycle. The
first portion manipulates the state density into the pseudo-pure start
state.?2242% This is a much simpler start state then the nominal room
temperature mixed state, both equalizing the Hydrogen and Carbon sig-
nals and eliminating off-axis and mixed states. Once this is accomplished,
the system is encoded with the desired start values. Both qubits are
encoded at the same time followed by the application of the collision oper-
ator. Finally, the values of both qubits are read.

Using hard pulses and separate coils for each calculation rather than
imaging techniques to divide the sample into effective cells in frequency
space eliminates the need for decoupling during encoding and reading of
data. A small spread in frequency space does not impact the accuracy of the
separate coil implementation since it does not use that domain to define the
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Fig. 8. The pulse sequence of single time step for the NMR implementation of the quan-
tum lattice-gas algorithm. The first steps prepare the sample for a calculation by equaliz-
ing the spin signals and then setting them into a pseudo-pure state. Once this is done, each
spin ensemble is encoded with the desired starting values. The collision operator is applied
to the sample and final values of the resultant density values are ready out. Both channels
are read at the same time. Hard pulses are used throughout.
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Fig. 9. The data flow for the lattice-gas algorithm, adapted from.(!®) The calculations
for the algorithm were run one at a time on the single prototype coil, simulating the
action of 16 different coils running simultaneously for each iteration of the algorithm.
See Fig. 8 for details on each quantum circuit. The read values for each calculation
were streamed to the next encode step at the appropriate location in the lattice for the
next iteration: the hydrogen moving up one step and the carbon moving down one step
between each iteration.

calculation cells themselves. This saves in both execution time and accuracy.
Both channels were encoding during a single 90 us pulse time step rather
than the two 8 ms pulse intervals needed to encode the data for the previ-
ous implementation using imaging techniques.®) Additionally, exposure to
well know decoupling error terms such as the NOE are eliminated.

Figure 9 shows the flow of data over the course of the entire exper-
iment. Values are streamed between iterations. A continuous boundary
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Ideal (solid curve), experimental (diamonds) and simulated (crosses) values for
the 16 cells of the quantum lattice-gas algorithm over six time steps. The algorithmic time
labels each snapshot. For each graph, cells number one through 16 are shown along the
bottom from left to right. The cell values of the total number density are shown vertically.

condition is met by having the values of quantum computation cell 16
streamed to cell 1 and vice versa.

4. EXPERIMENTAL RESULTS

Figure 10 shows the ideal, actual and simulated data for the 1.5 Tesla sys-
tem. There is good over all agreement between the analytical solution and
experimental values in terms of the overall shape, but there is an overall growth
in the density values across all cells for each iteration of the algorithm.

The experimental data was simulated with reasonable agreement
using the error values shown in Table 2. Analysis of the data presented
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Table 2. Simulator error values used to model the exper-
imental data

Item Systematic (%) Random (+/ — %)
Error values used for simulated data

Evolution -2.0 0.5

Flip 35 0.5

Proton encode —-4.0 0.5
Carbon encode -2.0 0.5
Overall loss 1.0 0.0
Gradient leakage 35 n/a

Fig. 11. A four coil array. Helmholtz coil pairs were implemented on 22mm outer diame-
ter G10 fiberglass tubing and mounted within 38 mm outer diameter RF copper shields. The
copper shields which were constructed of electrically isolated strips of copper overlaid on
fiberglass tube to form a complete physical barrier. The four coil and shield units were then
mounted on two plexi-glass discs of 20.8 cm diameter that would slide within the 21 cm bore
of the 5 Tesla magnet and maintain consistent coil placement from experiment to experiment.
Holes within the plexi-glass discs allowed for sample placement within the coils and connec-
tions of the coils to the tuning boards. Each coil pair was tuned to 212.5 and 53.4 MHz, the
Larmor resonant frequencies of H! and C!3, respectively.
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1.5 Tesla, Single Coil, Centered 5 Tesla, Single Coil, Centered

A=
5 Tesla, Coil 1 of the Coil Array,
Offset 4.5 cm from the Magnet’s Central Axis

Fig. 12. 'H spectra for the magnets and coil positions used for this work. The upper
left shows the spectra in the 1.5 Tesla magnet with the coil centered. The upper right
shows the results in the 5 Tesla magnet, again with the coil centered. Finally, the bottom
image shows the results for one of the coils in coil array, where the coil itself is off-center
from the magnet’s central axis, nominally the region of maximum By uniformity. The full-
width, half maximum (FWHM) line widths for each of these is approximately 10, 5 and
7 Hz, respectively.

here showed that the incomplete elimination of off-axis elements for
pseudo-pure start state appeared to be the dominant error term. This
approach relies on gradients to eliminate these off-axis elements. However,
eddy currents caused by gradients can interfere with the temporal field
homogeneity, distorting the results of the calculation sequence beyond use.
For this reason our pulse power of the existing gradient coil magnet insert
was limited. The data presented here shows a compromise between gradi-
ent coil power and distortions caused by field inhomogeneities due to eddy
currents. One approach to address this issue is to use individual gradient
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coils around each processor coil for future hardware implementations. The
increased distance between the gradient coils and the magnet walls would
allow for much stronger gradient pulses without the penalties of eddy
current induced field distortion and would have a significant impact on the
results.

The incomplete elimination of the off-axis terms is also significant in
that this had a multiplicative effect on other error terms. One example
is finding that the resultant errors for flip angle inaccuracies are double
the expected values when a high degree of off-axis terms remained. This
amplification effect is also seen to a lesser degree for evolution errors. A
key indicator that off-axis terms are present is the non-symmetric growth
of error in each channel. This behavior is generally not seen with the other
error terms studied, with the possible exception of random noise, which is
at least a magnitude smaller in effect.

Overall signal loss, or decoherence plays a key role in the appear-
ance of the data. Even small overall signal loss (one percent or less) from
time of density encoding to final read resulted in the appearance of an
asymptotic limit to the density values over several iterations. This signa-
ture shape was not seen from other error terms studied.

Finally, the system was equally sensitive to random system errors in
both the flip angles and evolution terms. Small magnitudes of one half
of one percent random error for flip and evolution terms in the model
matched the experimental results well.

5. CONCLUSION

The experimental results show reasonably good agreement with the-
oretical prediction as well as with previous work using an imaging
approach for a type II quantum processor. Simulation of the experimen-
tal implementation showed excellent agreement with experimental results.
Furthermore, the simulation pointed to a high degree of remaining off-axis
magnetization terms from the pseudo-pure state preparation as the main
contributor of experimental data deviation from the analytical solution.
This indicates that an improved implementation the pseudo-pure state,
through the improved implementation of high power, low field-distorting
gradients, would greatly improved the quality of experimental data.

Further work is in the development an implementation of multiple-coil
type II quantum computer system. This system will use the existing custom
software already developed along with the custom two full channel spec-
trometer but will run on a 5Tesla magnet and employ smaller coils along
with a custom constructed hardware switch to control the operation of the
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coils. This switch will allow full control of the coils by the software and allow
optimization of coil use based on sample fidelity and experimental needs.
The additional coils and switch give the advantage of additional comput-
ing power with relatively small expensive as compared to adding additional
spectrometer channels as well as additional coils. The improved filling fac-
tor of the planned smaller coil design, the increased system field strength
and the planned modification to the collision operator®® should result in
improved system fidelity and overall system accuracy.

A four coil insert constructed for the multi-coil work is shown in
Fig. 11. This insert has a maximum coil off-set of 45mm from magnet
center. This configuration yields acceptable line widths, even off-axis, as
shown in Fig. 12.
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A lattice-based quantum algorithm is presented to model the non-linear
Schrodinger-like equations in 2 + 1 dimensions. In this lattice-based model, using
only 2 qubits per node, a sequence of unitary collide (qubit-qubit interaction)
and stream (qubit translation) operators locally evolve a discrete field of prob-
ability amplitudes that in the long-wavelength limit accurately approximates a
non-relativistic scalar wave function. The collision operator locally entangles pairs
of qubits followed by a streaming operator that spreads the entanglement throughout
the two dimensional lattice. The quantum algorithmic scheme employs a non-linear
potential that is proportional to the moduli square of the wave function. The model
is tested on the transverse modulation instability of a one dimensional soliton wave
train, both in its linear and non-linear stages. In the integrable cases where ana-
Iytical solutions are available, the numerical predictions are in excellent agreement
with the theory.

KEY WORDS: Non-linear Schrodinger wave equation; quantum algorithm;
soliton dynamics; non-linear quantum mechanical instability; quantum
computing; computational physics.
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1. INTRODUCTION

The non-linear Schrodinger (NLS) equation is one of the most basic equa-
tions of non-linear physics. Its salient feature is that it emits soliton solutions
by exact integration. Hence, it plays a vital role in weakly non-linear systems
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with the dispersion relation dependent on the wave amplitude. The NLS
equation is pivotal in non-linear optics,'" plasma physics® as well as in
ideas for information transfer in optical computers.®** In 1+1 dimensions,
both the focusing and defocusing NLS equations are exactly integrable and
exhibit soliton solutions. Here, we develop and test a quantum lattice rep-
resentation of the (focusing) NLS equation in 2+1 dimensions

i3 + dex ¥ + 0,y ¥ + 2|9 [y =0. (1)

building on our previous quantum lattice representations of the Shrodinger
wave equation,® NLS equation® and the vector Manakov system”) in
1+1 dimensions and the Dirac equation in 3+1 dimensions.® In partic-
ular, we shall consider the transverse modulational instability of the one-
dimensional soliton wave train solution ¥, (x,t) of (1).

In the quantum lattice algorithm for the Schrodinger equation, at
each spatial node, the wave function is represented by the interference sum
of probability amplitudes of the upper excited state of each qubit. In the
quantum algorithm for the NLS equation in 1+1 dimensions, 2 qubits
per node are used, and collisional interaction is induced by the unitary
vV SWAP quantum logic gate. The +/SWAP quantum gate has been imple-
mented experimentally using 2 qubits per computational node in a quan-
tum lattice gas model of the diffusion equation.>!V This entanglement
is then spread throughout the lattice by the unitary streaming operator,
which is real. In extending the algorithm to 2+1 dimensions, still only
2 qubits per node are required and the +/SWAP still represents local
qubit—qubit interactions. If implemented on a platform using future quan-
tum information processing device technology, the quantum algorithm
presented here is suited for a type-I quantum computer architecture, as
described in this Quantum Computation for Physical Modelling (QCPM)
special issue in Section A of,® but with local non-linear interactions
inherent in the quantum device.

2. QUBIT REPRESENTATION FOR THE NLS WAVE FUNCTION
IN 2+1 DIMENSIONS

We discretize the single-particle wave function over a two dimensional
square Bravais lattice (the wave function is defined only on a spacetime
lattice) where 2 qubits are used at each lattice node to encode the local
value of the wave function at that node. Let L denote the number of lat-
tice nodes along an orthogonal direction and let i and j be integer val-
ued spatial indices ranging from 1 up to L. Then, at lattice node (i, j)
one defines a position basis ket |x;;). The discretized single-particle wave
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function ket |y) is modelled by a sum over all possible ways the particle
can be located on the lattice sites:

L-1
= v x), (2)

i,j=0

where the (complex) probability amplitude for each possibility is y'/ =
(xY|yr). y .

The two qubit kets for each lattice node are denoted by |g,') and |g,’)
with each qubit having the standard two-level representation

gy =all 10) + B 11), 3)

with normalization | |2+ |87 |>=1 for a=0,1 at spatial site (i, j). In
particular, the quantum particle is said to occupy the ath local state at
position x;; when B,/ =1, while the ath local state at x;; is empty when
,3(7 =0. For each position ket there are four basis states in the number
representation:

lgdtalty -+ 111) - |gdtqtt) doubly occupied at x;;
S
x,‘j

|q6'q1”)---|10)--~|qé‘Lq1"L) spin-up at x;;
gt

lq(;lqlll)"‘|01)---lq0LLq1LL) spin-down at x;;
Y
Xij

lg5'q1") -+ 100) - - lg5 g ™) empty at x;j,
o
X,‘j

where we use conventional terminology letting |q(')j ) encode spin-up and
lq,’) encode spin-down, say.

In the number representation of the one-particle wave function
ket |¢), we need consider that subset of basis states in which only one
amplitude B;/ =1 is non-zero (all other 8 amplitudes are zero). This subset
of basis states is called the one-particle sector. There are (2L)> such states.
So in the one-particle sector, there are two ways (interfering possibilities)
for a particle to occupy the ijth lattice position

g @100--- 10 ---00) +ag #(00--- 01 ---00). 4)
Xij Xij

Hence the occupancy probability of the ijth node is determined by first
summing up the probability amplitudes of the spin-up and spin-down
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basis states in the one-particle sector and then computlng the resultmg
square of this absolute value. Letting y” —ﬂo of and y/ =« g/, the
complex probability amplitude in (2) is set equal to the sum of the two
on-site probability amplitudes

vij=vy +v. )

3. QUANTUM ALGORITHM TO RECOVER THE NON-LINEAR
SCHRODINGER EQUATION IN 2+1 DIMENSIONS

To recover a macroscopic scale effective theory that approximates the
Schrodinger wave equation in the long wave length limit, our quantum
lattice representation of the dynamics uses the unitary ~/SWAP quantum
logic gate as the collision operator that couples the on-site probability

amplitudes:
" v ¥ = Toni ©)
) 2\1+il=ij\,if
and eight stream operators which independently shift the 1 and | compo-
nents of the discretized spinor wave function in the +x and +y directions.

The stream operator and its transpose (which is its adjoint and inverse) in
the x direction for the first (spin-up) component are:

ij i+1,j ij E=1,j
12 Y 12 Y

Sei |5 —(T S;{T(T —<T- , (7
¥y Vi VL VL

and the stream operators in the x direction for the second (spin-down)
component of the discretized spinor wave function:

ij Lf ij
& Y. T ¥ V
le $j = I-I-I J le "[j = le 1) (8)
Yy Yy Yy Yy

Similarly, we define the four stream operators in the y direction:

ij i,j+1 ij i,j—1

Sl =11t el =1 ) ©)
Yy Yy vy V¢
ij ij ij ij
Y b T [V Y.

Syl ?j = ;I+1 SN I‘j = i,}—]' (10)
Y, Y, il Y,
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We define the fundamental evolution operator for direction w=x or y and
spin o0 =1 or | as follows:

Ouwa = Swa(@' (1 1)

Now we define the interleaved evolution operator (which would be identity
if the stream and collide operators commuted) as follows:

Swe = ST UL SoUyq (12a)
=S €'S,,% (12b)
e= ST €85 % (12¢)
= S_ 10686, (12d)

since the adjoint of the fundamental evolution operator is ou,*,,(, =‘€J‘S,t,(,,
the stream operator is real SI,(, = S;lr,g, and the collide operator is
self-adjoint €T = €. Because of the spacetime interpretation of spin,®
where if spin-up moves along w say then spin-down moves along —w, then
the interleaved evolution operator is invariant under the following simulta-
neous spin flip and spatial inversion:

-g)—w.—a =%uo- (13)

For example, $_, 4 =94

Now, let E denote the local quantum evolution operator that advances
the discretized spinor wave function one unit in time. Then the evolution
equation is the following:

LI (t+ At I
an( + At) - VTU() (14)
¥ (£ +AL) Yy (1)

The evolution operator can be partitioned in space using an operator

splitting method. A third-order accurate quantum algorithm for the local
evolution operator has the form

E=8_,1 P48 w58 (15)

where the macroscopic effective field theory for the spinor field ¥ = (;:I) 1s

i Ax?
at‘/’:_

2?0')( (a.xx+a)'y)w+0(€3)y (16)



462 Yepez, Vahala, and Vahala

where o, = ((1) (l)) and where € ~ Ax ~+/At. So if we trace over the spin

components of ¥ and form the scalar ¥ =y4 + y|, we obtain the following
non-relativistic wave equation for a free quantum particle:

h
a,xpzi%(axx+ayy)w+0(e3), (17)

where the diffusion constant associated with the particle mass is
(h/m= Ax?/At) in lattice units. Quadratic products of the interleaved evo-
lution operator (12) are invariant to order € under the following double
spin flip and spatial interchange operation:

\g’w,ag’w’,a’=-g)u/,—a’5’w,—-a+O(E3)- (18)

For example, $,49,, = $y4+ %, and $x41$y4 =y, $5,. Hence using (18),
there are ; =6 ways to re-order the spatial indices of the evolution

operator (15). Then, using (13), for each configuration of the spatial indi-
ces there are 16 ways to re-order the spin indices of (15). Hence, there are
a total of 96 ways to rewrite the quantum algorithm (15). For example, we
can rewrite (15):

13)

E = 94994951 %xy (19a)
18)
2 95195195495, L)
18)
D 919:19,19y,. (19¢)

Every version has the same algorithmic complexity and the error terms
are always order €3. Furthermore, there are versions of the quantum algo-
rithm where the error terms differ only by an overall sign change. We
exploit this feature to judiciously cause a cancellation of all € error terms
by using twice as many operators. This doubles the algorithmic complex-
ity, but the error is then pushed out to fourth-order. Although the algo-
rithmic complexity increases by a factor of 2, the numerical accuracy of
the algorithm increases by a factor of 4 because of the diffusive ordering
of the space and time fluctuations (because (17) is parabolic). Therefore,
it is advantageous to employ this numerical schema.

As a case in point, the error terms in (19a) and in (19¢) differ only
by an overall sign. Hence, choosing our evolution operator to be

2 42 @2 q2
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we recover the following macroscopic effective field theory for the spinor
field

2

by AR
=1
‘ At

x (dx +yy) ¥+ O(Y). 1)

Again, tracing over the spin degrees of freedom, we obtain the Schrodinger
wave equation as our effective field theory, but now with diffusion
constant

h o Ax?
L i (22)
m At
We add a potential V by rotating the overall phase of the spinor field fol-
lowing each application of (20)

Yt+Arn = Ee 2 My @) (23)
22) Ee—mxz(zm/hz)vw(t)_ (24)

The resulting equation of motion is

.Ax2 [ 4
atlﬂ:l?(jx (axx+a_yy)w_£vw+0(€ )’ (25)

or in terms of the scalar wave function

2

ihd,W = —hAA—"t (dex +8yy) W+ VW +O(e). (26)
The addition of the potential does not introduce any greater error nor
diminishes the numerical accuracy of the scheme. Using (13), there are
28 ways to rewrite (20). Furthermore, (20) must be invariant under an
interchange of the spatial labels x and y and the spin labels 1 and |.
Hence, there are at least 256 ways of writing a quantum algorithm that is
fourth-order accurate.

4. TRANSVERSE INSTABILITY

For convenience, we briefly review some properties of a 1D soliton wave
train solution of (1).() A planar 1D bright soliton solution of (1) is

Yo(x, t)=¢(x — xg —2vt; ﬂ)ei(w—u2t+ﬁt+9)’ 27)
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where the standard soliton shape is given by
¢ (x; p) = B'/*sech(p'/*x) (28)

The location of the soliton wave train is xg, 2v is the (transverse) soliton
wave train speed, B controls its amplitude and 6 its phase. For a linear sta-
bility analysis of this 1D soliton wave train, one considers perturbations of
the form

SY(x,y, 1) =[u(x)+iw(x)]ePFritiry, (29)

where p is the transverse perturbation wavenumber in the y-direction, and
['(p) 1s the linear growth rate of the perturbation. An analytic solution
to this linear perturbation problem does not exist, and one must resort to
asymptotic theory—either about the long wavelength limit (p =0) or about
the maximum growth rate wavenumber p. where I'(p.) =0. Here, we shall
consider the linear instability in the long wavelength limit, p <« 1. In this
limit, it can be shown!) that the resulting eigenvalue problem has

u(x)=0  wkx)=¢(x). (30)

In the long wavelength limit, the transverse modulation will break up the
1D soliton wave train into N filaments, where

— _pL‘y
21

N (31)

S. NUMERICAL PREDICTIONS FOR NLS EQUATION IN 2+1
DIMENSIONS

We apply our quantum lattice algorithm to the solution of the NLS
equation in 2+1 dimensions, using a 1024 x 1024 spatial grid with a sol-
iton wave train speed v=0.05 and amplitude B!/>=0.085 for three cases
presented below: an unperturbed soliton wave train, a solition wave train
with an additional transverse modulation, and the interaction of two per-
pendicularly directed solition wave trains.

To test whether (classical) floating-point roundoff will trigger the
transverse instability in the quantum lattice algorithm we the propaga-
tion of the planar 1D bright soliton solution in the NLS equation in 2+1
dimensions. We find even after 10,000 lattice time steps there is no trig-
gering of the transverse modulation instability, and the 1D soliton train
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propagates undistorted through the lattice, see Fig. 1. The quantum algo-
rithm is numerically stable. This is verified in the simulations for r=0A¢,
t=5KAr, t=10KAz. The simulation error in soliton speed after 10K
iterations is only 0.5% (about 5 lattice grid points on the 1024 grid).

A transverse perturbation of the form of (29) with wavenumber p =
2nN/Ly, N=8 with an amplitude that is a factor of 1077 below the ini-
tial wave train amplitude. The asymptotic linear stability predicts that the
1D soliton train should break up into 8 filamentary structures, an unstable
phase, as shown in Fig. 2. This is indeed found in our simulations, with
the filamentary structures becoming so isolated and peaked that the steep
gradient of the wave function cannot be resolved on the grid after about
t =2100A¢ iterations, even on using a 1024 x 1024 lattice.

Finally, we consider the interaction of two perpendicularly directed
soliton wave trains. No initial perturbations are needed due to the “over-
lap” region of the two wave trains. A very rapid instability i1s immedi-
ately triggered at the intersection region of the two wave trains, and its
localization and peak are so rapid that the gradient of the wave function
cannot be further resolved on the grid after just 35 time steps. The insta-
bility occurs only at the point of intersection of the two soliton trains and
the unaffected regions of both soliton trains propagate in normal fashion.
This expected behaviour is observed in the simulation shown in Fig. 3.

6. CONCLUSION

Presented was a lattice-based quantum algorithmic method to numeri-
cally model time-dependent solutions of the Schrodinger wave equation in
an arbitrary number of spatial dimensions using a fourth-order accurate
operator splitting method. Here, we tested the method in 2+1 dimensions
using a quantum system with a non-linear potential. Generalization to
3+1 dimensions is straightforward. This was the first numerical test of the
quantum lattice gas algorithm in multiple spatial dimensions—all previous
simulation results that have appeared in the literature have been for 1+1
dimensional cases. Furthermore, we probed to determine if the quantum
algorithm was cable of accurately modelling the expected physical behav-
iour of the non-linear quantum system by triggering the onset of strong
and rapid non-linear instabilities in solitary wave trains. This was a strin-
gent test of the method.

In all the cases, the quantum algorithm performed excellently with
the numerical results in perfect agreement with the theoretical predic-
tions. Ultimately, in tracking the late time developed of the growth of
the instabilities, we were limited by our fixed grid resolution. To follow
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Fig. 1. Evolution of a 1D soliton wave train for the
NLS equation in 2+1 dimensions on a 10242 grid with
periodic boundary conditions. No transverse modulation
instabilities are triggered, even after 10,000 iterations.
By t =10,1000A¢ (bottom), the wave train has wrapped
around the grid.
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Fig. 2. Evolution of a 1D soliton wave train for the NLS
equation in 2+1 dimensions on a 10242 grid (only half
the grid is shown) with a transverse perturbation with
amplitude 1077 lower than the initial peak amplitude of
the soliton wave train. A transverse modulation instability
is triggered, clearly observable after r =2000A¢ time steps.
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Fig. 3. Evolution of a two orthogonally directed 1D soli-
ton wave trains for the NLS equation in 2+1 dimensions on
a 1024% grid. An rapid instability is immediately triggered,
creating a rising peak at the intersection point of the solitons
that reached the grid resolution after r=35At time steps.
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the quantum evolution for significantly longer periods of time following
the onset of a non-linear instability, one could introduce adaptive mesh
refinements into our quantum algorithmic scheme, and this will be left for
future work.
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We demonstrate the equivalence of two representations of many-body relativis-
tic quantum mechanics: the quantum lattice-gas method and the path integral
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ulate the space-time dynamics of a system of Dirac particles.
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1. INTRODUCTION

Finding a simple rule to represent the spacetime quantum mechanical
dynamics of a system of Dirac particles in 1+1 dimensions as a discrete
path integral, or more accurately as a path summation, is known as the
Feynman chessboard problem.) In Feynman’s notes we see that he first
solved this problem in 1946.%) A proof by Jacobson and Schulman of Fe-
ynman’s solution to this chessboard problem relies on a deep isomorphism
between the discrete path integral and the partition function in statistical
mechanics of an Ising spin system with nearest-neighbor spin-spin interac-
tion.) The 1+1 dimensional chessboard is a square spacetime lattice with

' This discrete path integral formalism, included in the beginning of this paper, was pre-
sented on August 20, 2004 as an invited talk entitled “Lattice-based quantum algorithms
for computational phsyics” at the 13th International Conference on the Discrete Simulation
of Fluid Dynamics, hosted by Tufts University in Cambridge, Massachusetts. The quantum
algorithm for the Dirac system in 3+1 dimensions, included at the end of this paper, was
presented on May 9, 2002 at the Quantum Computation for Physical Modeling Workshop
2002, hosted by the Air Force Research Laboratory in Edgartown, Massachusetts.

2 Air Force Research Laboratory, 29 Randolph Road, Hanscom Field, Massachusetts 01731.
E-mail: Jeffrey. Yepez@hanscom.af.mil; URL: http://qubit.plh.af.mil
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grid sizes Az and Ar. Feynman’s solution is the following: the probability
amplitude for a free massive Dirac particle to go from one lattice site to
another is represented by summing over all the possible zigzag pathways a
particle may travel with velocity £Az/At, hopping £Az from lattice site
to lattice site, continuing forward or reversing direction at each time step
At. The probability amplitude a particular path contributes to the kernel
depends on the number of reversals, or bends, where each bend contrib-

utes a multiplicative factor of i@ to the overall probability amplitude
associated with the path and where m is the particle mass.

Employing just this rule, the relativistic quantum mechanical evolu-
tion is correctly emulated. The Dirac Hamiltonian in 1+1 dimensions is
recovered in the continuum limit as the grid resolution becomes infinite:
Az — 0 and Ar— 0 where the limit is taken such that the ratio Az/At
remains constant, which is interpreted as the speed of light ¢. The Dirac
equation of motion in 1+1 dimensions for a 2-spinor field emerges as the
effective field theory in the long wavelength limit. A solution to the chess-
board problem is given in §II, employing the isomorphism between the
path summation and the partition function, but also employing the stream
and collide paradigm used in quantum lattice gases to further simplify
matters.

Feynman attempted to find a simple solution to the chessboard problem
in 3+1 dimensions, but had no success. Jacobson presented a solution, but
his model is unsettling, if not unphysical, because the Dirac particle locally
moves faster than the speed of light.) Furthermore, Jacobson’s solution is
complicated because it is implemented on a kind of random spacetime lattice
and, hence, is neither useful for numerical simulation purposes nor quantum
computation. Here we consider a simple solution for 3+1 dimensions where
the Dirac particle locally moves at the speed of light and where the solution
is directly suited for numerical simulation and quantum computation.

The full problem, checkered in four dimensions instead of on the
plane, is the following: Using a spatial body-centered cubic Bravais lat-
tice, show that the probability amplitude for a free massive Dirac parti-
cle to go from one lattice site to another, by moving independently and
simultaneously along the orthogonal cubic lattice directions with veloc-
ity £Ax/At, =Ay/At, and £Az/At, is equal to the sum of all possible
pathways between those sites, where the probability amplitude a particu-
lar path contributes to the kernel depends on the number of reversals of
motion, or bends, counted by projecting along the orthogonal x, _\:z, and
z axes, where each bend contributes a multiplicative factor of i% to
the overall probability amplitude associated with the path, where m is the
particle mass, and D=3 is the number of spatial dimension.
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Presented in §III is a solution that is a straightforward generalization
of the 1+1 dimensional solution given in §II. The key is to designate the
quantum mechanical velocity vector of the Dirac particle in terms of the
spin components sy ==+1,s,==1, and s, ==+1 as follows:

V3

Locally there are only eight possible spin combinations, hence the choice
of the body-centered cubic lattice. All the spacetime translational degrees
of freedom are specified in terms of the spin variables. The relativistically
invariant Dirac system is recovered in the continuum limit as the grid res-
olution becomes infinite: Ar — 0 and Ar— 0 where Ar =Ax=Ay=Az
and where the limit is taken such that the ratio Ar/At remains constant,
which is interpreted as the speed of light ¢. The Dirac Hamiltonian gen-
erating the unitary evolution for the 4-spinor field of a relativistic particle
emerges as the effective field theory in the long wavelength.

(S.r2+sy§’+sz2)- (1)

1.1. Application to Quantum Computing

The basic approach is to use an externally controlled array of qubits
to encode the quantum wave function of the modeled quantum system of
Dirac particles and to use an engineered local Hamiltonian to emulate the
Dirac Hamiltonian so as to approximate the subsequent time-dependent
behavior of the wave function on a spacetime lattice. Two qubits are used
per lattice node to model the Dirac equation in 1+1 and 2+1 dimensions
and four qubits are used per lattice node to model the Dirac equation
in 3+1 dimensions. The 3 dimensional spatial lattice is a body-centered
cubic (bcc) lattice. The 3+1 dimensional spacetime lattice is a hyper-bec
lattice.

The final result of the computation is obtained by measuring all Q
qubits. To recover the moduli squared of the modeled wave function,
an ensemble measurement or repeated measurement is required. The fre-
quency of occurrence is associated with the moduli squared of the wave
function. Upon measurement, the probability of finding a “particle” at
time ¢ at a lattice node at location X is equals the sum of the mod-
uli squared of the excited-energy eigenstate probability amplitudes of the
qubits at that quantum node. This probability is called an occupation prob-
ability.

The local Hamiltonian that emulates the Dirac Hamiltonian has a
kinetic energy part related to the motion of qubits and an on-site qubit—
qubit interaction part. Both generate the time-dependent dynamics of a
discrete amplitude field. The local Hamiltonian is spatially homogeneously
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applied to the lattice-based amplitude field independently on all the lat-
tice nodes. Each part of the Hamiltonian generates unitary evolution
operators:

1. The on-site interaction, represented by a unitary operator ¢ called
the collision operator, emulates particle-particle “collisions.”

2. Site-to-site exchange, represented by a unitary operator . called
the stream operator, emulates local “translation” of particles between
neighboring lattice sites.

The quantum mechanical local evolution equation is:
[y (X, t+AN)=F S Y (X, 1)), (2)

where |y) is local value of the probability amplitude field and where ¥
causes quantum mechanical streaming. Equation (2) is called a quantum
lattice gas equation of motion and is derived in §IID for the 1+1 dimen-
sional case and in §III D for the 3+1 dimensional case.

In the one particle case, (2) can rewritten as follows:

Y& 1+AD)=F Y Msly(E—E,0), (3)

¢ ebee

where Mg is a matrix that represents ¥ on a local stencil of the
body-centered cubic (bcc) lattice and the sum is over the eight diagonal
neighbors. Then with % represented by a unitary matrix, (3) becomes a
finite-difference representation of the Dirac equation.

The first-order numerically convergent version of the quantum algo-
rithm can be expressed as a quantum lattice-gas evolution Eq. (2). In 3+1
dimensions, . moves each quantum particle located at the lattice site X to
8 neighboring sites on the body-centered cubic lattice, which on R.H.S. of
(3) is notated ¥ — .3 ¢ is quantum mechanical because a particle moves
to multiple locations at each time unit At.

In §IV, the unitary matrix representation of the stream and collide
quantum mechanical operators are given to specify quantum algorithms
for numerically modeling a system of relativistic Dirac particles. The quan-
tum algorithms are distinguished by whether they may handle one or many
particles and by their numerical convergence properties. Several quantum
algorithms are presented in §IV: one particle algorithms in §IV A in the
form of (3) and many particle algorithms in §IV B in the form of (2) in

3Say the net motion is along Z-axis. Then a positive energy particle starting at (0,0, 0)
moves to the 4 sites (£Ax,+Ay, Az) whereas a negative energy particle moves to
(£Ax, Ay, —AZ).
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the second quantized representation using ladder operators. The structure
of .% depends on the number of spatial dimensions of the modeled quantum
mechanical system and it can be altered to improve the numerical conver-
gence properties of the quantum algorithm.

The quantum mechanical stream operator is rewritten in terms of a
classical stream operator, denoted S=S,S,S, (not to be confused with the
action). Each product component operator of S moves a particle along an
orthogonal cubic lattice direction. The following identity relating the quan-
tum stream operator to the classical stream operator is proved in §IV A.2:

r(2) im0 ()
F =€ Spe 70 g 40 g, (4)

As a starting point, in §IV A.2, the simplest quantum lattice-gas algorithm
on a bec lattice is treated. This quantum algorithm is a direct transcription
of the path summation in §III. However, this algorithm suffers two diffi-
ciencies: the checkboard problem of non-interacting sublattices and only
first-order numerical convergence. Therefore, next in §IV A.3, an improved
version of the quantum algorithm that remedies these deficiencies is
presented.

The simulation of many Dirac particles is treated in §IV B. This
quantum algorithm is naturally suited to implementation on a quantum
computer using conservative quantum gates. If implemented on this hy-
pothethical quantum computer, it efficiently predicts time-dependendent
solutions of the four spinor Dirac field associated with the many-body rel-
ativistic system in 3+1 dimensions.

The quantum algorithm can handle the many-body Dirac system in
a second-quantized representation without any additional computational
overhead. Therefore, this is an efficient quantum algorithm for the many-
body system of Dirac particles in 3+1 dimensions. Its computational com-
plexity is dominantly linear in the number of qubits used to spatially
resolve the 4-spinor wave function. With Q-number of qubits, the number
of quantum gate operations needed to model a one-body quantum system
i1s dominantly linear ~«a Q, where « is a fixed constant. This is discussed
in §IV B.1. The efficiency of the quantum computation derives from the
fact that exactly the same number of quantum gate operations are needed
to model a many-body quantum system, for up to as many particles as
qubits. This kind of exponential speedup has been previously shown to
occur in quantum lattice-gas algorithms for modeling a many-body system
of non-relativistic particles.®



476 Yepez
2. 1+1 DIMENSIONS

2.1. Feynman Path Integral Representation of Non-relativistic Quantum
Mechanics

The probability amplitude that a quantum particle at position z, at
time 7, will transfer to a new position z, and time 7, is given by the fol-
lowing path integral:

Bt st = f Dlz(le T, 5)

where [D[z(1)] denotes integration over all trajectories z(t) for which
z2(t,) =z, and z(t) =zp, and where the increase of the action

Ip
s= [ arLiz .z, ©)
fa
along a trajectory z(¢) is determined using the classical Lagrangian L.

2.2. Path Summation Representation of Relativistic Quantum Mechanics

Feynman‘" found a discrete representation of the Feynman path inte-
gral principle on a square spacetime lattice to compute (5) for a relativistic
quantum particle:

R
2
. . mc
Kop (Zata; 2ptp) = r}gloolg)cbaﬂ(m (zAt T) , (7)

where At = ’b—;’i, where « and B are the + components of the spinor
amplitude field (spin-up or spin-down), ®,g(R) is the number of paths
with N steps and R bends, where the length of each step is Az = 7e
=c At, where ¢ is the speed of light, and where m is the mass of the quan-
tum particle. An example relativistic trajectory with 4 bends along Z is
depicted in Fig. 1.

The allowable region of the lattice is bounded by the intersection of
two light cones, with boundaries z==2c(t —1t,) 4z, and z==xc(t — 1)+ 2p
for t, <t <1, and z, <z <zp. One light cone originates at the spacetime
point (z4,1,) and an inverted light zone terminates at (zp, 75), see Fig. 2.
With z, —z, =M Az and t, —t, = N At, the edges of the allowable rectangu-
lar region are given by P = L%J and Q= [W], for N> M >0. Hence,
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Za Zp

Fig. 1. Example trajectory of a massive relativistic particle starting at location
Z4 at time 7, and ending at z; at time #,. The total number of steps is N =17, so
the elapsed time is t =17A¢. The number of steps to the right minus the number
to the left is M =7, so the net distance traversed is z=7Az. The relativistic par-
ticle moves at the speed of light c= Az/At. The number of bends is R =4.

the paths are the permutations of the set with N= P + Q members +1:

(1,1,...,1 —-1,-1,...,=1). (®)

Qnumber of 1’'s Pnumber of —1’s

The number of permutations is the binomial coefficient:

number of paths= (P; Q) = (P E Q) ' 9)

2.3. Spin System Representation

Because the summation (7) occurs on a discrete spacetime lattice,
in 1+1 dimensions it is possible to enumerate all the paths originating
at point a and ending at point b using N + 1 spin variables s;, for
i=0,1,2,...,N. This is depicted in Fig. 3a for the example relativistic
trajectory. Identifying « with 5o and B with sy, the summation (7) is
equivalent to:
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EEE AR AL

Fig. 2. Example problem in 1+1 dimensions with N =8 and M = 2. (Top)
Allowable rectangular region of the square lattice within the light cone, with
sides of length Q= fN—;ﬂ] =5rand P= LN—‘zﬂj =3. (Bottom) Enumeration of all
possible paths, the 56 permutations of the set (1,1,1,1,1,—1,—1,—1).

: mc? -
KsoSN (Zata; zptp) = Z LAt _71'- ) (10)
{Slv--"SN—l}[M
where the set {sp,..., sy} specifies a discretized trajectory with a path
length constrained by the condition
al Zb—2%
— <a
D=5 ()

i=0
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Fig. 3. (a) Spin representation of the trajectory of a massive relativistic parti-
cle starting at time 7, and ending at time #, for N=7 and M =17. (b) Quantum
lattice-gas representation of the same trajectory where the particle is stream-plus
(or “spin-up”) as it moves to the right and stream-minus (or “spin-down”) as it
moves to the left. Pre-collision spin orientations are shown.

Since the starting and ending points sy andsy are fixed, they do not
appear in the sum on the R.H.S. of (10), and the condition (11) is equiva-
lent to fixing the spin magnetization M=}, s; of a system of N + 1 spins.

At the ith step, the particle continues to move straight when s; =s; 1,
and it changes direction when s; = —s;;|. As the particle moves (or
streams) to the right its spin orientation is “spin-up” and as it moves to
the left it is “spin-down,” as shown in Fig. 3b. Therefore, the following
binary value counts the occurrence of a bend at the ith step:

0, no bend

12
I, bend. o

1
5(1 —S$iSi+1) =

Hence, the following sum counts the total number of bends in a path:

| =
R=> §<1—sisi+1>. (13)
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With a change of variables
1 mc?
=—=1 '
v > og (tAt . ), (14)

(10) can be written as the partition function of an ensemble of spins with
nearest neighbor coupling and with fixed total magnetization

Kyysy = Z 8 (M, ZS') e—VZ{VZBI(l—s,-s,-H), (15)
[

{5150 5N-1}

where the Kronecker delta 8(a,b)=1 for a=b and §(a, b) =0 for a #b.
We may write the Kronecker delta as follows:

slm i N1 - iZE(M=-Y;si) (16
) sl '—2N (4 ’ )
N

since M and Z,N=0 s; are integers. Then inserting (16) into (15) gives

N-1

1 i( 2z \m —i( & Z,N= .\‘,-—vzl.N_"l(l—.\‘is,' D)

Kso.w=ﬁze(~) Yo e (%) Tl =0 . )
n=—N {1, SN=1}

Now since Z,N:O Sy= %(so+sN)+% Z,N:_Ol(si +s;41), we pull down the sum-

mation in the argument of the exponential to form the following product:

1 — l(—)M s rn 3
KxosN == Z e A e_’”(ﬁ)(SO’HN)

% Z l—[ =i (§) (sitsie1)—v(1=sisis1) (18)

{51500 08N-1} i=0
The components of a unitary transfer matrix % are defined as

u e V(=sisiy)— i ()i +\,+|) (19)

Siy b[+| _—

so that (18) becomes

I+
=

D et
Ksoszv:_ Z €l( ) €_m(%)(‘m+‘w)£psos~’ (20)
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where we have defined

gSOSN = Z ol Z %.\‘o,sl %Sl o5, vt %SN—IJN . (21)
si=£1  sy_j==%I

The matrix form of (19) is

U\ U_y e—i2nn/N o2
%:(%]‘_1 %_1‘_1>=< e~ 2V ei2mn/N (22)
and so (21) becomes simply an N —1 fold matrix multiplication of %:
; N
- QJI,I g—l,l B e—l27m/N e—2u
g—(,@”h_l g’_l__1>—< e~ pi2nn/N ) - (23)

2.4. Quantum Lattice Gas Representation

To simplify (20), we acknowledge the discretized nature of the space-
time lattice by using the following variable transformations:

2mn _ PnAz
N &

2=2p—2a=AzM t=t,—t;=AtN, (24)

where p, is the discretized momgntum. From (14), the off-diagonal com-
ponents of (22) are e~ 2 =i At & “—, and the transfer matrix (22) becomes

u (1= + 0 INE= 25)
fHEE 1+i2222 1 oaz?))

Our basic approach to formulate the space-time translation degrees of
freedom in terms of the spin variables is to partition (25) into a product
of a temporal matrix and a spatial matrix

U=%FS, (26)

where the temporal matrix is called the collision matrix

: mc’Al
€ =e'" (27a)
2
cos mch_At i sin mLh_At -
= zsm mLZAt cos (mc At) ( )
n

lAt mc 5
= +(O(AI 5 27¢c
tAt m‘ 1 ) (27¢)
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and the spatial matrix is called the stream matrix

Az

o= (282)
-1 g
= (6’ 0) (28b)
0 e
RS S R TN N (28¢)
h 0 | 4iLebl '

The decomposition of % given in (26) is a quantum lattice gas representa-
tion of the transfer matrix. In this construction with Az=cAt where the
particles stream through space at a fixed unit velocity equal to the speed
of light, (23) becomes

7 =@V (29a)
== ei(axmcz_azp"c)NAt/h-—{—(Q(A[Z). (29b)
Inserting (29b) into (20), the quantum lattice-gas kernel becomes
N-1

Z e[ ni e—i%'kg(xofw) I:ei(axmcz—a:p,,c)NAt/ﬁ] ) (30)

SOSN

1

Kso.\'N = m

n=—N

As N approaches infinity in the continuum limit, we can neglect Az=cAt
compared with =N At (that is, N > c), so we have

N-1

| PRE T : :
Kso.vN _— Z eleﬁ— [et(oxmﬂ_ozp,,c)NAt/ﬁ] . (31)

AN
e 05N

In the continuum limit, the summation goes over to an integral (ﬁ Y=
42 [ dp) and so we have

Kop(z,1t) = ngnoo Ksosy (32a)
4 [ i [aendoron]
.0 (. af

Our result (32) is equivalent to the result found by Jacobson and Schulman
[3]. However our derivation, based on the quantum lattice gas representa-
tion (26), is simpler. Furthermore, the quantum lattice gas representation
allows us to generalize the derivation to obtain the Dirac equation in 3+1
dimensions.
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3. 3+1 DIMENSIONS
3.1. Feynman Path Integral Representation of Non-relativistic Quantum

Mechanics

The probability amplitude that a quantum particle at position 7,
= (X4, Ya,2q) at time z, will transfer to a new position 7, = (xp, yp, 25) at
time 7, is given by the following path integral:

. / DR F, (33)

where [ D[F(r)] denotes integration over all trajectories 7(¢r) for which
F(ty) =7, and F(t,) =7p, and where the increase of the action

1,
§= /  dt L[F (1), 7@)], (34)
ta

along a trajectory r(r) is determined using the classical Lagrangian L.
Equation (33) is a solution of the quantum mechanical wave equation.©

3.2. Path summation Representation of Relativistic Quantum Mechanics

We introduce a discrete representation of the Feynman path integral
principle on a body-centered cubic spatial lattice with discrete time steps
to compute (33) for a relativistic quantum particle:

D 9 Ry

= =5 . .mcAt

K&ﬁ(ratu; rbtb):}\'ll—rpoo 1—[1 RZ>0 (DaE(Rw) (l Dn ) ) (35)
W=l Ky =

where At= 'L}_V’ﬂ where @ and f represented by initial and final spin vec-
tors of the form (sy, sy, s;) =(x1, %1, £1), where K&f; is the kernel of a
4-spinor amplitude field, where the length of each step is Ar =c At, where
c is the speed of light, where m is the mass of the quantum particle, where
Ry, is the number of bends in a path counted by projecting the path along
the w axis, and where Cbaf;(Rw) is the number of allowable paths with R,
bends and N steps along the w axis, and where D is the number of spa-
tial dimensions. The separation distance between the starting and ending
points is:

7b—Fa:F\/(xb‘xa)2+(Yh_ya)2+(Zb_Za)z' (36)



(a) =0 t=1,_5
W' o =3
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( 1(_11,’ (11’ 11) )v e / t=9 =10
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( (= Eae ) o
(-1 T =70)
(-1 11, 1) 1)
( %'1, 1. 1)

(b)

Fig. 4. (a) Spin representation of the trajectory of a massive relativistic parti-
cle. The components of each spin vector are shown. (b) Quantum lattice-gas rep-
resentation of an example trajectory of a relativistic particle (solid lines). The
coordinate system is chosen so that the final displacement (dashed line) is along
the Z-axis direction: the particle starts at location 7, =0 at time t, =0 (labeled
“0”) and ends at 7, = (8Az)Z at time t, = 10A¢ (labeled “10”). The total num-
ber of steps is N =10. There are 3 bends along x at r=2,r=35, and + =8; 3
bends along y at t =3,t=7, and ¢ =10; and 2 bends along z at t = 6Ar and
t = 7At. The particle moves at the speed of light ¢ = Ar/At along three cubic
lattice directions simultaneously. The spin at each step specifies the direction of
motion for that step. Post-collision spin orientations are shown.

Yepez



Relativistic Path Integral as a Lattice-based Quantum Algorithm 485

An example three dimensional relativistic trajectory with 3 bends along x
and y, and 2 bends along Z is depicted in Fig. 4 where a bend occurs when
the particle changes its direction of motion along any axis. Equation (35)
reduces to the Feynman chessboard formula (7) when D=1.

3.3. Spin System Representation

With three spatial dimensions, it is possible to enumerate all the paths
originating at point a and ending at point b using N + 1 spin variables
Sn="(Sxn, Syn, Szn), for n=0,1,2,..., N, and where sy, ==%1 for w=x, y, z.
There are eight distinct spin vectors, one for each direction along a diag-
onal of the body centered cubic (bcc) lattice s, = (1, £1, £1). This is
depicted in Fig. 5. Note that 5, is a discrete 3-vector whereas the spin vec-
tor ¢ = (oy, oy, 0;) 1s a 3-vector of 2 x 2 Pauli matrices. We shall see in the
following exactly how and why s and o are related. The result is that a
Dirac particle quantum mechanically moves along a diagonal of the bcc
lattice with its spin vector o “parallel” to its direction of motion c¥.

Identifying & with 5 and B with 5y, the summation (35) is equivalent
to:

R
2
- B mc-At
Kzy3y (Tata; Potp) = E (l ) . (37

&~ \" D
S )7,

where R=ZUD;=1 R, where R, is a bend along the w direction, and where
the set {5o,...,sn} specifies a discretized trajectory with a path length
constrained by the condition

(-1,-1,1)

X (G P P D O, M > (1L1,-1)

Fig. 5. Lattice diagonal directions for a body-centered cubic spatial lattice for
a quantum particle starting at the origin 7, = (0, 0, 0).
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N
Z-—;n = Xp — Xa ’ Yb— Ya : Zh —Za . (38)
= Ax Ay Az

Since the starting and ending points 5y and sy are fixed, they do not
appear in the sum on the R.H.S. of (37), and the condition (38) is equiva-
lent to fixing the spin magnetization M=), 5, of a system of N +1 spins.

At the nth step, the particle continues to move straight when s, -
5,41 = D, reverses direction along on orthogonal axis when s, - 8,41 =1,
reverses directions along two orthogonal axes when 5, - 5,41 = —1, and
completely reverses (flips) direction when s, -5,+1=—D. The following sum
counts the occurrence of a bend along the w axis at the nth step:

0, no bend along w

5[1 _swnsw(n+l)]: 1 (39)

, bend along .

In turn, the following sum counts the total number of bends in a path
between 7, and rp:

D N-1

1
R= 5 Z Z[l —Sumsw(n+1)]. (40)

w=1 n=0

With a simple generalizational of the change of variables (14) used in the

one-dimensional case
1 mc? At
== 1 - 41
v 3 og (l Dr ) 41)

(37) can be written as the partition function of an ensemble of spins
with nearest neighbor coupling and with fixed total magnetization M =
(M, My, M,):

KEOS'N = Z ) (M, Zgn) e_”Zy}:’;ol[D—§n '§n+l]’ (42)
n

{51, .5n=1)

where the Kronecker delta is:

N D
o) (M, ZS‘},) = I—[ 8 (Muu stn)
n=0 n

w=1

=35 (Mx, st,,> 8 (My, Zsy,,> 8 (Mz, Zsm> , (43)

n n n
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where

1 e, P2 (M Y s
S(Mx,st,,> == Y e (M=) (44a)

n ny=—N
1 Bl ey
a(zwy,zsy,,) = Y e (M= L) (44b)
i ny=—N
1 L
S(Mz,Zszn) Slann S, BB R e (440)
i n,=—N

The total magnetization is related to the total displacement vector as
follows:

X=(MyAx, MyAy, M;Az). (45)

Furthermore, the wave number is defined as follows:
l-(.ﬁEzz(&- oy ﬁz_) (46)

Ax’ Ay’ Az

Using (45) and (46), the Kronecker delta (43) becomes

N
= - 1 '-‘-..‘_' -.—.;
) (M, E sn)=m 2 : PR lArZ,,knul. 47)
n=0 n

n=(ny,ny,nz)

Then inserting (47) into (42) gives

1 T S T TR
Kz3, = T ;e Y e n=0 n=0 +1.(48)

{5100 8-t}

We can proceed from (48) using the identity YV 5, = %(Eo + sn) +

%Z,}::ol (Sn + Spt1), which allows us to pull down the summation in the

argument of the exponential to form the following product:



488 Yepez

i — ki —Ak(+
K‘OSN—(ZNPZI X ,— 5 Ark;-(So+5N)

N-1
% Z l_[ e~ 38Tk Gnt5p 1) —V[D=5p Sy 41] (49a)
{81, . Sn-1} n=0

lk‘ Ark (So+Sn)
(2N)3Z te 2 i l_[

w=1
X Z ]—[ e‘&Arknw (Swn +Sm(n+l))—v(]‘-\'wnsw(n+l))' (49b)

{sw14eee vSw(N—I)] n=0

As in the one-dimensional case, here again we use a unitary transfer
matrix. The components of the transfer matrix % for the cartesian axis w
are defined as

%Sum »Swn+l1) = e_ ‘2 Arknw (Sw,, +.\‘",(,,+|))—U( ; SunSwin+l) ) ) (50)
then (49b) becomes
1 %
Bse Pt el tk;,-x zArk (S0+SN) g, .
K.\'()SN — (2N)3 Z:e g,\()\Nv (51)
n

where we have defined

JEO;N I—[ Z %SwOu"wl %fwl w2 T %Sur(N—l)vsz . (52)

w=I1 {sy1,. sw(N—])]

The generic sum over all possible spin components in (52) can be rewrit-
ten explicitly as N — 1 binary sums:

‘O‘N l—[ Z ’ Z JZ/“‘u'()vswl gZ/t"m] Sw2 T %‘vll'(N—l)"\‘ll’N 5 (53)

w=1sy1==%1 "w(N—l)zil

The form of (53) suggests that we can write the transfer matrix (50)
for the w direction as a 2 x 2 matrix where the binary sums repre-
sent matrix multiplication, just as in the 1+1 dimensional case. However,
in accordance with the product [],, in (53), the sums over the orthog-
onal cartesian axes w directions must be kept independent. The only
alternative when enumerating the four spin components, s,, = +1 and
Swn+1) ==*1, 1s to introduce D number of new token variables, say w,,,
to keep the directional sums independent of each other. The kinetic term
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e 28 knw Sun+sw@+n)  jn (50) contributes to only the diagonal (non-rever-
sal) components in (55) when sy, = syu+1), and contributes 0 to the
non-diagonal (reversal) components when s,,, = —sy»+1). For its diagonal
contribution, we take the local translation operator

e_iArkwll Hw ShiAi— 1
— 5 Arkun (sun+s ) Swn+1) =1,
3 wn Swn TSw(n+1) .
e e ezArk,,,,, Hw Swn = - (54)
Swhn+1) = =1

The mass term e~ =Swrsuw@+1) in (50) contributes 0 to the diagonal (non-
reversal) components in (55) when s, =s,»+1) and contributes e to

the non-diagonal (reversal) components when sy, = —s,,(»+1). Hence, (50)
i1s written in 2 x 2 matrix form as follows:
02{ QY _ 1 e—iArkumllw 6_2V
Uy = Ll . — —2v i Arkyn it . (55)
%1'_] %_]__1 e e wn Mw

Notice we have no need to employ a token variable that depends on w for
the off-diagonal components of (55) since the term e~2" for each @ direc-
tion contributes equally to the mass of the Dirac particle. That is, since
bends in the x, y, or z directions equally contribute to the particle’s mass,
all the e~2" components in (51) may add together. So we can omit using
another token variable for the off-diagonal terms.

With (55), we see that (53) is simply an N —1 fold matrix multiplica-
tion of %:

D - = N
o gl,l g‘—l,l B e LArKyn ity e 2v 56)
T ALy Fulg) [1 e eitrkunu |
: : w=1

At this point, we have not yet determined a specific form of the object ju,,.
This will be determined in the next section.

3.4. Fourier Transform of the Dirac Propagator

Just as we had previously in the one-dimensional case, we can rewrite
(51) using momentum variables. Along with (45) and (46), we have the fol-
lowing variable transformations:

Pwn =TKyn t=tp—ta=AtN. (57)

From our change of variables (14), the off-diagonal components of (55)

3 D) x
are e 2V =i At b7 and the transfer matrix (55) becomes
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—i Ar2un Lw X 2
e i A

Uy = (58a)
. Dwn M
i At —"1")‘; Pk
2
- e—iU;lePwnA"/ﬁ.{..igxﬂAty (58b)
Drni

where o, and o, are Pauli matrices.

As in the 1+1 dimensional case, our basic approach here is to rep-
resent the spacetime translation degrees of freedom in terms of the spin
variables by writing (58b) as a product of a collision matrix and a stream
matrix

3 ,,,(.2
%w T e-iazllwpmn Ar/h'elUXFﬁA; (59a)
=CSu, (59b)

where in the 3+1 dimensional case we now have

o mC2
(gsem"b—ﬁm, (60)
and

,V,”Ee""(letmpum/lr/ﬁ. (61)

Inserting (59) into (56), we have

D
Z = 1_[ ((gyw)N (623)

w=1

D i mcz

= l_[ e—ﬁ(o'zltwpumc_ax_D‘)NA’. (62b)

w=1

Now with (57), we have
D i " mc2

@)= [ e Hloerpmo=os ) (63)

w=I

We impose a physical constraint on Z'(t) in (63) that the quantum
mechanical propagation of a Dirac particle be factorable in time as fol-
lows:

Zt+n)=Z L) Z (). (64)

Let us square the propagator by choosing t; =t and t; =t so by inserting
(63) into (64) we have
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i

2 i mc? B mc?
l-_[ e_ﬁ(olllml)m,.c—ax —D—)zt - l—[ e_ﬁ(azﬂwpwnc—ax ‘D—)’

w=1 w=I

D i mrz
(] e Hlswrme-oatl)

w=I

D = 5
. oxme
- (I—Z_ (O'z,uwpwnc_‘ xD >t+>

w=1

D )
i oxmc
g l= E = (Uzﬂw’pw’nc_ ) t+- "),
( w'=1 A D

(65)

=t

where in the Taylor expansions on the R.H.S we must keep all high
order terms since, in the continuum limit, ¢ = limy_ . NAf is not a
small parameter. The only way for the L.H.S. to equal the R.H.S. is
for the all the cross-terms to vanish. Now, all the cross-terms between
the momentum and time components automatically vanish because of the
anti-commutation of the Pauli matrices o, and o,. However, for all the
cross-terms between the momentum components to vanish requires our
token variables p,, be anti-commuting Grassman variables:

wiphj + i =0, (66)

for 1<i<D and 1<j<D. We are free to represent the u,, variables in
terms of Pauli matrices by choosing

Hy —> Oy (67)

In this representation, ¥ and . become 4 x 4 matrices. The collision oper-
ator is

b io ®1mc‘2At io ®l mczAr
= []e™" on =g & (68a)
w=1
cos (At ”‘TLZ) i sin (At #)
. 2 2 Q1 (68b)
I SIn (AtT) cos (At 7 )

~ InC2
T i PO (68¢)
iAt’"T‘l 1
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1 0 iarme 9
0 1 0 iarme
=|. . n (68d)
1At Sh 0 1 0
0 iarm g 1
and the stream operator is
D i ‘ : 5 - iIU‘ﬁﬁL'AI 0
o . H e‘ﬁ“z@”wl’wn(Af =e_ﬁ(7:®0'1771¢At — e -
0 o-prcAt
w=1 g
(69a)
1-iars P )
= g B Are o | FOF?)
( 0 141556 - b
(69b)
- iA;’_Bq,, _iA’(I’x;i—iP\'n) 0 0
B _zAr(px;iﬂpy,.) 1+ 1A;ip;,, 0 0
G 0 0 it [IArp:, EAr(pxn—ipyn)
n
0 0 iAr(puntiom) i1A;iQ,,,
(69c¢)

Equation (69) is not diagonal and therefore it is a quantum mechanical
stream operator; a single particle moves from one place to multiple places
in one time At. Even a wave function of a massless particle will undergo
dispersion. So a quantum particle does not have a single trajectory since
its position continually spreads out as it moves. This is compatible with
the Heisenberg uncertainty principle.*

Finally, using (68a) and (69a), and neglecting terms proportional
to %,5 « At, the kernal (62b) becomes the following three dimensional

4Niels Bohr objected to Feynman’s talk at the 1948 Pocono conference for the reason
that the classical paths Feynman was enumerating were not consistent with the Heisen-
berg uncertainty principle.(” With our 3+1 dimensional solution, we see from (69) that
Bohr’s objective could have been resolved by answering that the path integral formalism
does accommodate the notion of path spreading, consistent with the Heisenberg uncertainty
principle. However, Feynman used the viewpoint referred to as “calculate and shut-up”
in response to Bohr (the quote now attributed to David Mermin). By that time although
Feynman had worked out relativistic QED in 3+1 dimensions, he had only worked out dis-
crete spacetime pictures of the particle motion for the 1+1 dimensional square lattice, where
the translation is classical.
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discrete Fourier transform:

1 ,"—’"; { = (a ®0-prc—0 ®1mc2)t]
Kz > =—— e 53 e H\? RE% ) (70)
000N (2N)3 Xﬁ: Bodn
In the continuum limit, we recover the kernel
dx’ BT — L He
s d 3 ’%—‘I: % Dlrac] -, 7
where the Dirac Hamiltonian is
Hpirac =0, Q6 - pc — oy @ lmc?. (72)

4. QUANTUM ALGORITHMS

4.1. One Particle Quantum Simulations
4.1.1. Finite-difference Equation in 1+1 Dimensions

According to (26), a single time step of the evolution of the relativis-

tic spinor field ¥ = <‘;)

1s accomplished as follows:

Y+ A)=CLY(1). (73)

The first step is to analyze the streaming part of (73). To do this, we write
(28) as

3 pn Az
FY@n=e T Yy, (74)
which in matrix form is
o (@@ D) (11— Azd, 0 a(z,t)
j(ﬂ(z,t)) —( 0 1+az.)\pen) G4
where the momentum operator is taken to be p, — —ind,. Equation (75)

as written is exact only in the continuum limit. It follows that a consistent
definition of the streaming operator for the discrete lattice is:

az, )\ _ [(a(z=Az,0)
¥ (ﬁ(z, t)) - <ﬂ(z+ Az, t)) ' (76)
Taylor expanding the R.H.S. of (76) about z and keeping only the
first-order terms, we recover (75). There is a geometric interpretation of
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Fig. 6. Simulation of one relativistic quantum particle with m=1,7i=1, Az=1
and Ar=1. Plotted is the sum of the moduli squared of the spinor components,

la|? 4 |B|2, using (77). The average location of the quantum particle oscillates in
time (white curve).

(76) where the o component of the spinor field at node z streams (or hops)
to the neighboring node on the “right” at node z — Az and the B compo-
nent streams to node z+ Az on the “left,” as depicted in Fig. 3b.

The second step is to analysis the collision part of (73). Substituting
(27) and (76) into (73), we have

mc2 At - mc At
(st A (o) o]} (5 7828)- o0

An example simulation using (77) is shown in Fig. 6. Simulations of this
sort have been carried out by Thaller ® . Taylor expanding the collision
operator to first-order in At, we have

ai+an)_( 1 iAt2E\ (a(z— Az, 1) | 8)
B(z,t+ At) iAr BE 1 B(z+ Az, 1)
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Upon multiplying out the R.H.S. and Taylor expanding about z and ¢, to
first-order, we have

ez )N a(z,t) . mc? a(z, 1)
At o, (ﬁ(z, t)) =—0,AZ0; (ﬁ(z, t)) +1AtTax (,B(Z, t)) g (79)

which is the Dirac equation in one spatial dimension

iﬁanﬂ(z,t)=(azpc—mczax) Y(z,1). (80)
We can write (80) in propagator form
Y@=y ©), 81)
where the Hamiltonian is
H=o0,pc —mc’o,. (82)

This derivation of the Dirac Hamiltonian by the quantum lattice-gas
method is consistent with (32) where the Feynman path integral expressed
as the following Fourier transformation:

dz [® = 2 _.;
K(z,z):z—;/ dpe' T ¢~iHI/M, (83)

-0
4.1.2. Finite-difference Equation in Higher Dimensions
The wave function is specified on a spacetime lattice with grid spacing
DA — Ax? — Ay — A2 =0. (84)

The local evolution equation of motion is

V' = SCY (85a)

=SS S Gy (85b)
-mC2

= oLin1 0:@0iArdy i T A1 ®L (85¢c)

which approximates the Dirac equation in the continuum limit and in the
relativistic limit where 7w ~mc? and 7k ~ mc.
The 4 x 4 matrix

, (86)

= O IS

1
0

ne%=ly o =t
0
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operating with the z spatial derivative in (85c) is diagonal whereas the
matrices o; ® oy and o, ® o, for the x and y partial derivatives, respec-
tively, are not diagonal.

We would like to transform % in (85) in such a way that all the
matrices operating with the spatial partial derivatives are diagonal (and
hence correspond to shifting qubits along the orthogonal lattice direc-
tions). To do this, we need the two identities:

e—i%ax esn:ei%ax — &0y ei%a_\-eeqe—i%m = &F0x , (87)
that follow from e¢'3% = % (1+4i0;). Then, using the identity 1 ® €@

=¢!?1®4_ the 2-spinor similarity transformations (87) can be generalized to
4-spinor transformatons

(1@eFr) eroee (1@ eF0r) = @ (880)
(1 ®ei%o—"> ££0:80: (1 ®e—i%(fy> - esoz®ax’ (88b)

which we will use to diagonalize the x and y components of .. Using (88)
and defining

cosd 0 isind 0
0 coso 0 [ sinf@

(1) _ Jifoy _
S=RTES isin@ 0 cosf 0 (89a)
0 i sinf 0 cosf
cosf  isinf 0 0
Q) _ ioo, _ | isinf  cos6 0 0
iy slaes 0 0 cosf isin6 |’ (89b)
0 0 isinf cosf
and
cos6 sin @ 0 0
@ — oy _ | — sind cosf 0 0
=lne 0 0 cosf  sinf |’ (89¢)
0 0 —sinf  cosé
and

S Sx Sy Sz = eaz®cfZ ArV’ (90)
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where S, =e%:®%:A7%  the product components of L=%FyS, can be
written

Sy = Ot~y s,y (91a)
yy — 0280y Ardy =.%'(7;)T Sygz‘(;) (91b)
S, = 7B = g (91c)

so (85) can be rewritten as the following quantum algorithm:

2
V=08 u 0 AP 8.4, v (92)

The quantum algorithm (92) has local qubit-qubit interaction operators

& (%2),@(%2) and €=% (,:C)ZA, (quantum collision operators), as well as cubic

lattice translation operators Sy, Sy, and S, (classical stream operators). It
is demonstrated in 2+1 dimensions for a single massive Dirac particle, see
Fig. 7.

250

200

150

100

50

Fig. 7. Simulation of one relativistic quantum particle with m=1,%=1 in 2+1
dimensions (Ay=1, Az=1 and Ar=1). Plotted is the sum of the moduli squared
of the spinor components, |a|?+ 8|2, at time t =128 Ar. The mean value of the
position of the quantum particle oscillates in time (white curve in center and
black curve in the expanded view on the right).
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For numerical purposes in the one particle case, the discrete ampli-
tude field is:

a(x,t)
B, 1)
pu(x,t) |’
v(X,1)

P(x, )= (93)

where the spacetime point (X, t) coincides with the nodes of a hypercubic
lattice with grid size Ar. The operators S, induce a finite displacement

Sw‘//(;)zw(;'}'Ar(az ®0'z)mwﬁ)), (%94)
of the components of the 4-spinor only along lattice directions:

a(x+Ar,y,2)
B(x—Ar,y,2)
u(x —Ar, y,2)
vix+ Ar, y,2)

Sx¥(x, y,2)= : (95a)

a(x,y+Ar2)
plx, y=Ar.z)
u(x,y—Ar,z)
v(x,y+ Ar,z)

Syv(x,y,2)= (95b)

and

a(x,y,z+ Ar)
ﬂ('xv va—Ar)
ux,y,z—Ar)
v(x,y,z+ Ar)

Sz‘/f(x» Y, Z)= (95C)

These streaming operators are data shifting operators causing permu-
tations of the components of the 4-spinor wave function across the
lattice. The collision operators act independently on each node of the lat-
tice and cause local quantum entanglement between component pairs of
the 4-spinor. The streaming operators in turn propagate this local on-site
entanglement to next nearest neighbors so that eventually quantum entan-
glement covers the entire lattice.

It is possible to rewrite (92) as a finite difference equation on a
body-centered cubical lattice. The resulting set of coupled finite differ-
ence equations are similar to the finite difference representation of the
3D Dirac equation given by Bialynicki-Birula in 1994.) A drawback of
expressing the algorithm as a finite-difference equation is its unsuitability
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for a quantum computer implementation using two-qubit quantum gates
whereas our manifestly unitary expression (92) is suitable.

A continuous effective field theory for ¢ = (a, B, u,v) follows in
the continuum limit of the emergent finite-difference equations by Taylor
expanding in the small grid sizes. We obtain

4 A 3 A e
'B T — JXF —a
d =— +i—3
| u N R R
v 28 2
o : %
Ar -B _mc v
+A—taz —u —IT (X + O(cAr, At), (96)
v B

which is exactly the Dirac equation
2
, mc
Wy =c) 0000 ¥ —io®1——, 97
1

when At ~ Ar ~¢ are infinitesimal and whep the partial derivative with
respect to time is defined as 9,y =lima,_ ¢ KA——I‘E. Equation (92) gives rise
to perfectly unitary evolution of the discretized wave function and, there-
fore, is an unconditionally stable numerical algorithm. The quantum algo-
rithm (92) for modeling (96) is less than Ist-order convergent; see Fig. 8.
For practical numerical purposes, we will need to modify (92) to improve
the algorithm’s convergence properties.

4.1.3. Improved Finite-difference Equation in 3+1 Dimensions

Our basic approach to improving the accuracy of the quantum algo-
rithm is to set the grid size Ar to be smaller than the Compton wave-
length A= % of the modeled particle

Ar~8i, (98)

mc

and to introduce a small temporal scale that is much smaller than %

h
At~et—. (99)

mc
The diffusive ordering condition of spatial and temporal fluctuations typ-
ical of random walk processes, Ar? =vAt, provides a context to under-
stand the scaling behavior of the small parameter ¢. According to (98) and
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(99), the diffusive transport coefficient is v= —m and the unit lattice veloc-
ity is % = ¢, which approaches infinity as ¢ — 0. In this limit, the mean
velocity of the modeled quantum particle is relatively small, compared to
Ar/At, hence the resulting effective field theory corresponds to the non-
relativistic limit of the Dirac equation as ¢ — 0.

To diagonalize the stream operators in (91), we used a fixed and finite
rotation angle 7 independent of the grid resolution. We will now diago-
nalize the stream operators using a small rotatlon angle proportional to
At. By (99), the rotation angle is 6 = LA' =¢2, which is dependent on
the grid resolution. The displacement operators in the Dirac equation can
be represented by interleaving stream and collision operators on a cubical

lattice as follows:

Sy = 0:®0x Ardy _y S%j@(gz)si4@(%2)1'sxl.3@(§2) SI_SJ’J(;)T (100)
and
yy %2 :®0y Ardy i S2 4%-(2)1'32 4%‘(2)5'1 3%(2)1'51_3%‘(2) (101)
0.01

~
¥ 0.0001
~
9
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©
O
-
0 1078
=
=
=
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o

0.0001 0.001 0.01 0/ |

Resolution (0x)

Fig. 8. L2 norm error \/% Z‘»L___l[]‘l//(x,')'z—il//ex(x,')lzl plotted versus grid res-

olution Ax = % for numerical simulations of the 1D Weyl equation (Dirac

equation with m = 0) with lattice sizes from L =8 to L = 32768. The error
curve’s slope of the original and improved algorithm is 0.5 (dashed line) and 2.5
(solid line), respectively. This demonstrates the high numerical accuracy of the
improved (symmetrized and interleaved) quantum algorithm.
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where the superscripts on the streaming operators refer to individual
components of the 4-spinor. For example, the classical streaming opera-
tors in (95) are S, =SE'3,S,11;4. The quantum stream operators (91a) and
(91b) are now redefined in terms of the respective component-wise classi-
cal stream operators separated by collision operators according to (100)
and (101). This kind of interleaving of streaming and collision opera-
tors removes the spurious check-board effect of independent sublattice
dynamics that otherwise occurs.(!®1D) So far we treated the non-diagonal
quantum stream operators e?®%xA7% and ¢%:®2yA7% byt not the classical
operator e%:®%:A7% because no such improvement exists since it is diag-
onal. However, if instead of using the Dirac matrix o, ® o,, we use an
alternative non-diagonal representation for the z-direction partial deriva-
tive, then we can again employ interleaving. Therefore, we consider the fol-
lowing alternate form of the Dirac equation:

2
Y =co; ®0x0x Y +co; ®0ydy Y +coy @19,y —io, ® l%w. (102)

Now the quantum stream operator in (102) for the z-direction can be
re-expressed in a fashion similar to (100) and (101) as

. Eeay®lArU; = 5123.%'9)53133[(;1”5214.%‘(;1)51_;.%'(51” (103)
2 2 2 2

Then instead of (91), we use (100), (101), and (103) for an improved quan-
tum algorithm

YA+ AN=L Ly L (D). (104)

In the interleaved algorithm (104), the mass term in the Dirac equation is
automatically produced at order 2.

It is possible to derive a finite-difference equation representation of
the quantum lattice-gas algorithm (104) by carrying out all the colli-
sion and streaming operations symbolically. The result expressed as a
finite-difference equation is no longer expressible using a stencil including
only the nearest neighbors of the body-centered cubic lattice. Nevertheless,
once again, a continuous effective field theory, in the one-particle sector of
the Hilbert space, for ¥ = («, B, i, v) follows in the continuum limit as we
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Taylor expand in Ar and in Ar:

AN B\
Bl o7, [=al OF, |—a
%l Sl g [V Y=
v 123 N)
A e 2 M\

el v .mc v 4 D)

+1Ataz B +1i - = + O(Ar™, At”), (105)

B g/

which approximates the Dirac equation (102) when Ar is small. In (105),
according to symbolic mathematics, the mass term arises at order 2, the
spatial terms arise at order &3, and the error terms arise at order &*.
Yet, according to numerical simulations, the effective field theory (105) is

Ist-order convergent. With the quantum stream operator ' =%, %%,
we define the dual operator QEVT_XVT ! by taking the adjoint of

e il i
the quantum stream operators and reversing the displacement directions.

Then, it is possible use a symmetrized evolution operator(!!
Y+ A =FSe Ay @), (106)

where ¢ is a constant parameter. According to numerical simulation, the
interleaved and symmetrized algorithm (106) is better than 2nd-order con-
vergent, as demonstrated in Fig. 8 for the 1+1 dimensional case.

4.2. Many Particle Quantum Simulations

A useful characteristic of the quantum algorithm to model a
many-body system of Dirac particles is that it uses the same protocol for
local collisions and local translations used to model the dynamical behav-
ior of the one-body problem governed by the Dirac equation. Therefore,
the computational overhead associated with the action of the unitary oper-
ators is fixed for both the one-body and many-body cases. What differs is
the number of quantum states (configurations of qubits) that must be dealt
with in the numerical simulation.

To model all the dynamics of many Dirac particles, we use an
interfering set of probability amplitudes defined on the lattice. All these
probability amplitudes, considered as an ordered finite set of complex
numbers, constitutes a discrete amplitude field with 2¢ complex compo-
nents for a quantum computer with Q qubits. With 4 qubits per node on
a body-centered cubic lattice with V = L3 nodes, the quantum state of the
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system is the following tensor product:

4. L Ly b
|\v(t)>=®®®® lq(x, y,2,1). (107)
g=1x=1 y=]1 z=1

The quantum algorithm amounts to unfolding a quantum mechani-
cal evolution operator into an ordered sequence on 2-qubit quantum gate
operations. We have analytically determined an accurate approximation of
the local Hamiltonian, say #, for the nth lattice site, finding it to be the
Dirac Hamiltonian o, ® 6 - pc + 0y ® Imc? with momentum p = (py, py, p;)
and the Pauli spin matrices ¢ = (oy, 0y, 0;). The Dirac Hamiltonian is an
effective local Hamiltonian. The total system Hamiltonian H formally gen-
erates the quantum mechanical evolution:

N
ozl:e—i'HAt/ﬁ:@e—i]f,,At/ﬁ, (108)
n=0

represented by a 2€ x 2€ matrix. An analytical expression of H could have
an infinite number of terms due to the Campbell-Baker-Hausdorff the-
orem and the non-commutability of the quantum gates ([#,, # ] #0).
Nevertheless, this is a crucial feature of the quantum algorithm: it is possi-
ble to numerically compute an accurate approximation of H, a many-body
Dirac Hamiltonian, as a total system generator of the spacetime evolution.
It is in this sense that the quantum algorithm is isomorphic to a Feynman
path summation.

In general, the quantum mechanical evolution is expressed as a
Schrodinger propagation equation as follows:

W (t+1)) =U|V (1)) (109)

Equation (109) has an implied operator ordering that must be retained in
the quantum algorithmic representation. ¢ depends on the local unitary
operator % =%, which changes the probability amplitudes on each node
independently. So the L3-fold tensor product over the lattice nodes is the
total quantum system evolution operator:

U= . (110)

Therefore, the specifying the many-particle form of the quantum algo-
rithms (92) and (106) entails representing . and % in (110) in terms of
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conservative and local 2-qubit quantum gates. This is accomplished using
fermionic ladder operators in a second quantized representation.

With &l,&a, and n =&£&a denoting the fermionic creation, annihila-
tion, and number operator, respectively, of the ath qubit (1 <a <4L?), the
collision operators (89) are the following:

Tap(0) = 1—isin0(alap +akae) + (€050 — 1) (g +7ip)
—2cosbOnqng (111a)

Yap(0) = 1+sin0(a}ap —ahaq) + (080 — 1) (g +7ip)
—2cosOngfig, (111b)

where « and g index different qubits at the same site.(!) Then (89) are
rewritten as

) — X130)224(0) (112a)
P = X12(0)234(0) (112b)
YD — U150)Y34(6). (112¢)

213 applications of either 2,5 or %,z are required for a single collision
pp B B q g
step.
Streaming occurs by successive application of the interchange opera-
tor(12)

Sow=1+4ala,+ala, —h, +4,. (113)

(L —1)® number of applications of S‘,w (u refers to one qubit-component
at some site and v to the same component at its neighboring site) are
required to stream each qubit along a cubic lattice direction.

The total evolution operator E is the product of collision operators
and % and streaming operator S corresponding to algorithm (92) or some
variant of (104) depending on the desired degree of numerical accuracy.

With the new ket |W/'(r + At)) =E|W(t)), the resulting probability of
finding a particle at site x is

4
P(%)= Z (WA |9, (114)

where « the index of the Ist qubit at X.

With 4 qubits per node, the local propagator % is represented by a
16 x 16 size matrix. This appears to be larger than necessary, because there
are only 4 component to a Dirac spinor. However, for the purpose of
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being able to model a many-body quantum system, we require one qubit
for each component of the Dirac spinor.

One may strive to execute the maximum possible number of quantum
gates in parallel to save physical time in the actual implementation because
of the experimental limitations due to de-phasing related to spin-spin de-
coherence and spin relaxation. The issue of operator ordering is handled
intrinsically by the quantum algorithm in the case when quantum gates
are applied in parallel to different and non-overlapping pairs of qubits (see
Table 1).

4.2.1. Algorithmic Complexity

To quantify the algorithmic complicity associated with evolving the
modeled quantum wave function by one unit time Az, we count the
total number of required basic quantum logic operations. We count each
conservative collide operator, Z and # defined in (111), as one basic
quantum logic operation. So according to (112), the quantum mechani-
cal collide operators each take 2 basic quantum logic operations. Further-
more, we count the operation (113) of streaming a single qubit between
neighboring nodes as one basic quantum logic operation. That is, stream-
ing a single component of the Dirac spinor along one orthogonal lattice
direction (cubic lattice vector) counts as one quantum logic operation.

The algorithmic complexity for numerical simulations a system of
Dirac particles in 3+1 dimensions for one time step scales as C =2p.L>
+ps(L — 1)3, where p, and p; are the number of operations per node
for collisions and streaming, respectively. This measure of the algorithmic
complexity counts the total number of quantum gate operations required
to updated the modeled wave function, whether or not those operations
are performed in a serial or parallel fashion. For the simplest algorithm
(92), pc =5 and p; =12, and for the improved algorithm (104), p. =12
and py =24. Both p. and p; double when we use a symmetrized rule
like (106) but are a fixed-cost overhead. With Q =4L3 qubits, the size of

Table 1. Summary of the number of local quantum gate oper-
ation per node

Algorithmic variant EQ. No. 2p. ps  TortaL Ops.
Standard 92) 10 12 22
Interleaved (104) 24 24 48

Symmetrized interleaved  (106) 49 48 97
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the Hilbert space is exponential 22, whereas the complexity C =5 Q + py

[0 - %(ZQ)% + %(2Q)’i‘ — 1] for all the variants of our quantum algorithm
is dominantly linear in Q.

5. CONCLUSION

5.1. Summary

We have presented a solution of Feynman’s chessboard problem in
3+1 dimensions. With this result, we have shown how to design a quan-
tum algorithm suitable for implementation on a quantum computer to
accurately model one or more Dirac particles. In the one-body case, the
mechanical wave equation is the Dirac equation (or Weyl equation in the
case when m =0). We say the quantum computer performs analog com-
putation because it relies on one physical quantum mechanical system (a
system of qubits with only local qubit-qubit interaction) to model another
physical quantum mechanical system, a relativistic Dirac system. Each
qubit contained within the quantum computer is embodied by a two-
level quantum system, such as a spin-% nucleus. Every quantum logic gate
operation between local qubit pairs may be embodied by a local inter-
action Hamiltonian, say a secular dipolar Hamiltonian for the spin-spin
coupling.

The initial state of a quantum node is an unequally weighted super-
position of states over the Hilbert space of that node, generated by tip-
ping, or rotating, each qubit of the quantum node independently. The
quantum algorithm approximates a spatially continuous wave function
using a numerical grid with finite resolution, and that provides a natural
cut-off. From the point-of-view of the modeler, there exists a small numer-
ical grid-level scale below the physical microscopic scale of the modeled
quantum mechanical system.

Through the combined actions of the unitary collision and translation
operators, all the quantum mechanical pathways of the possible motions
of the modeled quantum particles are numerically treated. The numerical
model can be viewed as a kind of kinetic system of locally interacting spins
on the small grid-level scale. There also exists a large scale, which corre-
sponds to the long wavelength limit of the dynamical modes in the discrete
spin system. This numerical large scale is equivalent to the physical micro-
scopic scale where the many-body wave function of the modeled quantum
mechanical system in question is well defined. A continuous wave function
is accurately approximated as one approaches the continuum limit where
the grid resolution of the spatial lattice become infinite (the lattice cell size
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approaches zero). In the long wave length limit, the dynamical amplitude
field is both continuous and differentiable in space and time. An emergent
effective field theory, such as (96) or (105), is analytically determined by
Taylor expanding a finite-difference equation representation of the dynam-
ics. What is physical in the model is the finite-difference equation. That is, it
1s this finite-difference equation that governs the dynamical amplitude field.
The effective field theory, such as (96) or (105), is actually a partial differ-
ential equation of infinite order. Only the low-order time and space partial
derivatives are numerically relevant during the early stage of evolution of
the wave function and all the higher order partial derivatives are considered
error terms during this early stage.

5.2. Final Remarks

The method can be used to analytically derive the relativistic
Hamiltonian for a small number of Dirac particles. For example, the few-
body Hamiltonians, and the associated coupled set of partial differential
equations of motion, will be presented in a subsequent paper. In any case,
to be a practical and useful algorithm, it must have at least second-order
convergence which means that decreasing the grid cell size by a factor of
two causes the numerical error inherent in the algorithm to decrease by a
factor of four. We have demonstrated it is possible to improve the numerical
convergence of the quantum algorithmic method to meet this requirement.

All the qubits in the quantum computer must remain phase-coherent,
1e. globally entangled, over the entire course of the quantum com-
putation. In any practical experimental implementation, this quantum
algorithm may therefore require the use of extra qubits to correct for
bit-flip and phase errors,!3 % significantly increasing the number of
required qubits per node.

Quantum logical operations are embodied in the spin-spin coupling
mechanism, or some other mathematically equivalent two-qubit coupling
mechanism appropriate to the particular experimental realization. The form
of a naturally occurring interaction Hamiltonian can be effectively altered
by applying appropriately timed spin rotations using externally applied elec-
tromagnetic pulses, whose frequency, strength, polarization, and pulse dura-
tion depends on the particular experimental realization, so that the natural
coupling along with the program of externally applied pulses together cause
the desired quantum lattice-gas collision operation. (1>=17

5 A subsequent paper will address how to use nuclear magnetic resonance spectroscopy of a
solid-state crystal with a secular dipolar Hamiltonian for two spin-% nuclei to emulate both
the quantum lattice-gas collision and stream operators for numerically predicting space-time
dependent solutions for the wave function of a system of Dirac particles.
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In relativistic formuatlions one typically sees space and time as intrin-
sically coupled, yet the quantum algorithm presented here based on local
stream and collide operators rigidly seems to enforce a Galilean-like sepa-
ration between space and time-space and time are geometrically coupled
in a regular lattice structure. Yet since the fundamental stream and col-
lide operators do not commute, the continuous Lorentz transformations
of special relativity emerge in the long-wave length limit. Furthermore, the
dynamical equation of motion governing the continuous four spinor field
modeled by this method remains invariant under the Lorentz transforma-
tion, but only in the continuum limit. The four spinor field may be treated
as a continuous Dirac field in the case when the lattice has infinite resolu-
tion (this is, when the lattice cell size is infinitesimal). So any Galilean-like
separation can occur only at a very small scale. If the operative relativis-
tic quantum mechanical evolution is generated by the Dirac Hamiltonian,
leading to an effective field theory perfectly first order in its space and
time derivatives, then the small scale (lattice cell size) must be infinitesi-
mal, and hence it would always be beyond experimental detectably. How-
ever, if a discrete sub-lattice were a physical property of spacetime, and it
had a finite cell size (perhaps on the order of the Planck scale), then there
may be physical significance to the hyper bcc spacetime lattice. It remains
an outstanding open problem to determine whether or not it is possible
experimentally to measure any lattice property of spacetime, such as a fun-
damental grid size.
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