Physics-272 Lecture 20

e AC Power
e Resonant Circuits

e Phasors (2-dim vectors, amplitude and phase)



What is reactance?

You can think of it as a frequency-dependent resistance.

v L For high w, XC’"O_ | |
C wC - Capacitor looks like a wire (“short”)
For low w, X2
- Capacitor looks like a break
For low w, x;~0
XL — wlL - Inductor looks like a wire (“short”)

For high w, x; =2
- Inductor looks like a break
(inductors resist change in current)

("XR":R)



An RL circuit 1s driven by an £ sin ot *J—f—%

: =P
AC generator as shown 1n the ) =
figure. }

For what driving frequency ® of the generator, will the
current through the resistor be largest

a) m large @(&) sm@ ¢) independent of driving freq.

The current amplitude is inversely
proportional to the frequency of the
generator. (X; =oL)



Alternating Currents: LRC circuit = )—
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V; = IX; V=1L % —

i ; - q

!..-*"
-~ b &—— EEEEIEJEH e T8

Vi — ‘r\ <A Figure (b) has

Ve = IR X >X. and (c) has
0 X <X, .
Vo= IR L¢Ac¢
(h) (c)

Using Phasors, we can construct the phasor diagram for an LRC
Circuit. This is similar to 2-D vector addition. We add the phasors

of the resistor, the inductor, and the capacitor. The inductor phasor is
+90 and the capacitor phasor is -90 relative to the resistor phasor.

Adding the three phasors vectorially, yields the voltage sum of the
resistor, inductor, and capacitor, which must be the same as the
voltage of the AC source. Kirchoff's voltage law holds for AC circuits.

Also Vyand T are in phase.




Phasors

v

VR
Problem: Given V. . =¢_sin(w?), 1
find V,,, V,, Vi, Iy I, I, —C L

_©_|
Strateqy:

We will use Kirchhoff’s voltage law that the (phasor)
sum of the voltages V,, V., and V, mustequal V..




Phasors, cont. W

Problem: Given V. =< _sin(o?), —C L

2. Next draw the phasor for V,. Since the
inductor voltage V, always leads I, >
draw V, 90" further counterclockwise. The

length of the V, phasoris I, X, =1 oL




Phasors, cont.

Problem: Given V. =< _sin(o?),
find Vi, V,, Vo I, I, 1

Draw V, phasor along x-axis (this direction is
chosen for convenience). Note that since V,
= IR, this is also the direction of the current
phasor i,. Because of Kirchhoff’s current
law, I, =1.=1,=1 (i.e., the same current flows
through each element).




Phasors, cont.

Problem: Given V. =< _sin(o?), C L
find Vi, V,, Vo I, I, 1 |

3. The capacitor voltage V. always lags
I > draw V. 90" further clockwise.

The length of the V. phasor is
I- Xo=1/0C

The lengths of the phasors depend on R, L, C, and w.
The relative orientation of the V,, V,, and V. phasors is
always the way we have drawn it. Memorize it!




Phasors, cont.

Problem: Given V. _=¢_sin(wr), C L

The phasors for Vg, V;, and V. are Vil ¢,

added like vectors to give the drive /

voltage Vp + V + Vo =¢,: ; >
R

*From this diagram we can now easily calculate
quantities of interest, like the net current I , the
maximum voltage across any of the elements,
and the phase between the current the drive
voltage (and thus the power).



Voltage V(r) across AC source

v(r) = \/ (V.) +(V, =V.)* cos(ax + ¢) V. =1IR
vV, =1IX,
Z\/(IR)2+(IXL-IXC)2 cos(ax + @) Vo— X,

:]\/(R )2 +(X,-X_) cos(ax + @)= IZ cos(ax + ¢)

Z = \/(R)2 +(X,-X_.) Z is called "impedance”

Vi—- Vo wL-1/aC

tan ¢ = = V, = IX
VR R L~ AL

Also:

V=v"=1Z Like: Vo=1IR

Vrms = IrmsZ

1 =1cosax

v =V cos(ax + @)




LRC series circuit;
Summary of instantaneous
Current and voltages

V, = IR
V, =IX,
V. =IX,

)
t) =IX . cos(a)t — 9()) = Iécos(a)t — 9())
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v () =1 (X, P +( X, - X ) cos(ex +9)
V.= V¢ _oL-1/aC
vV, R




Alternating Currents: LRC circuit, Fig. 31.11

v (V) Y&F Example 31.4

V=50v
®=10000rad/s
R=3000hm
L=60mH
C=0.5uC




Clicker problem
A series RC circuit 1s driven by

emf € Which of the following
could be an appropriate phasor
diagram? t t
Vil ¢ €
m A
-/; > Ve / > > ZR >
VY ' & Ve ‘;\ €m
(a) (b) (c)

a For this circuit which of the following is true?
(a) The drive voltage 1s in phase with the current.
(b) The drive voltage lags the current.

(¢) The drive voltage leads the current.




Clicker problem

A series RC circuit is driven by ‘ |
emf € Which of the following
could be an appropriate phasor CP
diagram?

(a) (b) (c)

* The phasor diagram for the driven series RLC circuit always has the
voltage across the capacitor lagging the current by 90°. The vector sum
of the V. and V; phasors must equal the generator emf phasor ¢,...



For this circuit which of the following

Clicker problem ‘ I I

1S true?

(a) The drive voltage 1s in phase with the

current.

(b)T

e drive voltage lags the current.

(c) T

ne drive voltage leads the current.

First, remember that the current phasor I is

always in the same orientation as the resistor

voltage phasor V, (since the current and voltage
1 are always in phase). From the diagram, we see

\Z¢_> that the drive phasor ¢, is lagging (clockwise) 1.

Just as V. lags I by 90° in an AC driven RC
circuit, the drive voltage will also lag I by some

angle less than 90°. The precise phase lag ¢
depends on the values of R, C and .



LRC Circuits with phasors...

\ A where . . .
AN
IR
—O- e rae]
X\ wC

The phasor diagram gives us graphical solutions for gand I:

IXLAlIXC 81721:[2(R21(XL_XC)2)
&

XL_XC] [e =IJR*+(X, - X_.) IZ]

R

m

?)
Ik [tan Q=

Z=|R+(X,-X.)




LRC series circuit;
Summary of instantaneous
Current and voltages

V, = IR
V, =IX,

)
Ve (r)= IX - cos(ar —90) = Iécos(a)t -90)

v, (r)= IX, cos(ax +90) = IwL cos(ax +90)
Et)=v, (t)=1Z cos(ax + ¢) = £ cos(ax + ¢)

Vi—- Ve X,-X,

VR R Z:\/(XR)2+(XL'Xc)2

tan @ =




Lagging & Leading

The phase ¢ between the current and the driving emf depends on the
relative magnitudes of the inductive and capacitive reactances.

£
[I - ]
Z

|

X, > X,
¢>0
current
LAGS
applied voltage

XL_XC

tan ¢ =

R

S
I /Z L
NS R

X, <X,
¢p<0
current
LEADS
applied voltage

X, =wlL

X, =
\_ @ C

Xy

= N

X¢

X, =X,
$=0
current
IN PHASE WITH

applied voltage



Impedance, Z

* From the phasor diagram we found that the current amplitude
I was related to the drive voltage amplitude ¢, by

E =172
« Zis known as the “impedance”, and is basically the

frequency dependent equivalent resistance of the
series LRC circuit, given by:

4
“ Impedance 1Z X, -X
Triangle” / I‘XL _XC‘ —}% ‘ L C‘
R

I R

( )

_&, ) _ 2 . R

* Note that Z achieves its minimum value (R) when ¢ = 0. Under
this condition the maximum current flows in the circuit.




Resonance

e For fixed R, C, L the current [ will be a maximum at the
resonant frequency @ which makes the impedance Z

purely resistive (ZD= R). 1.e., ;o £
CZ \/R2 +(XL _Xc)2
reaches a maximum when: X, =X,

This condition is obtained when:

1 1
wL = — = |w =
wC [ Vv LC ]
* Note that this resonant frequency is identical to the
natural frequency of the LC circuit by itself!

« At this frequency, the current and the driving
voltage are in phase: X, - X,

tan ¢ = —=%
4 R

=0



Resonance
Plot the current versus @, the frequency of the voltage

SOUrce.

* For wvery large, X; >> X, ¢ 2 90°,
120

* For wvery small, X >> X;, ¢ 2 -90°,
120

I(A)

Example: vary R 05 ¢
V=100 v 0.4
®w=1000 rad/s 03 L
R=200,500,20000hm | p
L=2H
C=0.5 uC 0'

o 500 1000 1500 2000 ¢

t © 2004 Poarson Education, Inc., pu



Clicker: a general AC circuit containing a
resistor, capacitor, and inductor, driven by an AC
generator.

1) As the frequency of the circuit 1s either raised
above or lowered below the resonant frequency,
the impedance of the circuit

< a) always increases >

b) only increases for lowering the frequency below resonance
c) only increases for raising the frequency above resonance

2) At the resonant frequency, which of the following 1s true?

a) The current leads the voltage across the generator.

b) The current lags the voltage across the generator.
@e current is in phase with the voltage across the generator. >




» Impedance = Z = sqrt( R? + (X;-X)?)
* At resonance, (X;-X) =0, and the
impedance has its minimum value: Z = R

e As frequency is changed from
resonance, either up or down, (X;-X,) no
longer 1s zero and Z must therefore
increase.

Changing the frequency away from the resonant frequency will change both the
reductive and capacitive reactance such that X, - X 1s no longer 0. This, when
squared, gives a positive term to the impedance, increasing its value. By
definition, at the resonance frequency, I is at its greatest and the phase angle

max

1s 0, so the current 1s in phase with the voltage across the generator.



Announcements

Finish AC circuits (review resonance
and discuss power)

Move on to electromagnetic (EM)
waves

Mini-quiz on maghetic induction



IpRue iAo re8BRing

(another application of
magnetic induction)

St pagpodgant
beodnhebarhé hot |

Special inducti

%‘W\}E?é cooI(war'e that

can sustain magnetic flux



ELT the ICE man
(a mnemonic for phase rela‘rlonshlps

Also a heavy metal band
from Missouri (Eli the
Iceman). Inspired by
"AC/DC" ?



LRC Circuits with phasors...

-

1X,

where . . .

IX:

a)C

The phasor diagram gives us graphical solutions for gand I:

I1X, 1 I1X,
)

m

ot

e =1%(R

’ +(XL _Xc)z)
U

R

X, —X
IR [tan¢= L

C] [e = IR+ (X, -X,) IZ]

Z=|R+(X,-X.)




Lagging & Leading

The phase ¢ between the current and the driving emf depends on the
relative magnitudes of the inductive and capacitive reactances.

|

X, — X
_ E m tan — L C
(5] et
XL
Z
XL
@ >
2 \KR
Z
X¢ X,
X, > X, X, <X,
¢>0 $p<0
current current
LAGS LEADS

applied voltage

applied voltage

7

N
X, =wlL

X . !
\_ wC )

Xy

= N

X¢

X, =X,
$=0
current
IN PHASE WITH

applied voltage



Impedance, Z

* From the phasor diagram we found that the current amplitude
I was related to the drive voltage amplitude ¢, by

E =172
« Zis known as the “impedance”, and is basically the

frequency dependent equivalent resistance of the
series LRC circuit, given by:

4
“ Impedance 1Z X, -X
Triangle” / I‘XL _XC‘ —}% ‘ L C‘
R

I R

( )

_&, ) _ 2 . R

* Note that Z achieves its minimum value (R) when ¢ = 0. Under
this condition the maximum current flows in the circuit.




Resonance

e For fixed R, C, L the current [ will be a maximum at the

resonant frequency @ which makes the impedance Z

purely resistive (ZD%E@:i e Sn

< \/R2 +(XL _XC)2

reaches a maximum when: X, =X,

This condition is obtained when:

1 1
wL = — = | =
wC [ Vv LC ]
* Note that this resonant frequency is identical to the
natural frequency of the LC circuit by itself!

« At this frequency, the current and the driving
voltage are in phase: X, - X,

tan ¢ = —=%
4 R

=0



Resonance
Plot the current versus @, the frequency of the voltage

* For wvery large, X; >> X, ¢ 2 90°,
120

* For wvery small, X >> X;, ¢ 2 -90°,
120

I(A)

Example: vary R 05 ¢
V=100 v 0.4
®w=1000 rad/s 03 L
R=200,500,20000hm | p
L=2H
C=0.5 uC 0'

o 500 1000 1500 2000 ¢

t © 2004 Poarson Education, Inc., pu



4) Fill in the blanks. This circuit 1s being

X, driven 1tS resonance

_ frequency.

IR b) below

IXe c) exactly at
5) The generator voltage the current.
(a) leads>
b) lags

) 1s in phase with



Power in LRC circuit

i(t)=I(t)cos(ar); v, )=V cos(ar + ¢)

The instantaneous power delivered to L-R-C is

P(t)=i (t)va p (t)=V cos(ar + @)I cos(ar)
We can use trig identities to expand the above to,

P(r) = V[cos(wt)cos(¢) — sin(a)t)sin(¢)]l cos(ar)
= VI cos” (ax)cos(@)— VI sin(ax ) cos(ax )sin(g)

P = <P(t)> =VI <0082 (a)t)> cos(@)—VI <sin(a)t)cos(a)t)> sin(¢)

=VI <C082 (a)t)> cos(¢) =VI (%j COS(¢)
1

P = <P(t)> = EW cos(¢) = TTCOS( )

P =Viuslrus COS(¢)




Power in LRC circuit, continued

P = (P(0) = VI 005(6) = Vs s co5(0)

General result. Vs is voltage across element, I s is current
through element, and ¢ is phase angle between them.

Example; 100Watt light bulb plugged into 120V house outleft,
Pure resistive load (no L and no C), ¢ = 0.

2
p=1 v =Ym

rms rms
R

2 2
= Vi _ 120
P 100

ave

;o= twe 10005y
V. 120

rms

Note: 120V house voltage is rms and has peak voltage of 120 V2 = 170V
Question: What is P,y for an inductor or capacitor?

= 1440

®=90°



Not a clicker question

If you wanted to increase the power
delivered to this RLC circuit, which
modification(s) would work?

- N Note: ¢ fixed.

a) increase R d) decrease>

I XL

IXe

b) increase C @eerease D
¢) increase L @eorease L>

IT) Would using a larger resistor increase the

current?




IXp

- Power ~ Icos@ ~ (1/Z)(R/Z) = (RIZ?)

 To increase power, want Z to 1)1;.
decrease:
 L: decrease X; = decrease L IXc

 C:increase X = decrease C

« R: decrease Z = decrease R

Since power peaks at the resonant frequency, try to get
X; and X to be equal by decreasing L and C. Power
also depends inversely on R, so decrease R to increase
Power.



Summary

e Power

“power factor” 1
f *\ g rms - T gm
(Pt))=¢, 1 cos@

=(1,,) R [ZE\/R2+(XL—XC)2:

\. J

e Driven Series LRC Circu{f’: - Jic

e Resonance condition
e Resonant frequency



