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1. Consider a non-relativistic particle moving in a potential 𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧), where 𝑉𝑉 is a  
 homogeneous function of degree 𝑑𝑑, i.e., 𝑉𝑉(𝜆𝜆𝑥𝑥, 𝜆𝜆𝑦𝑦, 𝜆𝜆𝑧𝑧) =  𝜆𝜆𝑑𝑑 𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧). To clarify  
 3𝑥𝑥2 + 2𝑦𝑦2 −  6𝑧𝑧2  + 4𝑦𝑦𝑧𝑧 + 𝑧𝑧𝑥𝑥 + 3xy is a homogeneous function of degree 2, while  
 �𝑥𝑥2 + 𝑦𝑦2 + 𝑧𝑧2  and  2𝑥𝑥 + 𝑦𝑦 − 3𝑧𝑧  are homogeneous functions of degree 1. 
 

(a) Verify that the scale transformations, (𝑥𝑥,𝑦𝑦, 𝑧𝑧)  →  (𝜆𝜆𝑥𝑥, 𝜆𝜆𝑦𝑦, 𝜆𝜆𝑧𝑧) and 𝑡𝑡 → 𝜆𝜆1−𝑑𝑑/2 𝑡𝑡    
  leave the equations of motion unaltered. [4 points] 

 

(b) Hence deduce that if  𝑥𝑥𝑖𝑖  = 𝑓𝑓𝑖𝑖 (𝑡𝑡) is one solution to the equations of motion,  
 𝑥𝑥𝑖𝑖𝑛𝑛𝑛𝑛𝑛𝑛(𝑡𝑡)  =  1

𝜆𝜆
𝑓𝑓𝑖𝑖�𝜆𝜆1−𝑑𝑑/2 𝑡𝑡�  is also a solution.  Here 𝑥𝑥𝑖𝑖 =  (𝑥𝑥,𝑦𝑦, 𝑧𝑧). [3 points]    

 
(c) If the original solution in (b) satisfied the initial conditions (at 𝑡𝑡 = 0) 

 𝑥𝑥𝑖𝑖(𝑡𝑡 = 0) = 𝑥𝑥𝑖𝑖0 and  
𝑑𝑑𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑

 |t=o = 𝑣𝑣𝑖𝑖0,  
what are the initial conditions for the new solution?  [3 points] 

 

(d) A particle moving in the potential 𝑉𝑉(𝑥𝑥,𝑦𝑦, 𝑧𝑧) starts off at 𝑡𝑡 = 0  at the point  
(𝑥𝑥0,𝑦𝑦0, 𝑧𝑧0) with initial velocity components �𝑣𝑣𝑑𝑑0, 𝑣𝑣𝑦𝑦0, 𝑣𝑣𝑧𝑧0�.  It reaches the point 
(𝑥𝑥′, 𝑦𝑦′, 𝑧𝑧′ ) at a time  𝑇𝑇  later.  If instead, this same particle started off at the point 
 (𝜆𝜆𝑥𝑥0, 𝜆𝜆𝑦𝑦0, 𝜆𝜆𝑧𝑧0) with initial velocity components �𝜆𝜆𝑑𝑑/2𝑣𝑣𝑑𝑑𝑥𝑥 ,   𝜆𝜆𝑑𝑑/2𝑣𝑣𝑦𝑦𝑥𝑥 , 𝜆𝜆𝑑𝑑/2𝑣𝑣𝑧𝑧𝑥𝑥�, 
show that it will reach the point (𝜆𝜆𝑥𝑥′, 𝜆𝜆𝑦𝑦′, 𝜆𝜆𝑧𝑧′ ), and work out when it will reach 
this point.   

            [Express the time in terms of  T.]   [10 points] 
 
(e) Consider a set of orbits with fixed eccentricity, which are parameterized by the 

major axis a.  Use your result in (d) above to deduce Kepler’s third law for 
planetary motion under Newtonian gravitation for these orbits (that is, show that 
τ2 ∝ a3, where τ is the orbital period). [5 points] 
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2.  Identical particles of mass m are constrained to move in a horizontal straight-line (one-
dimensional motion). The particles are connected by massless springs obeying Hooke’s 
Law, with identical spring constants, 𝛽𝛽 > 0. There is no friction in the system, and 
gravitational forces are neglected. The static, mechanical equilibrium condition is that 
each particle is separated by the same distance, 𝑎𝑎 > 0. The dynamics of the system are 
initiated by giving each particle a small displacement from its equilibrium position while 
at rest. Take the straight-line to be the 𝑥𝑥-axis. Then, each particle is located, in general, 
at, 𝑥𝑥(𝑛𝑛) = 𝑛𝑛𝑎𝑎 + 𝑞𝑞(𝑛𝑛), with 𝑛𝑛 = 0,1,2,3, … , (𝑁𝑁 − 1), where 𝑁𝑁 is the number of particles, 
and |𝑞𝑞(𝑛𝑛)| ≪ 𝑎𝑎, is a “small” deviation from static equilibrium.  

 
(a) Write the general expression for the kinetic energy of the 𝑁𝑁-particle system, and  

the general expression for the interaction potential energy of the 𝑁𝑁-particle 
system.  [5 points]  

  
(b)  Write the equations of motion of the 𝑁𝑁-particle system. [7 points]  

 
(c)  The solution of the equations of motion in which the particles are “out of phase” 

with each other (a longitudinal “traveling wave”) is written in the complex form: 
 

  𝑞𝑞(𝑛𝑛) = 𝐴𝐴𝑒𝑒𝑖𝑖(−𝜔𝜔𝑑𝑑+𝑘𝑘𝑛𝑛𝑘𝑘+𝜙𝜙), 𝑖𝑖2 = −1 (𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑥𝑥 𝑛𝑛𝑛𝑛𝑐𝑐𝑛𝑛𝑒𝑒𝑛𝑛, 𝑖𝑖), 
 

where 𝐴𝐴 > 0 is a real constant (amplitude), 𝜙𝜙 is a real constant (phase angle), and  
𝑘𝑘, 𝜔𝜔 are real numbers with, −∞ < 𝑘𝑘 < +∞,𝜔𝜔 ≥ 0. (The “real-part” of the 
solution may be taken at the end of the calculation, if needed.) This is a solution 
only if 𝜔𝜔 is a function of 𝑘𝑘; 𝜔𝜔 = 𝜔𝜔(𝑘𝑘), called the dispersion relation. Find the 
equation for the dispersion relation. Make a sketch of the dispersion relation.  
[7 points]  
[NOTE: For the purpose of obtaining the dispersion relation (a “bulk property”), 
one may use the 𝑁𝑁 → ∞ limit as this avoids the need for imposing boundary 
conditions at the “end points.”] 

 
(d)  Find the phase-speed of the wave, 𝑣𝑣, in the long-wavelength limit, |𝑘𝑘|𝑎𝑎 ≪ 1, 

called the “acoustic limit.” (What is the definition of “phase-speed”?) [6 points]  
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3. A chain of length 𝑐𝑐 and mass 𝑐𝑐 with constant mass per length 𝜇𝜇 = 𝑐𝑐/𝑐𝑐 is held 
above a table in a way that the lowest link of the chain is just touching the table. The 
highest point of the highest chain link is at position 𝑧𝑧(𝑡𝑡). The chain is released. The 
acceleration due to gravity is g.  Assume that each chain link comes to rest when it hits 
the bottom, and ignore friction.  Consider the chain to be a one-dimensional object. 

 
(a)  Using the Lagrange formalism, calculate the equation of motion for 𝑧𝑧. [6 points] 

 
(b)  Show that energy is conserved and determine the velocity of the highest chain 

link as a function of the height for 0 < 𝑧𝑧 < 𝑐𝑐. [8 points] 
 

(c) Calculate the time 𝜏𝜏 that it takes the chain to fall fully onto the table. Also 
calculate the time 𝜏𝜏0 that it takes the chain to fall freely, without any interference 
from the table, for the distance 𝑐𝑐. Where does the difference come from? [11 
points] 
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4.  As observed in an inertial frame S, two spaceships are traveling in opposite 
directions along straight parallel trajectories separated by distance d as 
shown in the Figure. The speed of each ship is c/2. 
 
At the instant of closest approach when the ships are along the dotted line, ship 1 
ejects a small package, which has speed 3c/4  (also as viewed from S). 

 
(a) What are the horizontal and vertical velocity components of the 

package in frame S  so that the package is received by ship 2?  
[5 points] 

 
(b) From the point of an observer in ship (1), at what angle must the 

package be aimed for it to be received by ship (2) ? (Assume the observer in 
ship (1) has a coordinate system whose axes are parallel to those of S.)  
[10 points] 

 
(c)  What is the speed of the package as seen by the observer in ship (1) ? 
 [7 points] 

 
(d) If instead a light beam is aimed from (1) towards (2), what is the 

speed of the light beam in the frame of S and in the frame of ship 1) ?  
[3 points] 
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1.
(a) Consider a point charge Q, located a distance d away from a neutral conducting

sphere of radius R.  What is the magnitude of the force exerted by the point
charge on the sphere? Is it attractive, repulsive, or does it require more
information to determine if the force is attractive or repulsive?
Explain your answer completely.
(Hint: Consider the method of images.) [15 points]

(b) Consider two solid conducting spheres, both of radius R, whose centers are
separated by a distance d, with d > 2R.  Suppose there is a charge Q1 > 0 on the
first sphere and a charge Q2 > 0 on the second sphere. Is the force between the
spheres always attractive, always  repulsive, or does it require more information
to determine if the force is attractive or repulsive?  Explain your answer
completely. [10 points]
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2.
A capacitor is formed from a two concentric metal spheres, an inner one with outer radius

, and an outer one of inner radius d. The region a < r < b is filled with material of𝑎
dielectric constant , the region b < r < c is vacuum , and the region c < r < d is filledε

1
ε
0

with material of dielectric constant . The inner sphere is charged to a potential V withε
2

respect to the outer sphere which is grounded (V = 0).

(a) Sketch the capacitor geometry and indicate the free charges on the inner and outer
spheres. [5 points]

(b) Determine the electric field for the 3 different dielectric regions: a < r < b,
b < r < c,  and c < r < d. [6 points]

(c) Determine the polarization charges at each of the 4 boundaries: r = a, b, c, d.
[6 points]

(d) Calculate the capacitance C of this capacitor. [8 points]
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3.
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4.
The A$pere and Faraday equatiors in non-magnetic, source-&ee. dielectric (possibly anisohopic) Eedia are

a5VxH=-
dt

n " E: -Fr#
Consider dre propagation of elecEomagEtic platre waves ir a particutar adsotropic crystal. The tields are gir.en by

4(i 4.= tiu.rt''-* n , where_ tqe vector amPlitude flo is a cotrstant (with sinli.lar exprcssions for S1;. 11 and [1;. 1,1.)
nle relation between D and E in the anisotropic crystal is given by 6-r E.where the dielectrii iensor witb
respect lo a particular sei of (r,/,2) coordioates has the form

l"r" 0 0.1

.:.,, lo nZ ol- lo o ,3J
The reAactive indices no and n. are the ordho? atd. qtraordinary indices, respectively. This teNor relation
Eplies- in general. that D is not parallel to E (itrstead. th€re is genemlly a small asgle p between the two.)

a) SubstitrJte the giv€n fonn of the fields into the Maxwell equations, and shor that k Do, and go fonn an
ofiboeonal triad of vectors. Indicaie their relative directions in a diagranr- [Hrr: Each derivative is equivalent to
a panicular multiplication. Do you recogfiize tie product?] [4 poillts]

b) civer that the Po)mthg vector is givelr by S : E x E. use Maxwell's equations together wi& dte previous
diagran to slrcw that the angle between k and S is the same as the angle p beh^,een D and E. (If pr 0 this
phenomenon is called Poynting rwtor ualtofi) [3 points]

c) Use the teusor equation to show that a plane $ave propagatiag witb i ll , does not exhibir any poynting vector
u'alkoff. [5 poixs]

d) Find the direction of propagation ( [. ; -a poUrit"ti- @) of a second plane wave that does not exldbit atry
Poyothg vector walkoff. [4 poitrts]

e) Consider a plane wave propagating in the direction i = (0. V{2, l/{2). wi& its D-field polarized i.n the r, z
pl e. ffn.= 2-2322 and n = 2.1566, 

"rlculate 
the Poytriirg vector walkoff a.n€ie p between kand S- in

delrees. [9 points]
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1. Consider a 1D quantum harmonic oscillator with mass m and frequency ω.
The normalized state |α〉 is defined as

,
where α=α0eiφ is a complex number.

(a) |α〉 is an eigenstate of the operator a. Find the eigenvalue. [5 points]

(b) Find 〈α| x(t) |α〉 and 〈α| x(t)2 |α〉, 〈α| p(t) |α〉 and 〈α| p(t)2 |α〉.  Define
|α(t)〉 =  exp[-iHt/ℏ] |α〉.  Show that |α(t)〉 is also an eigenstate of a, and find
the eigenvalue. [8 points]

(c) Find 〈N〉 = 〈α| N |α〉 and E = 〈α| H |α〉, where N is the number operator.
(2 points)

(d) Assume α0 ≫ 1.  Describe what the state |α〉 is physically.  Explain your
answer clearly. [5 points]

(e) Suppose we measure the occupancy of the harmonic oscillator in the state |α〉 .
Find the probability that the occupancy is n, where n is a non-negative integer.
(Hint: You should be able check your answer to this part by using it verify your
answer to part c). [5 points]
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2. A hydrogen atom is placed in a uniform Electric field of magnitude E.

(a) Assuming that the field is weak enough to ignore any effects that are quadratic in
E, work out how much the ground state energy of the atom is affected by the field.
[6 points]

(b) At 9 o’clock, the field is exponentially reduced according to , where𝐸 𝑡( ) = 𝐸𝑒
− 𝑡

τ

t is the time interval measured from 9 o’clock.  Prior to 9 o’clock, the field
.  It is always spatially uniform, just changing with time. Assuming that𝐸 𝑡( ) = 𝐸

the hydrogen atom was in its ground state prior to 9 o’clock, work out the
probability that it will be found in its first excited state at a time long after
9 o’clock.  [12 points]

(c) Repeat part (a) above, but this time for a hydrogen atom in a fictitious universe
where the electron has an electric dipole moment, = a , being the spinµ

𝐸 
𝑆 
→

𝑆 
→

of the electron.  [7 points]

The spatial wave functions for the hydrogen atom are given by,

, whereψ
𝑛𝑙𝑚

𝑟, θ, ϑ( ) = 𝑅
𝑛𝑙

𝑟( )𝑌
𝑙𝑚

θ, ϑ( )

𝑅
10

𝑟( ) = 2 1
𝑎( )

3
2 𝑒

− 𝑟
𝑎

𝑅
20

𝑟( ) = 2 1
2𝑎( )

3
2  1 − 𝑟

2𝑎( )𝑒
− 𝑟

2𝑎

𝑅
21

𝑟( ) = 1
3

1
2𝑎( )

3
2  𝑟

𝑎  𝑒
− 𝑟

2𝑎

Here a is the Bohr radius.
The energy of the hydrogen atom in the state is ,ψ

𝑛𝑙𝑚
𝐸

𝑛,𝑙,𝑚
 =  − 1

2  𝑚𝑐2∝2

where is the reduced mass of the electron, and the fine structure constant.𝑚 ∝
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1. Consider an ideal gas of diatomic hydrogen molecules, . The protons, considered as𝐻
2

point particles of mass, , are separated by a distance, (bond length).𝑚 𝑎 = 0. 074 𝑛𝑚
Consider the case where the molecule rotates as a quantum “rigid-body.” [25 points]

(a) Write the equation for the exact rotational partition function of a single hydrogen
molecule, . (The partition function for molecules is, .) In the𝑍

1
𝑁 𝑍

𝑅𝑂𝑇
= 𝑍

1( )𝑁

low-temperature limit, is very small compared to the spacing between𝑘
𝐵

𝑇
rotational energy levels. Write the first two largest terms of in the𝑍

1
low-temperature limit. [5 points]

(b) Using (a), calculate the rotational contribution to the constant volume heat
capacity of the N-particle ideal gas in the low-temperature limit. [5 points]

(c) In the high-temperature limit, is very large compared to the spacing between𝑘
𝐵

𝑇
the rotational energy levels. In this case, the sum in the partition function, ,𝑍

1
may be converted to an integral. Evaluate in this limit. (Hint: A change in𝑍

1
integration variable may be useful.) [5 points]

(d) Using (c), calculate the rotational contribution to the constant volume heat
capacity of the N-particle ideal gas in the high-temperature limit. [5 points]

(e) From the information given, calculate the numerical value of the spacing between
the ground state, and the first excited state of the quantum rotational energy levels

of the molecule, . Use this result to calculate the ratio, , at “roomε
1

ε
1

𝑘
𝐵

𝑇

temperature,” , where is Boltzmann’s constant. Are the molecules𝑇 = 300𝐾 𝑘
𝐵

in the high or low- temperature limit? Explain. [5 points]
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2. A typical can of soda, which you can model as a cylinder of diameter 66 mm and length
of 122 mm, contains about 2.2 grams of carbon dioxide.  This carbon dioxide includes
that which is dissolved into the liquid as well as the gas in the headspace of the can.

For the remainder of this problem, ignore any other ingredients and assume the can
contains only 355 mL (~12 oz.) of water, and the carbon dioxide described above.
Assume that any carbon dioxide dissolved into the water does not change its volume
appreciably, and that the gas can be treated as ideal.

(a) When refrigerated for a long time at 4 ˚C, the pressure in the can is approximately
205 kPa. One possible explanation for why a soda explodes in the freezer: the
density of ice, 0.92 g/cm3, is lower than that of water, so as the water freezes the
gas in the headspace is forced to occupy a smaller volume.  Is this plausible if a
standard can is able to withstand pressures of up to 600 kPa?  Why or why not?
Take the density of ice as 0.92 g/cm3.  Ignore any thermal contraction of the can
itself. [6 points]

(b) An alternative explanation is that as water freezes, dissolved carbon dioxide is
released into the headspace.  What fraction of water in the can would have to
freeze in order to exceed 600 kPa of pressure?  You may assume that carbon
dioxide dissolved in the water converts to gas proportional to the mass of water
that has frozen. [6 points]

(c) You take this can from its 4 ˚C refrigerator and place it into a perfectly insulating
cooler in direct contact with ice.  What is the absolute minimum mass of ice that
must be placed in the cooler with the can to cause the can to explode at 600 kPa of
pressure?  You may ignore the energy transfer required to cool the carbon dioxide
gas in the can, and the aluminum of the can itself.  Comment on your result.
[6 points]

(d) Instead of a cooler, you place such a can into a thermal chamber held at a constant
temperature, with reasonable airflow to promote convective cooling.  Assume that
the can and its contents can be characterized by a single uniform time dependent
temperature.  Write a differential equation that describes the rate of heat loss of
the can with respect to time, dQ/dt.  How does the initial rate change if the
temperature of the thermal chamber is lowered from -17 ˚C to -34 ˚C?  What if
the length of the can is extended by a factor of two?  What if the radius is
increased by a factor of 2? [7 points]
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3. An insulated box is separated into two halves (left and right along the x axis) with an
insulated divider. The left half is filled with an ideal monatomic gas (mass m per atom) at
temperature T. The divider is removed, joining the halves and allowing some atoms to
cross into the right half. The divider is quickly replaced. The duration of the time the
halves are joined is much shorter than the average time between collisions of the gas
atoms, and also much shorter than the average time for the gas atoms to cross the box, so
the atoms that cross to the right half do not interact with each other or the walls as they
cross over.

(a) Why is the average translational energy along the x axis of the atoms that cross to
the right half different than the average energy in y or z? [5 points]

(b) What is the average translational energy in x of the gas atoms that cross to the
right half?  [4 points]

(c) What is the average translational energy in y or z of the gas atoms that cross to the
right half? [4 points]

(d) After the gas in the right half thermalizes, what is the new temperature on the
right side? [4 points]

(e) Over the short time the halves are joined, does the number of gas atoms crossing
per unit time change, and if so, how? [4 points]

(f) Consider the entropy increase of the whole system (both halves) during this
process (including the thermalization of each half after the divider is replaced). If
we time the divider replacement such that a fraction of the initial gas on the leftε
side crosses into the right, how does the entropy increase depend on the

i) initial temperature?

ii) initial volume?

[4 points]
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4. Consider a system of N non-interacting and distinguishable atoms.  For simplicity,
assume that each atom can only be in two quantum states: the ground state with energy

0 and the ionized state with energy ε*. The system is submerged in aε = ε =
heat bath of temperature T.

(a) Find the partition function for this system as a function of T, ε* and N. [5 points]

(b) Find the normalized probability that n atoms are ionized at a given temperature T.
[5 points]

(c) Find the average of n, <n>, as a function of T, ε* and N. In particular, what is
<n> in the limit ? [5 points]𝑇 → ∞

(d) Find the entropy (S) of the system as a function of T, ε* and N. In particular,
what is S in the limit ? [5 points]𝑇 → ∞

(e) Find the heat capacity at constant volume (CV) as a function of T, ε* and N. In
particular, what is CV in the limit ? [5 points]𝑇 → ∞


