Formulae for Classical Mechanics

Action and Hamiltonian
b2 ) . 0L
I = [T, H=Y gL
t1 i 7

Particle of charge ) in EM field
L:%#JFQ(?%-A—@, B=VxA E=-Vé—A

Center of mass and relative coordinates (2 bodies)
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Galilei boost in the z-direction
¥ =z —t, y =, 2 =z, =t

Lorentz boost in the z-direction, relativity
/

' =~(x —ot), vy =, 2 =z, t'=y(t —vz/c?)
Adt? —da? — dy”* — d2? = Adt* — da? — dy? — d2?

Loy LAY _mw
B 2 \dt)’ p = /T— 02/

Differential cross section

do 1 db
o sin@b(g’ E)‘@

, b = impact parameter

General small oscillation Lagrangian
1 . . 1
L = B ; M;;qiq; + ; AijGig; — 5 ; Kijqiq; + O(q%)

Orthonormal mode vectors, M = ml, A =0, K = m?

PV = WiV, Y ViVi=ae, Y WV =6
J l
a(t) = Z Qi) Qut) = Z Vigi(t)
l i
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Jacobian elliptic function sn(z, k?) and Complete Elliptic Integral

(k%) du U
z = / , K(k) =
0 V1—u2V1 — k2u? o V1—u2V1—k2u?

Ellipse or hyperbola in polar coordinates:

p p p ep
= _— = 57, b: 3 9 - 70
re) 1+ecosy’ ¢ |1 —e?| 11— €2 (%0, 30) (62—1 )

Kinetic Energy of Rigid Body
T = —V2 Zw“wblab, Iy =Y mi(Sari — rir})
k

Angular Momentum of Rigid Body
> Iaw', J=RxP+S
b

Euler’s Equations

%—l—[?’_ha@wg = &, @jtll_[gwlwg:&, % [2_[1w1w2:&
dt I I dt I I dt I3 I3
Hamilton’s equations
. OH . OH
Pr = —8—%7 qr = a—pk

Poisson Bracket

{f.9} = gk:(a_f@_a_f@>

g, Opr,  Opi, Oqi,

Canonical Transformations

8F1 0F1 = aF11
F t)=F: = — P,=—— H=H+ —
I(Q7Q7 ) Pk 8q1<;’ k ana + ot
(‘9F2 8F2 — aFQ
Fy(q, Pt)=F P: = = 22 H—HF+22
Hamilton-Jacobi Equation
05(q,t) oS
= —H|—,q,t
at aq Y q7
Action-Angle Variables
7 :j{pkqu o — 250 oo 9E
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Cartesian Coordinates

Lovr= i 2

04,  0A, 0A.

2. V- A= o oy o
PR s A

dz? oy 0y? t o2 0z
5. VPA=V’A,i+V?A,j+ VA k
Cylindrical Coordinates

of . 10f of .

1. Vf 8pp+*%cp+£
10 104,  0A.
2. V~A—;8—p(pAp)+pa¢ o
_(10A.  0ApN.
3. VXA—(p o 8z>
0A, 0A:N\. 170 04N
+(az op )‘°+p<ap(pA*°) &p)z
10/ of 1 0% 0%
4. 9N, 4 9]
Vif= pap( E)p)+ 2 0p? 022
Spherical Coordinates
of p 10f5, 1 0Of,
L Vi= o’ T 809 rsin@&‘goga
_ 190,24 1 0 1 0A,
2 V.Ai7"287“(TAT)+T51n080(A98m0) rsinf Oy
1 . 0Ap1 .
3. VXA-TSlne[ae(AwsmH) W]r
UL 04 3rA))g , 1100 A) _ OA)
rLsin€ Oy aor rlL Or 00
by 10 (p0fy, 1 0 ofy 1 oY
4 vf_r 2 0r ( 3r)+r2sin980(5m680) 72 5in%0 Op?

Selected integrals and sums

1. If Re(a) >0, / dze \/g / dze %2 :77
o az a22 3
/ dze” 1/(13,/ dze” :72
—az?2—2bz __ T b%/a
2. / dze —\/ie
a
/2
3. / dz Vsinz = 1.19814
0
* du T
4. / - —ln[tan(E)]
* x m
g / cosu ln{tan(2+z)}
6. > a"= Dozl <1

n=0

Spherical harmonics Y;., (6, ¢)

1
Yoo = —
00 v
Yii=— isin@ew
81
3
Y10 = Ecos@
_ L J15 . 2p ize
Yoo = 1\ 3, sin fe
1 )
Yor = — 15 sin 0 cos 0 e*®
81
573 o
Yoo = — | = —
20 i <2 cos”0 )
_ 1 /35 . 3, i3
Y33 = i\ 1 sin“fe
1 /105 26
Y30 = i\ o sin“f cosfe
1 /21 ;
Y3, = -1 —ﬂ_sm€(5c0329—1)e¢
_ 7T (5 3 3
Y30 = in (2 cos”0 5 cos 9)



Constants

Conversion factors

a= 62/hc’cgs gaussian = 62/(47l'60hc)‘5| =1/137

hc =197 MeV- fm

h=6.626x10"%"J.s = 4.136 x 10~ '®eV-s (Planck)

¢ = 299,792,458 m/s

e=1602x10""" C = 4.803x10" " esu

R = 8.31 J/(K-mol)

kE=1.38x10""*J/K = 8.62x10° eV/K (Boltzmann)
Na = 6.022x10** /mol (Avogadro)

G =6.674x10""" N-m?/kg’

o = 4w x 1077 (N/A2 or H/m or T-m/A)

€0 = 1/(poc®) = 8.854x10° "2 F/m

1/(47mep) = 8.99%10° N-m?/C?

g=9.80 m/s’

Reartn = 6.378x 10 m (radius of earth)

Mearin = 5.972x10°* kg (mass of earth)

me = 9.109x 107" kg = 0.5110 MeV/c” (electron mass)
mp = 1.673x 107" kg = 938.3 MeV/c® (proton mass)
me = 1.675x10°" kg = 939.6 MeV/c* (neutron mass)
m,+ = 139.6 MeV/c® (charged pion mass)

mo = 135 MeV/c® (neutral pion mass)

my+ = 494 MeV/c? (K-meson mass)

m, = 106 MeV/c® (muon mass)

Im=10"A = 10'° fm
1T =1Wb/m® =10* G
1eV =1.602x10"1J

1year = 3.16x10" s
T/K=T/°C+ 273
lcal =4.186 J



THERMODYNAMICS AND STATISTICAL PHYSICS

Formulas and constants

Thermodynamic functions and relations

H=E+pV F=E-TS G=E—-TS+pV
N
(=5 - G- (@

Maxwell relations

()s=—(8),  (B)s=(), (8, =@, (&)= (),

Specific heat

d d
=), o= (),
Entropy
S=kln S=—-kY,PInP, S = k(ln Z + BE)
Partition functions
Z=3,e Pt Z =Y, e FEr—al InZ =aN £3,In (14 e P

Clausius-Clapeyron equation

dp _ AS dp _ _Lip
aT — AV dT — T AV
Fermi energy (p = —kTa)
L 08 . — (BE . (8F . — _ (8G
Hi= (BNJ)E,V,N Hi = (BNJ')S,V,N Hi = (BNJ')T,V,N Hi = (BN:')T,p,N
Stefan-Boltzmann law
w2k
P=aoT*=a—-T"
60c2h®

Stirlings formula

1
1nN!:N1nN—N+§ln(27rN)+...



Useful Definitions and Equations

W) = w(x) = (x[y)

State vector, wave function:

(W) = /_mldl(x)lzdx=1

Normalization:

00

| eimuta

7

Measurement probability: P, = (a,p)* =

(A) = (p|Alyp) = Enan‘Pa,,

Expectation value:

Probability density: P(x) = [y(x)

b
Position probability: P = / | ()| > dx

A AL d
i=x, p= —ith—

Position representation: p
X

Energy eigenvalue equation: H|E,) = E,E,), Hg,(x) = E,p,(x)

o

Orthogonality: (E,|E,) = / @) Pm(x)dx = By

Completeness: |¢1> = EcnlEn), P(x) = zcn%(x)



Useful Definitions and Equations

v 1 . d
Schrodinger equation: iﬁall//(t» = H(?)|y(?))
Schrodinger time evolution: lg(1)) = 2 c, e—iE,,t/ﬁl E,)
Position-momentum commutator:. [ %, ﬁ] =
Momentum space wave function: o) = (ply) = ipx/fi gy
Momentum eigenstate: lp) = @, 53 = 1 ipx/h
27h
: h
de Broglie wavelength: NdeBroglie = E
Heisenberg uncertainty relation: AxAp = 5
Perturbation corrections: EQ = H,, = (nOH'|n®)
g = W)
2. (£9 - EO)
2

<f|H ()|i) e BB Py

Transition probability: Pp(t) = 23



Spin and Angular Momentum Relations

‘ h Ly
Spin eigenvalue equations: Sz|+> =a §|+)’ S )= 2\ )

Spin-1/2 eigenstates:

= 2 Sy =5
Spin-1/2 matrices: LAl 0) Q@ = 342 (1 0)
S; = 2.0 —1 4 \0 1
L (010 g oY
Sx — ——5 1 0 1 Sy == _—5 l 0 —i
010 0 i O
Spin-1 matrices: |
1 0 O 1 00
g, =000 @ 0 E= gl @ il @
OOl 0 01

32 jm;) = j(j + 1)#2|jm;)
I\jm;) = m|jm;)

Ty} = 81 + 1) = mfony = 1] 2oy £ 1)

Angular momentum:

| 27 = 2ym
Orbital angular momentum: LY7(6,¢) = et + )AY7(6, ),
LY{6,¢) = mhayy@, ),
Angular momentum commutators: [Jx,Jy] = [, [Jy,Jz] = i, [ I, Jx] =ifiJ,

[320] = [324,] = [320] =0

=0 23"
m=—4,..,°¢



Infinite squate well:

Hydrogen atom:

Harmonic oscillator:

!
»

Planck’s constant:
Speed of light:
Electron mass:

Proton mass:

Fine-structure constant:

Bohr radius:

Bohr magneton:

Bound State Systems

o —
aln) =\/1;|n—1)
atln) = Vn + 1|n + 1)

Fundamental Constants
7 = 6582 X 1076 eVs
¢ = 299792 458 m/s
m,c? = 511 keV

mp02 = 938 MeV

. gl
7 Ameghc | 137

ay = 0.0529 nm
7

73 = 1.40 MHz/Gauss
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Formula Sheet

Vector Identities

)=(a-c)b—(a-b)c
)=(a-c)(b-d)—(a-d)(b-c)
)=V(V-a) - V?a
V-(Ya)=a -Vy+1¢V-a
)
)
)

=b-(Vxa)—a-(Vxb)
=(V-b)a—(V-a)b+(b-V)a—(a-V)b

Theorems From Vector Calculus
/ (V%) + V¢ - Vip) dr = % oV -dS (Green’s first identity)
v s

/ (V) — pV2g)d3r = %(gbvw —9V¢)-dS (Green’s second identity)
v s

Legendre Polynomials

The Legendre Polynomials P;(z) are solutions of the differential equation

d dPi(x)
— (1 = )= 1)P(xz) = 0.
o= i+ a@ -0
They satisfy Rodriegue’s formula
1 d, .,
P(z) = ﬁ@(x -1)

The first four polynomials are
1., 1,
Py(z)=1, Pi(z)==z, Pz)= 5(31} -1), Ps(z)= 5(5&6 — 3z).

Legendre Polynomials are orthogonal over the domian —1 < x < 1:

2

:7(5 /.
A+1 "

[1 Py(z)Py(x)dx



Associated Legendre Polynomials
The associated Legendre Polynomials P/ (z) are solutions of the differential equation

Associated Legendre Polynomials are orthogonal over the domain —1 < x < 1:

Y o pm 2_(l+m)
/_1 Pl (.’IT)PZ/ (.’L‘)da? = mméll/.

Associated Legendre Polynomials are defined by:

M) = ()1 - ) F S R@) w0,
B @) = (1" e P ),

where P;(x) are the Legendre Polynomials.

Spherical Harmonics

Spherical Harmomics Y}, (6, ¢) are solutions of the differential equation

1 0 (. 0 1 9?2
(spap (005 + sy s ) Y (026) = 11+ 1Yin (0,6).

In terms of Associated Legendre Polynomials

20+1 (1 —m)!
pm imeo
TTmn’ (cosB)e

)/l—m(oa ¢) = (_1)mYlZ’L(07 QS)

Spherical Harmonics are orthonormal

Y'lm:

27 T
/ do / Sin 00 Y, (0, 6)Yirm: (0, 6) = St
0 0

The first two spherical harmonics are

1 /3 /3 .
Yoo = —. Yy = — 0. Y, = —4/—sin® :I:zqu'
00 \/57 10 471_ COs U, 1,+1 oy s e

20+1
47

A useful formula is

Yi0(0,¢) = Pi(cosb),

where P} is a Legendre Polynomial.
The following functions admit an expansion in terms of Spherical Harmonics:

) l
r—r z; Z 2l+1 l+1 lm(el ¢/) m(e ¢)7

zk|x X \

kz Z Gilkr OB (krs ) Vi, (0,6 Yin (0, ),

=0 m=—1

where 7~ (rs) is the smaller (larger) of |x| and |x'|, j;(z) is a spherical Bessel function of the first kind and
hl(l) is a spherical Hankel function of the first kind.



Bessel Functions

The Bessel functions of the first kind J, (u) and second kind N, (u) are two linearly-independent solutions of
the differential equation

d’R(u 1dR(u V2
du(2) ” di)—F(l )R(u):O.

The Bessel function of the first kind has a series representation

1= (3)" S e (5)

=0

u2

where T'(z) is the Gamma-function. Taylor expansions of the Bessel functions, valid when z < 1, are as

follows:
Tt = s (5)

I'(v+1)
2 U
N, () = = (ln (§> + 0.5772) v=0
r 2\"
Ny () = — L) () v #0.
T u
Asymptotic forms of the Bessel functions, valid when z, v > 1, are as follows:
2 vmw T 2 vmw T
Jy(u) — e (u—7 —1)7 N, (u) — —sin (u—7—1>

Bessel functions of the first kind are orthogonal over the interval a < p < a:

/oa Pl (ulmg) v (“””’g) dp = %QJEH(U)(SM/,

where u,,, are the n'® roots of the Bessel functions of the first kind i.e. J,(u,,) =0 forn =1,2,3,....

Modified Bessel Functions

The Modified Bessel function of the first kind I,,(u) and second kind K,(u) are two linearly-independent
solutions of the differential equation

d(fz(Qu) %d}i?) - (1 N 22) R(u) = 0.

The Modified Bessel function of the first kind is related to the Bessel function of the first kind by
I (u) = i7" J, (iu).

Taylor expansions of the Bessel functions, valid when = < 1, are as follows:

L(w) = ﬁ (3)

K, (u) = — (1n (%) + 0.5772) v=0

K, (u) — —¥ (i) V£ 0.

Asymptotic forms of the Bessel functions, valid when z, v > 1, are as follows:



Spherical Bessel Functions

The spherical Bessel functions of the first and second kind (respectively) are

)= ) o) = o

where J,(z) and N, (z) are Bessel functions of the first and second kind respectively.
The general solution of the Helmholtz equation in three spatial dimensions

(V2 + k%)
is

o) l
o(r,0,0) = Z [Amgji(kr) + Bimni(kr)] Yim (0, ¢)

1=0 m=—
where A4;,, and By, are constants.
The spherical Hankel functions of the first and second kind are

WY (@) = i) + m@). WP @) =) = m).
Asymptotic forms for the spherical bessel functions are

l

x
] —_— 1,1
@) = r<h
(20 — 1!
nl(x)g)i xl+1 £L'<<1,l
. 1 . I
Ji(z) — Esm(x—g) x> 1
1 lm
nl(x)%—;cos(x—i) x> 1
h (@) — (—1)”1% x> 1.
Maxwell’s Equations
Maxwell’s equations in SI units are
0B oD
V.-D=ps, V-B=0, VXE=—-——, VxH=J] vl
rr 8 ot 8 U
where D = ¢gE + P and B = pyoH + M.
Maxwell’s equations in Gaussian units are
1dB
V-D=4rpy, V-B=0, Vx E__CE’ and VXH——Jf

where D = E + 47P and B = H + 47 M.

Covariant Electrodynamics in Gaussian Units

The Minkowski metric is
N = diag(l, —1, -1, —1).
The Farady tensor F*¥ is F#* = gt AY — 0¥ A*. In components:
0 -E, —-E, -FE,
E, 0 —-B, By
E, B, 0 -B,
E, -B, B, 0

FHr —

10D
cot’



If the electric and magnetic fields in a frame S are given by E and B then the electric and magnetic fields
seen by an observer in a reference frame S’ moving with velocity v relative to S are:

2 2

r_ v
§(3-B), B'=y(B-§xE) - 118(3-B).

Y
y+1

E =y(E+8xB)-—

where f = v/c and v = (1 — %)~ /2.
Maxwell’s equations in covariant form are

4
b = ZJ" and 9, Fap =0

where J# = (¢p, J).
The covariant equation of motion for a point charge ¢ in an electromagnetic field is

w
AU _ 4 gy,
dr me

where U* is the particle’s four-velocity and 7 is the proper time.
The energy-momentum tensor for the electromagnetic field is

1 1
T = o (n“aFaﬁFﬁ” + 477’“’FQ5F°*5> .
i

Electromagnetic Waves

The Poynting vector is

S=E xH SI units

S = iE x H Gaussian units.
47

When the fields E and H are complex, the time-averaged Poynting vector can be found by replacing
ExH— E x H*/2.

Th retarded Green’s function for the wave equation is

/ J—
<V:2< - 012822) Gr(x, ;X' 1) = —4nd(t — )% (x —xX') . Gr(x, t;x,t) = LRtR)
0,Gr(z —2') =W (x —2'): Grz—2')= ;@(xo —2"%8[(x — 2)?],
7T

where R = |x — x| and the retarded time tg = ¢ — R/c.



Electromagnetic Radiation in SI units
The magnetic vector potential in the far zone (r > d where d is the source size) is
—
A = @M /d3X/J<X/)€7ikn<x’
4 r

where r = rn. When kd <« 1 the radiation can be separated into multipole components. The lowest
multipoles are

. i(kr—wt)
A(x) = 72'23:0 % (Electric Dipole)
ik i(kr—wt)
Ax) = 1417:0 (n x m)% (Magnetic Dipole)

where p is the electric dipole moment of the source and m is the magnetic dipole moment. For electric
quadrupole radiation, the angular power spectrum and total power radiated is
dP o 0220
dQ 115272

62Z0k6
51272

k°|nx Q] xn|* and P= Qz’jQij

respectively, where Zy = /0/€0 is the impedance of free space, and Q; = Q;;n/ with
Qij = /dSX’p(x’)(?)m;x; — x%x'kéij)
the symmetric traceless electric quadrupole tensor.

Fields of Moving Sources & Radiation-Reaction

The Lienard-Wiechert potentials for the field of a moving point charge ¢ moving with velocity v(t) at position

r(t) are - q B q
D(x,t) = [(l_f;.rl)RLt Alxt) = {(l—ﬁm)R]ret’

where 8 = v/¢, R = Rn with R = |x — r(t)|, and a subscript “ret” indicates that the quantity should be
evaluated at retarded time tg =t — R/c. The electric and magnetic fields corresponding to these potentials
are

Y PR el B = [n X Elur,
E q|:’)/2(1_6n)3R2 ’ [HX ] t

n—j g |nx[n—p)xf
]ret+6[ (1—,8'11)3R

where v = (1 — 2)~1/2,
The Larmour formula for the instantaneous power emitted a point charge moving at non-relativistic

speeds 8 < 1 is
_2¢% o

ret

The Abraham-Lorentz formula for the motion of a point charge ¢ under the influence of an external force
Foxt including the effects of radiation-reaction is

m(¥ — 7V) = Fex

where 7 = 2¢2/(3mc?).



Vector Operators in Various Coordinate systems

Cartesian Coordinates

0B 0D 0D,
N e P S

oF, O0F, O0F,

voF= 3x+37y 0z
_ (OF, OF, oF, OF.\ . 0F, OF.)\ .
VXF<6y 6z)x+<820x)er<6xay)z

2 2 2

VQ(I) ai+@+@

oxr2  0y? 022
Cylindrical Coordinates
ob, 109, 09,
afpp + - 89 + gz
voE= li@”+;§$éz

10F, OF)\ . (0F, OF.
( ‘az)p+<az éb)
1
o

90
g 182<I>+82
ap p2 062 022

Vo =

~ 1/0 0A
| = (pF)) = =L )3
041 (Siom - 252 )2

Polar Coordinates

vq):?;;;f ig?lé@F oF,
V-F=-=(rF,) 8;4;8z
Spherical Coordinates
V'F_Ti?%( “F) r511 9839(&119 0+ rsilnﬁzil;q5

1 0 O0Fy\ . 1 O0F, 10 ~ 1/ 0 oF.\ -

Vo E= rsind <89(Sm9F¢) ) ) i (rsin9 oo rav“(rF¢>) o r (87”<TF9> 00 ) ¢
o L0 (200) 1 0 (L ooey 1 o
Ve = 2or\| or + r2sin 6 00 s1n980 * r2gin? § 0¢?

Solution of Laplace’s Equation in Spherical Coordinates

The General solution of Laplace’s equation V2® = 0 in spherical coordinates (r,0,¢) (¢ is the azimuthal
angle) when azimuthal symmetry is imposed is

i (Alr + Bir™ H'l)) Pi(cosb),
1=0



Where A; and B; are integration constants, and P; are Legendre polynomials.

In general, the solution of Laplace’s equation in spherical coordinates is

) l

2(,0,6) =3 3 (A" + Bur™ ) Vi (6, 0)

=0 m=—1

where A, and By, are integrations constants and Y;,,, (6, ¢) are the spherical harmonics.

Green’s Functions
The free-space Green’s function for the Laplacian operator in three spatial dimensions is

1

e

G(r,r’)

This satisfies V2G(r,1r’) = —476®) (r — r'). The free-space Green’s function for the Laplacian operator in
two spatial dimensions is
G(r,r')=—-In(jr — ¢'|).
This satisfies V2G(r,r') = 2763 (r — /).
The general solution of Poisson’s equation, V2®(r) = —p(r)/eo, is

471'60

where the sum runs over all surfaces where boundary conditions are imposed, and 1 is a unit normal vector
directed into the surfaces where boundary conditions are specified.
Let 1, (r) be the orthonormal eigenfunctions of the Laplacian operator with eigenvalues \,, i.e. V21, (r) =

—An¥n(r) and
/d3r' () (v)) = S

These eigenfunctions satisfy Dirichlet boundary conditions i.e. 1, (rs) = 0. The Dirichlet Green’s function
may be decomposed as

G(r,x')=4ry %(r);:n(r’)_



