
Formulae for Classical Mechanics

Action and Hamiltonian

I =

∫ t2

t1

dtL(qk(t), q̇k(t), t), H ≡
∑

i

q̇i

∂L

∂q̇i

− L

Particle of charge Q in EM field

L =
m

2
ṙ2 + Q(ṙ · A − φ), B = ∇× A, E = −∇φ − Ȧ

Center of mass and relative coordinates (2 bodies)

R =
m1r1 + m2r2

m1 + m2
, r = r1 − r2

Angular momentum

J ≡
∑

k

rk(t) ×
∂L

∂ṙk

=
∑

k

rk × pk

Galilei boost in the x-direction

x′ = x − vt, y′ = y, z′ = z, t′ = t

Lorentz boost in the x-direction, relativity

x′ = γ(x − vt), y′ = y, z′ = z, t′ = γ(t − vx/c2)

c2dt′2 − dx′2 − dy′2 − dz′2 = c2dt2 − dx2 − dy2 − dz2

L = −mc2

√

1 −
1

c2

(

dr

dt

)2

, p ≡
mv

√

1 − v2/c2

Differential cross section

dσ

dΩ
=

1

sin θ
b(θ, E)

∣

∣

∣

∣

db

dθ

∣

∣

∣

∣

, b = impact parameter

General small oscillation Lagrangian

L =
1

2

∑

ij

Mij q̇iq̇j +
∑

ij

Aij q̇iqj −
1

2

∑

ij

Kijqiqj + O(q3)

Orthonormal mode vectors, M = mI, A = 0, K = mΩ2

Ω2Vl = ω2
l Vl,

∑

j

V j
l V j

l′ = δll′ ,
∑

l

V j
l V j′

l = δjj′

qi(t) =
∑

l

Ql(t)V
i
l , Ql(t) =

∑

i

V i
l qi(t)
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Jacobian elliptic function sn(z, k2) and Complete Elliptic Integral

z =

∫ sn(z,k2)

0

du√
1 − u2

√
1 − k2u2

, K(k) ≡
∫ 1

0

du√
1 − u2

√
1 − k2u2

Ellipse or hyperbola in polar coordinates:

r(ϕ) =
p

1 + e cos ϕ
, a =

p

|1 − e2|
, b =

p
√

|1 − e2|
, (x0, y0) =

(

ep

e2 − 1
, 0

)

Kinetic Energy of Rigid Body

T =
M

2
V 2 +

1

2

∑

ab

ωaωbIab, Iab ≡
∑

k

mk(δabr
2
k − ra

kr
b
k)

Angular Momentum of Rigid Body

Sa =
∑

b

Iabω
b, J = R × P + S

Euler’s Equations

dω1

dt
+

I3 − I2

I1
ω2ω3 =

N1

I1
,

dω2

dt
+

I1 − I3

I2
ω1ω3 =

N2

I2
,

dω3

dt
+

I2 − I1

I3
ω1ω2 =

N3

I3

Hamilton’s equations

ṗk = −
∂H

∂qk

, q̇k =
∂H

∂pk

Poisson Bracket

{f, g} ≡
∑

k

(

∂f

∂qk

∂g

∂pk

−
∂f

∂pk

∂g

∂qk

)

Canonical Transformations

F1(q,Q, t) = F : pk =
∂F1

∂qk

, Pk = −
∂F1

∂Qk

, H̄ = H +
∂F1

∂t

F2(q, P, t) = F + QP : pk =
∂F2

∂qk

, Qk =
∂F2

∂Pk

, H̄ = H +
∂F2

∂t

Hamilton-Jacobi Equation

∂S(q, t)

∂t
= −H

(

∂S

∂q
, q, t

)

Action-Angle Variables

Ik ≡
∮

pkdqk

2π
, wk =

∂S0

∂Ik

, ωk =
∂E

∂Ik
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Cartesian Coordinates Spherical harmonics Ylm(✓,�)

1. rf =
@f
@x

i+
@f
@y

j +
@f
@z

k Y00 =
1p
4⇡

2. r ·A =
@Ax

@x
+

@Ay

@y
+

@Az

@z
Y11 = �

r
3

8⇡
sin ✓ ei�

3. r⇥A =

⇣@Az

@y
� @Ay

@z

⌘
i+

⇣@Ax

@z
� @Az

@x

⌘
j +

⇣@Ay

@x
� @Ax

@y

⌘
k Y10 =

r
3

4⇡
cos ✓

4. r2f =
@2f
@x2

+
@2f
@y2

+
@2f
@z2

Y22 =
1

4

r
15

2⇡
sin

2✓ ei2�

5. r2A = r2Ax i+r2Ay j +r2Az k Y21 = �
r

15

8⇡
sin ✓ cos ✓ ei�

Cylindrical Coordinates Y20 =

r
5

4⇡

✓
3

2
cos

2✓ � 1

2

◆

1. rf =
@f
@⇢

⇢̂+
1

⇢
@f
@'

'̂+
@f
@z

ẑ Y33 = �1

4

r
35

4⇡
sin

3✓ ei3�

2. r ·A =
1

⇢
@
@⇢

�
⇢A⇢

�
+

1

⇢
@A'

@'
+

@Az

@z
Y32 =

1

4

r
105

4⇡
sin

2✓ cos ✓ ei2�

3. r⇥A =

⇣
1

⇢
@Az

@'
� @A'

@z

⌘
⇢̂ Y31 = �1

4

r
21

4⇡
sin ✓

�
5 cos

2✓�1
�
e
i�

+

⇣@A⇢

@z
� @Az

@⇢

⌘
'̂+

1

⇢

⇣ @
@⇢

�
⇢A'

�
� @A⇢

@'

⌘
ẑ Y30 =

r
7

4⇡

✓
5

2
cos

3✓ � 3

2
cos ✓

◆

4. r2f =
1

⇢
@
@⇢

⇣
⇢
@f
@⇢

⌘
+

1

⇢2
@2f
@'2

+
@2f
@z2

Y20 =

r
5

4⇡

✓
3

2
cos

2✓ � 1

2

◆

Spherical Coordinates Y20 =

r
5

4⇡

✓
3

2
cos

2✓ � 1

2

◆

1. rf =
@f
@r

r̂ +
1

r
@f
@✓

✓̂ +
1

r sin ✓
@f
@'

'̂ Y20 =

r
5

4⇡

✓
3

2
cos

2✓ � 1

2

◆

2. r ·A =
1

r2
@
@r

�
r2Ar

�
+

1

r sin ✓
@
@✓

�
A✓ sin ✓

�
+

1

r sin ✓
@A'

@'
Y20 =

r
5

4⇡

✓
3

2
cos

2✓ � 1

2

◆

3. r⇥A =
1

r sin ✓

h @
@✓

�
A' sin ✓

�
� @A✓

@'

i
r̂ Y20 =

r
5

4⇡

✓
3

2
cos

2✓ � 1

2

◆

+
1

r

h
1

sin ✓
@Ar

@'
� @(rA')

@r

i
✓̂ +

1

r

h@(rA✓)

@r
� @(Ar)

@✓

i
'̂ Y20 =

r
5

4⇡

✓
3

2
cos

2✓ � 1

2

◆

4. r2f =
1

r2
@
@r

⇣
r2

@f
@r

⌘
+

1

r2 sin ✓
@
@✓

⇣
sin ✓

@f
@✓

⌘
+

1

r2 sin2✓

@2f
@'2

Y20 =

r
5

4⇡

✓
3

2
cos

2✓ � 1

2

◆

Selected integrals and sums

1. If Re(a) > 0,

Z 1

0

dz e�az2
=

1

2

r
⇡
a
,

Z 1

0

dz e�az2z =
1

2a
,

Z 1

0

dz e�az2z2 =
1

4

r
⇡
a3

,

Z 1

0

dz e�az2z3 =
1

2a2

2.

Z 1

�1
dz e�az2�2bz

=

r
⇡
a
e
b2/a

3.

Z ⇡/2

0

dx
p
sinx = 1.19814

4.

Z x du
sinu

= ln


tan

⇣x
2

⌘�

5.

Z x du
cosu

= ln


tan

⇣x
2
+

⇡
4

⌘�

6.
1X

n=0

xn
=

1

1� x
; |x| < 1



Constants

↵ = e2/~c
��
cgs gaussian

= e2/(4⇡✏0~c)
��
SI
= 1/137

~c = 197 MeV· fm
h = 6.626⇥10

�34
J· s = 4.136⇥10

�15
eV· s (Planck)

c = 299,792,458 m/s

e = 1.602⇥10
�19

C = 4.803⇥10
�10

esu

R = 8.31 J/(K·mol)

k = 1.38⇥10
�23

J/K = 8.62⇥10
�5

eV/K (Boltzmann)

NA = 6.022⇥10
23

/mol (Avogadro)

G = 6.674⇥10
�11

N ·m2
/kg

2

µ0 = 4⇡⇥10
�7 �

N/A
2
or H/m or T·m/A

�

✏0 = 1/(µ0c
2
) = 8.854⇥10

�12
F/m

1/(4⇡✏0) = 8.99⇥10
9
N ·m2

/C
2

g = 9.80 m/s
2

Rearth = 6.378⇥10
6
m (radius of earth)

Mearth = 5.972⇥10
24

kg (mass of earth)

me = 9.109⇥10
�31

kg = 0.5110 MeV/c
2
(electron mass)

mp = 1.673⇥10
�27

kg = 938.3 MeV/c
2
(proton mass)

me = 1.675⇥10
�27

kg = 939.6 MeV/c
2
(neutron mass)

m⇡± = 139.6 MeV/c
2
(charged pion mass)

m⇡0 = 135 MeV/c
2
(neutral pion mass)

mK± = 494 MeV/c
2
(K-meson mass)

mµ = 106 MeV/c
2
(muon mass)

Conversion factors

1m = 10
10

Å = 10
15

fm

1T = 1Wb/m
2
= 10

4
G

1 eV = 1.602⇥10
�19

J

1 year = 3.16⇥10
7
s

T/K = T/ �
C+ 273

1 cal = 4.186 J
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Formula Sheet

Vector Identities

a⇥ (b⇥ c) = (a · c)b� (a · b)c
(a⇥ b) · (c⇥ d) = (a · c)(b · d)� (a · d)(b · c)

r⇥ (r⇥ a) = r(r · a)�r2
a

r · ( a) = a ·r +  r · a
r⇥ ( a) = r ⇥ a+  r⇥ a

r · (a⇥ b) = b · (r⇥ a)� a · (r⇥ b)

r⇥ (a⇥ b) = (r · b)a� (r · a)b+ (b ·r)a� (a ·r)b

Theorems From Vector Calculus

Z

V
(�r2

 +r� ·r ) d3r =

I

S
�r · dS (Green’s first identity)

Z

V
(�r2

 �  r2
�)d

3
r =

I

S
(�r �  r�) · dS (Green’s second identity)

Legendre Polynomials

The Legendre Polynomials Pl(x) are solutions of the di↵erential equation

d

dx


(1� x

2
)
dPl(x)

dx

�
+ l(l + 1)Pl(x) = 0.

They satisfy Rodriegue’s formula

Pl(x) =
1

2ll!

d
l

dxl
(x

2 � 1)
l
.

The first four polynomials are

P0(x) = 1, P1(x) = x, P2(x) =
1

2
(3x

2 � 1), P3(x) =
1

2
(5x

3 � 3x).

Legendre Polynomials are orthogonal over the domian �1  x  1:

Z 1

�1
Pl(x)Pl0(x)dx =

2

2l + 1
�ll0 .
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Associated Legendre Polynomials

The associated Legendre Polynomials P
m
l (x) are solutions of the di↵erential equation

d

dx


(1� x

2
)
dP

m
l (x)

dx

�
+


l(l + 1) +

m
2

1� x2

�
P

m
l (x) = 0.

Associated Legendre Polynomials are orthogonal over the domain �1  x  1:

Z 1

�1
P

m
l (x)P

m
l0 (x)dx =

2

2l + 1

(l +m)!

(l �m)!
�ll0 .

Associated Legendre Polynomials are defined by:

P
m
l (x) = (�1)

m
(1� x

2
)

m
2

d
m

dxm
Pl(x) m � 0,

P
�m
l (x) = (�1)

m (l �m)!

(l +m)!
P

m
l (x),

where Pl(x) are the Legendre Polynomials.

Spherical Harmonics

Spherical Harmomics Ylm(✓,�) are solutions of the di↵erential equation

✓
1

sin ✓

@

@✓

✓
sin ✓

@

@✓

◆
+

1

sin
2
✓

@
2

@�2

◆
Ylm(✓,�) = l(l + 1)Ylm(✓,�).

In terms of Associated Legendre Polynomials

Ylm =

s
2l + 1

4⇡

(l �m)!

(l +m)!
P

m
l (cos ✓)e

im�

Yl�m(✓,�) = (�1)
m
Y

⇤
lm(✓,�).

Spherical Harmonics are orthonormal

Z 2⇡

0
d�

Z ⇡

0
sin ✓ d✓ Y

⇤
lm(✓,�)Yl0m0(✓,�) = �ll0�mm0 .

The first two spherical harmonics are

Y00 =
1p
4⇡

, Y10 =

r
3

4⇡
cos ✓, Y1,±1 = �

r
3

8⇡
sin ✓e

±im�
.

A useful formula is

Yl0(✓,�) =

r
2l + 1

4⇡
Pl(cos ✓),

where Pl is a Legendre Polynomial.

The following functions admit an expansion in terms of Spherical Harmonics:

1

|r� r0| =
1X

l=0

lX

m=�l

4⇡

2l + 1

r
l
<

r
l+1
>

Y
⇤
lm(✓

0
,�

0
)Ylm(✓,�),

e
ik|x�x0|

|r� r0| = ik

1X

l=0

lX

m=�l

jl(kr<)h
(1)
l (kr>)Y

⇤
lm(✓

0
,�

0
)Ylm(✓,�),

where r< (r>) is the smaller (larger) of |x| and |x0|, jl(x) is a spherical Bessel function of the first kind and

h
(1)
l is a spherical Hankel function of the first kind.
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Bessel Functions

The Bessel functions of the first kind J⌫(u) and second kind N⌫(u) are two linearly-independent solutions of

the di↵erential equation

d
2
R(u)

du2
+

1

u

dR(u)

du
+

✓
1� ⌫

2

u2

◆
R(u) = 0.

The Bessel function of the first kind has a series representation

J⌫(u) =

⇣
u

2

⌘⌫ 1X

j=0

(�1)
j

j!�(j + ⌫ + 1)

⇣
u

2

⌘2j
,

where �(x) is the Gamma-function. Taylor expansions of the Bessel functions, valid when x ⌧ 1, are as

follows:

J⌫(u) !
1

�(⌫ + 1)

⇣
u

2

⌘⌫

N⌫(u) !
2

⇡

⇣
ln

⇣
u

2

⌘
+ 0.5772

⌘
⌫ = 0

N⌫(u) ! ��(⌫)

⇡

✓
2

u

◆⌫

⌫ 6= 0.

Asymptotic forms of the Bessel functions, valid when x, ⌫ � 1, are as follows:

J⌫(u) !
r

2

⇡u
cos

⇣
u� ⌫⇡

2
� ⇡

4

⌘
, N⌫(u) !

r
2

⇡u
sin

⇣
u� ⌫⇡

2
� ⇡

4

⌘
.

Bessel functions of the first kind are orthogonal over the interval a  ⇢  a:

Z a

0
⇢J⌫

⇣
u⌫n

⇢

a

⌘
J⌫

⇣
u⌫n0

⇢

a

⌘
d⇢ =

a
2

2
J
2
⌫+1(u)�nn0 ,

where u⌫n are the n
th

roots of the Bessel functions of the first kind i.e. J⌫(u⌫n) = 0 for n = 1, 2, 3, . . ..

Modified Bessel Functions

The Modified Bessel function of the first kind I⌫(u) and second kind K⌫(u) are two linearly-independent

solutions of the di↵erential equation

d
2
R(u)

du2
+

1

u

dR(u)

du
�
✓
1 +

⌫
2

u2

◆
R(u) = 0.

The Modified Bessel function of the first kind is related to the Bessel function of the first kind by

I⌫(u) = i
�⌫

J⌫(iu).

Taylor expansions of the Bessel functions, valid when x ⌧ 1, are as follows:

I⌫(u) !
1

�(⌫ + 1)

⇣
u

2

⌘⌫

K⌫(u) ! �
⇣
ln

⇣
u

2

⌘
+ 0.5772

⌘
⌫ = 0

K⌫(u) ! ��(⌫)

2

✓
2

u

◆⌫

⌫ 6= 0.

Asymptotic forms of the Bessel functions, valid when x, ⌫ � 1, are as follows:

I⌫(u) !
r

1

2⇡u
e
u
, K⌫(u) !

r
⇡

2u
e
�u

.
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Spherical Bessel Functions

The spherical Bessel functions of the first and second kind (respectively) are

jl(x) =

r
⇡

2x
Jl+ 1

2
(x) nl(x) =

r
⇡

2x
Nl+ 1

2
(x)

where J⌫(x) and N⌫(x) are Bessel functions of the first and second kind respectively.

The general solution of the Helmholtz equation in three spatial dimensions

(r2
+ k

2
) 

is

 (r, ✓,�) =

1X

l=0

lX

m=�l

[Almjl(kr) +Blmnl(kr)]Ylm(✓,�)

where Alm and Blm are constants.

The spherical Hankel functions of the first and second kind are

h
(1)
l (x) = jl(x) + nl(x), h

(2)
l (x) = jl(x)� nl(x).

Asymptotic forms for the spherical bessel functions are

jl(x) !
x
l

(2l + 1)!!
x ⌧ 1, l

nl(x) ! � (2l � 1)!!

xl+1
x ⌧ 1, l

jl(x) !
1

x
sin(x� l⇡

2
) x � l

nl(x) ! � 1

x
cos(x� l⇡

2
) x � l

h
(1)
l (x) ! (�1)

l+1 e
ix

x
x � l.

Maxwell’s Equations

Maxwell’s equations in SI units are

r ·D = ⇢f , r ·B = 0, r⇥E = �@B
@t

, r⇥H = Jf +
@D

@t
,

where D = "0E+P and B = µ0H+M.

Maxwell’s equations in Gaussian units are

r ·D = 4⇡⇢f , r ·B = 0, r⇥E = �1

c

dB

dt
, and r⇥H =

4⇡

c
Jf +

1

c

@D

@t
,

where D = E+ 4⇡P and B = H+ 4⇡M.

Covariant Electrodynamics in Gaussian Units

The Minkowski metric is

⌘µ⌫ = diag(1,�1,�1,�1).

The Farady tensor F
µ⌫

is F
µ⌫

= @
µ
A

⌫ � @
⌫
A

µ
. In components:

F
µ⌫

=

0

BB@

0 �Ex �Ey �Ez

Ex 0 �Bz By

Ey Bz 0 �Bx

Ez �By Bx 0

1

CCA .
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If the electric and magnetic fields in a frame S are given by E and B then the electric and magnetic fields

seen by an observer in a reference frame S
0
moving with velocity v relative to S are:

E
0
= � (E+ � ⇥B)� �

2

� + 1
� (� ·E) , B

0
= � (B� � ⇥E)� �

2

� + 1
� (� ·B) ,

where � = v/c and � = (1� �
2
)
�1/2

.

Maxwell’s equations in covariant form are

@µF
µ⌫

=
4⇡

c
J
⌫

and @[µF↵�] = 0

where J
µ
= (c⇢, J).

The covariant equation of motion for a point charge q in an electromagnetic field is

dU
µ

d⌧
=

q

mc
F

µ⌫
U⌫ ,

where U
µ
is the particle’s four-velocity and ⌧ is the proper time.

The energy-momentum tensor for the electromagnetic field is

T
µ⌫

=
1

4⇡

✓
⌘
µ↵

F↵�F
�⌫

+
1

4
⌘
µ⌫
F↵�F

↵�

◆
.

Electromagnetic Waves

The Poynting vector is

S = E⇥H SI units

S =
c

4⇡
E⇥H Gaussian units.

When the fields E and H are complex, the time-averaged Poynting vector can be found by replacing

E⇥H ! E⇥H
⇤
/2.

Th retarded Green’s function for the wave equation is

✓
r2

x � 1

c2

@

@t2

◆
GR(x, t;x

0
, t

0
) = �4⇡�(t� t

0
)�

3
(x� x

0
) : GR(x, t;x

0
, t

0
) =

�(t
0 � tR)

R

⇤xGR(x� x
0
) = �

(4)
(x� x

0
) : GR(x� x

0
) =

1

2⇡
⇥(x

0 � x
00
)�[(x� x

0
)
2
],

where R = |x� x
0| and the retarded time tR = t�R/c.
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Electromagnetic Radiation in SI units

The magnetic vector potential in the far zone (r � d where d is the source size) is

A =
µ0

4⇡

e
i(kr�!t)

r

Z
d
3
x
0
J(x

0
)e

�ikn·x0

where r = rn. When kd ⌧ 1 the radiation can be separated into multipole components. The lowest

multipoles are

A(x) = � iµ0!

4⇡
p
e
i(kr�!t)

r
(Electric Dipole)

A(x) =
ikµ0

4⇡
(n⇥m)

e
i(kr�!t)

r
(Magnetic Dipole)

where p is the electric dipole moment of the source and m is the magnetic dipole moment. For electric

quadrupole radiation, the angular power spectrum and total power radiated is

dP

d⌦
=

c
2
Z0

1152⇡2
k
6|[n⇥Q]⇥ n|2 and P =

c
2
Z0k

6

512⇡2
QijQ

ij

respectively, where Z0 =

p
µ0/"0 is the impedance of free space, and Qi = Qijn

j
with

Qij =

Z
d
3
x
0
⇢(x

0
)(3x

0
ix

0
j � x

0
kx

0k
�ij)

the symmetric traceless electric quadrupole tensor.

Fields of Moving Sources & Radiation-Reaction

The Liènard-Wiechert potentials for the field of a moving point charge q moving with velocity v(t) at position

r(t) are

�(x, t) =


q

(1� � · n)R

�

ret

A(x, t) =


q

(1� � · n)R

�

ret

,

where � = v/c, R = Rn with R = |x � r(t)|, and a subscript “ret” indicates that the quantity should be

evaluated at retarded time tR = t�R/c. The electric and magnetic fields corresponding to these potentials

are

E = q


n� �

�2(1� � · n)3R2

�

ret

+
q

c

"
n⇥ [(n� �)⇥ �̇]

(1� � · n)3R

#
, B = [n⇥E]ret,

where � = (1� �
2
)
�1/2

.

The Larmour formula for the instantaneous power emitted a point charge moving at non-relativistic

speeds � ⌧ 1 is

P =
2q

2

3c3
v̇
2

����
ret

.

The Abraham-Lorentz formula for the motion of a point charge q under the influence of an external force

Fext including the e↵ects of radiation-reaction is

m(v̇ � ⌧ v̈) = Fext

where ⌧ = 2q
2
/(3mc

3
).
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Vector Operators in Various Coordinate systems

Cartesian Coordinates

r� =
@�

@x
x̂+

@�

@y
ŷ +

@�

@z
ẑ

r · F =
@Fx

@x
+
@Fy

@y
+
@Fz

@z

r⇥ F =

✓
@Fz

@y
� @Fy

@z

◆
x̂+

✓
@Fx

@z
� @Fz

@x

◆
ŷ +

✓
@Fy

@x
� @Fx

@y

◆
ẑ

r2
� =

@
2
�

@x2
+
@
2
�

@y2
+
@
2
�

@z2

Cylindrical Coordinates

r� =
@�

@⇢
⇢̂+

1

⇢

@�

@✓
✓̂ +

@�

@z
ẑ

r · F =
1

⇢

@

@⇢
(⇢F⇢) +

1

⇢

@F✓

@✓
+
@Fz

@z

r⇥ F =

✓
1

⇢

@Fz

@✓
� @F✓

@z

◆
⇢̂+

✓
@F⇢

@z
� @Fz

@⇢

◆
✓̂ +

1

⇢

✓
@

@⇢
(⇢F✓)�

@A⇢

@✓

◆
ẑ

r2
� =

1

⇢

@

@⇢

✓
⇢
@�

@⇢

◆
+

1

⇢2

@
2
�

@✓2
+
@
2
�

@z2

Polar Coordinates

r� =
@�

@r
r̂+

1

r

@�

@✓
✓̂

r · F =
1

r

@
(rFr) +

1

r

@F✓

@✓
+
@Fz

@z

r2
� =

1

r

@

@r

✓
r
@�

@r

◆
+

1

r2

@
2
�

@✓2

Spherical Coordinates

r� =
@�

@r
r̂+

1

r

@�

@✓
✓̂ +

1

r sin ✓

@�

@�
�̂

r · F =
1

r2

@

@r
(r

2
Fr) +

1

r sin ✓

@

@✓
(sin ✓F✓) +

1

r sin ✓

@F�

@�

r⇥ F =
1

r sin ✓

✓
@

@✓
(sin ✓F�)�

@F✓

@�

◆
r̂+

✓
1

r sin ✓

@Fr

@�
� 1

r

@

@r
(rF�)

◆
✓̂ +

1

r

✓
@

@r
(rF✓)�

@Fr

@✓

◆
�̂

r2
� =

1

r2

@

@r

✓
r
2 @�

@r

◆
+

1

r2 sin ✓

@

@✓

✓
sin ✓

@�

@✓

◆
+

1

r2 sin
2
✓

@
2
�

@�2

Solution of Laplace’s Equation in Spherical Coordinates

The General solution of Laplace’s equation r2
� = 0 in spherical coordinates (r, ✓,�) (� is the azimuthal

angle) when azimuthal symmetry is imposed is

�(r, ✓) =

1X

l=0

⇣
Alr

l
+Blr

�(l+1)
⌘
Pl(cos ✓),
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Where Al and Bl are integration constants, and Pl are Legendre polynomials.

In general, the solution of Laplace’s equation in spherical coordinates is

�(r, ✓,�) =

1X

l=0

lX

m=�l

⇣
Almr

l
+Blmr

�(l+1)
⌘
Ylm(✓,�)

where Alm and Blm are integrations constants and Ylm(✓,�) are the spherical harmonics.

Green’s Functions

The free-space Green’s function for the Laplacian operator in three spatial dimensions is

G(r, r
0
) =

1

|r� r0| .

This satisfies r2
G(r, r

0
) = �4⇡�

(3)
(r � r

0
). The free-space Green’s function for the Laplacian operator in

two spatial dimensions is

G(r, r
0
) = � ln (|r� r

0|) .

This satisfies r2
G(r, r

0
) = �2⇡�

(2)
(r� r

0
).

The general solution of Poisson’s equation, r2
�(r) = �⇢(r)/"0, is

�(r) =
1

4⇡"0

Z
d
3
r
0
⇢(r)G(r, r

0
)� 1

4⇡

X

i

I
dS

0

�(r

0
s)
@G(r, r

0
s)

@n̂0 �G(r, r
0
s)
@�(r

0
s)

@n̂0 .

�
,

where the sum runs over all surfaces where boundary conditions are imposed, and n̂ is a unit normal vector

directed into the surfaces where boundary conditions are specified.

Let  n(r) be the orthonormal eigenfunctions of the Laplacian operator with eigenvalues �n i.e. r2
 n(r) =

��n n(r) and Z
d
3
r
0
 
⇤
n(r

0
) m(r

0
) = �nm.

These eigenfunctions satisfy Dirichlet boundary conditions i.e.  n(rs) = 0. The Dirichlet Green’s function

may be decomposed as

G(r, r
0
) = 4⇡

X

n

 
⇤
n(r) n(r

0
)

�n
.
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