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CHAPTER 1. INTRODUCTION

The DUMAND! project, currently under construction in Hawaii, will be used to
study high energy neutrino interactions. DUMAND may be operational as a detector
with an area of 20000 m? and a volume of 2 108 m3 of sea water in a few years. The
detector will consist of strings of photomultiplier(PM) tubes located several thousand
meters below the surface of the pacific.

Possible sources of neutrinos detectable in such PM tube arrays are atmospheric
neutrinos, neutrinos from accelerators, and very high energy neuntrinos generated by
violent astrophysical processes. Proposed sources of neutrinos with energies up to
1016 eV are the, so called, Active Galactic Nuclei.

Of special interest is the case where a neutrino interacts with an electron to
produce a W™ boson.

Ve +e W o ve + €

This is so because at the resonanse, where the center of mass energy is equal
to the mass of the W™, the cross section for the above reaction becomes very high.
The resonant energy for this reaction is 6.4 1019 eV. So the electron produced from
the decay of the W™ will have energy up to 6.4 1019 eV. This electron will generate

an electromagnetic cascade shower, and the purpose of the present work is to study

1Deep Underwater Muon And Neutrino Detector



such showers.

At high energies the cross sections for bremsstrahlung and pair production should
decrease in dense media (here water) due to the so called Landau-Pomeranchuk -
Migdal effect (LPM effect). This is in contrast to the ’classical’ Bethe- Heitler (BH)
cross sections which are energy independent at high energies. Our calculations are
based on the LPM cross sections.

In Chapter 2 we review electromagnetic showers and we introduce the LPM effect,
and in Chapter 3 we describe the method we used to simulate the electromagnetic

showers. The last two Chapters present the results and our conclusions.



Obviously, an electromagnetic shower can also be initiated by a photon.

The Bethe-Heitler theory

Bethe and Heitler in 1934 calculated the cross sections for bremsstrahlung. It
turns out that the radiative processes of electrons take place at distances from the
nucleus that are large compared with the nuclear radius. So, the screening effect of
the atomic electrons is often important. Bethe and Heitler treated this effect using the
Fermi-Thomas model of the atom. They found that the importance of screening in a
radiation process, in which an electron of energy Eo emits a photon with fractional

energy v, where v = W/Eo and W is the energy of the photon, is determined by the

quantity,

2
y = 100mEe§ ~1f—vz—1/3 (2.1)

where 7 is the atomic number of the medium and me is the mass of the electron.
The screening is more important for smaller v. When v is close to zero we have
‘complete’ screening. As Ep becomes larger v decreases for given v. If Eo is large
enough (say greater than 109 eV), screening can be considered as ‘complete’ for all
photon energies. Since we are going to consider very high energies we give below only
the formulas which correspond to the case of ’complete’ screening (v ~ 0).

Let us define here the concepts of radiation length and critical energy, which are
very useful in shower theory.

The radiation length is that thickness of a medium which reduces the mean

energy of a beam of electrons by a factor of e. It is given, approximately, by 7]

716.4A

Z(Z + 1)In(287VZ) (22)

Xo =




Here Z and A are the atomic number and mass number of the atoms of the medium.
In the above formula Xg is given in g/cm2. To express it in cm we just divide by
the density.

The radiation length of a mixture or compound is approximated by

XLO -y ){—1 (2.3)
i

where f; and X; are the fractional weight and the radiation length of the iy, element.

The critical energy Ec is defined as the energy where the average energy loss

of an electron due to radiation is equal to the average energy loss due to collision

processes. Above E¢ radiation losses dominate, while below E¢ lonization 1s more

important. E¢ is given approximately by

800 MeV

€T Z4+1.2 (2.4)

After these definitions we are ready to consider the Bethe-Heitler(BH) result for
bremsstrahlung in the case of complete’ screening.

Let @,B H (Eo,v)dv denote the probability per radiation length that an electron
of energy Eo will emit a photon of fractional energy in the interval v + dv where

v = W/Ep and W is the energy of the photon. Then QTBH(EO, v)dv is given by the

expression, [1)
oBH (E, v)dv = %{1 +(1—0)2 —(2#25)(1 o)} (2.5)

where b is given by
1

 18In(1912~1/3)

Of course the same formula is valid for positrons.

b (2.6)




The photon is emited in some angle with respect to the electron initial direction.

The root mean square angle of emission of photons can be expressed by

mec2 EO
in

EO meC2

(0242 = o(Eo, W, 2) @7)

where g(Eo, W, Z) is a function which is always of the order of magnitude of one.
Bethe and Heitler calculated in the same paper the cross setion for pair produc-
tion. The phenomena of bremsstrahlung and pair production are closely related, so
the formulas that describe them are very similar.
Again, the screening is important. For the case of a photon of energy W which
produces an electron-positron pair, with the electron carrying fractional energy u,
where u = E/W, and E is the energy of the electron, the importance of screening is

determined by the quantity,

2
mec 1 ~-1/3
~ 00 Wo u(l—u)Z (2.8)

The screening is more important the smaller the v. When 7 is close to zero we have
‘complete’ screening. As before, screening can be considered as ‘complete’ if the
energy of the photon is greater than 109 eV. We only consider this case here.

Let @I?H(Wo, u)du denote the probability per radiation length that a photon of
energy Wo will produce an electron-positron pair with the electron carrying fractional
energy in the interval u -+ du where u = E/W,y and E is the energy of the electron.

Then @I‘?H(Wo, u)du is given by the expression,
2
oBH (W, u)du = {u2 F(1 - )+ (5 = 20u(l - u)} du (2.9)

where b is the same as above.
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E(s):l-}—{ ”3} s elso,1] (2.20)
Insg
=1,s > 1
=2 ,8 < 8o
where, /
/2 2Z\/3
% = Tog (2.21)
Also,
sm(st
Gls) = 48s {4 2] sinh(t/2) } (2:22)
and
00
$(s) = 1252 -/ coth(z/2)e™ **sin(sz) dz — 6rs2 (2.23)

Numerical values for G(s) and ¢(s) are given in Table 2.1. In the limit that s ap-

proaches zero we have,

lim Gi(s) = 12752 (2.24)
lim ¢(s) = (2.25)
s—0

X, is the radiation length of the medium expressed in centimeters. Note that
equations (2.18) and (2.19) are in a system of units with A = ¢ = me = 1, s0 to use

these two equations we need to divide all energies by the electron mass me = 0.5 108
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the final results are consistent with other calculations, and this justifies our choice.

Then a random number generator is used to give a random number in the interval
(0,1). If this random number is less than 1/3, we have bremsstrahlung in this step (at
the midlle of the step). Otherwise, we take further steps (with new random number
each time), until we have the radiation process.

Since the random number generator is very important for our calculation, we
give in Figure 3.1 a frequency distribution for one million random numbers given by
the generator used. As we can see the distribution is very close to the ideal.

Now, we have to decide the energy of the radiated photon. This is done by
taking a new random number r and finding the photon energy W = Egu, by solving

numerically the equation,

1—h

" J10-5

v
oM (Bo,v) dv = [ g @ "M (Bo,v) do (3.3)

for v.

Pair production is treated in a very similar way. The total probability per radi-

ation length is given by,

1—
PEPM (w,) = / T LPM (o, u)du (3.4)
0
where
_ 2m302 (3 5)
g - Wo .

for the rest energy of the pair. Here we take the lower limit as zero, since there is
no divergence problem. The same random number techniques are used to determine
the point where the process takes place and the distribution of the energy in the

electron-positron pair.
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CHAPTER 4. RESULTS

Following the procedure described in the previous chapter we obtain the distri-
bution of the energy deposited in the water. This was done for four different showers.
Since we are using random number techniques in the calculations, noticable varia-
tions in the final result are produced. Then we average the four showers to obtain

an ’average’ shower.

The longitudinal profile

The showers are very confined in the direction of the primary electron (see next
section). That is, most of the particles travel along the z-direction, and most of the
energy is deposited very close to the z-axis.

Therefore, a quantity of great interest is the energy deposited per unit length as
a function of the distance travelled along the z-axis. In Figures 4.1, 4.3, 4.5 and 4.7
we give this result for the four different showers. The same results are presented in
Figures 4.2, 4.4, 4.6 and 4.8 in logarithmic scale. The results for the ’average’ shower
are given in Figures 4.9 and 4.10.

We see that the energy deposit rises almost exponentially, reaches a maximum
at about 20 radiation lengths, and drops again exponentially (slower this time). This

is the typical profile for electromagnetic showers (7).
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Figure 4.1: Energy deposit vs distance in the direction of the primary electron, for
the first shower
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Figure 4.2: Energy deposit vs distance in the direction of the primary electron, for
the first shower
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Figure 4.3: Energy deposit vs distance in the direction of the primary electron, for
the second shower
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Figure 4.4: Energy deposit vs distance in the direction of the primary electron, for
the second shower
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Figure 4.5: Energy deposit vs distance in the direction of the primary electron, for
the third shower



27

Energy deposit
Log{dE/dz) GeV/m
650 I | I [ I

6.00 —

550 -

500 — —

4.50 — —

3.50 — —

250 — —]

150 — ]

0.50 — -

0.00 10.00 20.00 30.00 40.00 50.00 60.00

Figure 4.6: Energy deposit vs distance in the direction of the primary electron, for
the third shower
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Figure 4.7: Energy deposit vs distance in the direction of the primary electron, for
the fourth shower
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Figure 4.8: Energy deposit vs distance in the direction of the primary electron, for
the fourth shower



30

Energy deposit
dE/dz GeVim x 109

140 1 [ I I
1.30 — -
1.20 — ]
110 — —
1.00 -
0.90 - —
0.80 — —

0.70 — —

0.50 - —
0.40 - —
0.30 -
020 -

0.10 — —

0.00 — |
| | | | | | o

Figure 4.9: Energy deposit distance In the direction of the primary electron, for the
‘average’ shower
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The transverse profile

Of course, the showers have some spreading in the xy plane (transverse plane).
In Figures 4.11 and 4.12 we give the energy deposited per unit length, as a function
of distance in the x-direction. It must be obvious that for certain x we integrate over
all y and z. The same quantity for the y-direction is given in Figures 4.13 and 4.14.
The above refer to the 'average’ shower.

We observe that the showers develop very close to the z-axis. This is because for
high energies the emitted particles travel almost in the same direction as the primary
particle, as can be seen from formulas (2.7} and (2.10). As the energy decreases
particles are emitted at larger angles. But these are low energy particles which lose
all their energy before going too far. So the showers do not spread too much in the
transverse direction. We also see that the distributions are almost the same along
the x and y directions, as they should be because of symmetry.

Also, the showers are very narrow during the first stages of development and they
spread out more in the final stages. We can see this by giving the same functions as
above, but this time keeping z constant. That is for certain x we only integrate the y
coordinate. This is done in Figures 4.15 to 4.19 where we give the energy deposited
per unit length in the x-direction, for five different distances along the z-axis. As we
can see, the shower is very narrow for small z where all the particles are emitted in

very small angles, and it spreads out more as the energy of the particles decreases.
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Figure 4.11: Energy deposit vs distance in the x-direction for the average’ shower
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Figure 4.12: Energy deposit vs distance in the x-direction for the 'average’ shower
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Figure 4.14: Energy deposit vs distance in the y-direction for the ’average’ shower
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Transverse energy deposit for constant z
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Figure 4.15: Energy deposit in the x-direction at z2=3 radiation lengths
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Transverse energy deposit for constant z
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Figure 4.17: Energy deposit in the x-direction at z=20 radiation lengths
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Transverse energy deposit for constant z
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Figure 4.18: Energy deposit in the x-direction at z=30 radiation lengths
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Figure 4.19: Energy deposit in the x-direction at z=40 radiation lengths
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Comparison of the results with other calculations

Misaki [10] has also studied electromagnetic showers in water with the LPM
effect, using an entirely different approach. He focuses mostly on the transition
curves of electron number. In other words he calculates the number of electrons per
unit length, as a function of the distance travelled in the direction of the primary
particle. These curves are very similar to the ones we calculated for the energy
deposited along the z-axis, that is, the shape of the curves is approximately the same
and the maxima almost coincide [7].

In Table 4.1 we give Misaki’s results for the depth of shower maximum Tmaz
for various initial energies. We also give his results for the full width half maximum,
FWHM, of the electron transition curves. The threshold energy for these values 1s
109 eV (only electrons with energy higher than the threshold are counted). The
depth and the FWHM values are given in units of radiation length both for LPM
and BH showers.

According to Table 4.1, the maximum depth for a shower with initial energy 6.4
1015 eV will be about 18 radiation lengths without the LPM effect and about 20
radiation lengths with the effect. Of course, this is for the electron transition curves,
but as we said this maximum almost coincides with the one of the energy distribution
curves. Also the FWHM for an LPM shower of the same energy is about 14 radiation
lengths according to Table 4.1.

From Figures 4.9 and 4.10 we see that the maximum energy deposit for our
showers occurs at about 20 radiation lengths, and the FWHM for our 'average’ shower
is about 13.2 radiation lengths. So our results are consistent with those obtained by

Misaki.
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Table 4.1: Depth of shower maximum according to Misaki’s calculations

EojeV 5 108 1017 108 10009 100 10%
TLEM 18 24 38 78 200 569 1696
B 17 19 99 24 26 29 31
FWHMLPM 13 16 28 75 923 676 2049
FwHMBH 12 13 14 15 15 16 17

Table 4.1 also shows that the LPM effect is important for the energies we are
considering, and if we go to even higher energies the difference with BH showers is
really impressive. For instance at 1021 eV the maximum of a BH shower is at 31

radiation lengths, while for a LPM shower it is at 1696 radiation lengths !
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