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--------------------Physics Qualifying Exam 11109 Part IA Name 

1. Particle 1 (total energy EI, speed VI, rest mass ml) collides with Particle 2 (total energy 
E2, speed V2, rest mass m2) in the laboratory system at an angle eas shown below. 

(a) Find the total energy in the center-of-momentum (eM) system. 

Particle 1 Particle 2 

(b) Consider the special case ml = m2 = 0 and El = E2 = E. If 1 + 2 -+ 3 is a 
possible reaction, and m3c2 = 2E; show that the reaction 1 + 2 -+ 3 is allowed if 

e=1C but is forbidden ife= ~ . 

HINT: Do NOT use the system of units in which c (speed of light) is 1. 



--------------------Physics Qualifying Exam 11109 Part IA Name 

2. Consider a particle moving in a one-dimensional potential, with b > 0, c > 0, 

(a) 	 Write down the equation ofmotion. 

(b) 	 Calculate the position of the stable equilibrium point Xe. 

(c) 	 Linearize the equation of motion near the equilibrium point and find the 
frequency of small oscillations. 

HINT: 
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3. A rigid system consists of four point masses located as shown: 

z 

2m 

a 

m 

x 

(a) 	 Obtain the moment of inertia tensor Iij = Zmsh2oij-rSirsJ of the system with 
II 

respect to the origin in the coordinates x, y, z. 

(b) 	 Determine the principal moments of inertia for the system and identify the 
direction of the principal axes. 

(c) 	 Find the KE energy of the system if it rotates with constant angular frequency 
jjj =mez • 
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4. 	 An object of mass m is initially at rest on the frictionless surface of a plane inclined at an 
angle 9 with respect to the horizontal. The mass slides down the plane under the 
influence of the constant vertical gravitational force mg. (Do not use non-relativistic 
approximations. ) 

(a) Write down the relativistic Hamiltonian (see HINT) function for this problem in 
terms of the position s ofm along the inclined plane. 

(b) Is the Hamiltonian function a constant of motion? If so, why? 

(c) Write down the Hamiltonian equations of motion. 

(d) Solve for the speed s{t) ofthe object as a function of time. 

(e) Find the position of the object s{t). 

(t) Find the kinetic energy of the mass as a function of time. 

(g) Find the gravitational potential energy of the mass as a function oftime. 

HINT: H=mc'jl+(:J + m<!>. 

if = Canonical momentum 

<I> = Gravitational potential energy 
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1. 	 A glass block has an index of refraction 

n =1.350 _ 100A 
A 

in the visible region where A is the wavelength inside the block. Light enters the block at 
an angle of incidence of 30° with respect to the normal direction to the surface of the 
glass block. 

(a) 	 Find an expression for the wavelength, index of refraction, phase velocity and 
group velocity of light inside the glass block in terms of wavelength 1..0 of the 
incident light in vacuum. 

(b) 	 Evaluate (a) for blue light (1..0 =4,500 A ) and for red light (1..0 =6,500 A ). 

(c) 	 Find the angle of refraction for both blue and red light. 



--------------------Physics Qualifying Exam 11109 Partffi Name 

2. 	 The x-y plane has a unifonn charge density 0'0 (C/m2). The charged plane moves with 
velocity v = (0, Vo cos rot, 0) along the y-axis. 

(a) 	 Find the vector potential as a function of t for Izl> o. 

(b) 	 Find the electric field as a function of time t for /zl> o. 

(c) 	 Find the magnetic field as a function of time t for Izl> O. 

(d) 	 Find the average Poynting vector of the radiated fields. 



--------------------Physics Qualifying Exam 11109 Partffi Name 

3. 	 Two charges ql and q2 are located at vector positions ~ and i1 above a conducting plane 
at z = O. (See sketch below.) What is the vector force acting on q2? 

~ 
~ 

Zl 	 • q2-
Z2 

Z

i 	 i 
x J- y 

origin 
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4. 	 Solar sails may be useful for space travel. Consider a perfectly reflecting solar sail 
located at the radius of Jupiter (5.2 times the Earth-Sun distance). The solar flux at the 

Earth is 1400 Wlm2
• Note that, 1 AU =1.5 X 1011 m is the Earth-Sun distance. 

(a) 	 What is the average radiation pressure on the solar sail from the Sun at Jupiter? 

(b) 	 Find the acceleration of a 150 kg space probe with a 100 m2 sail perpendicular to 
the Sun and starting at Jupiter's orbit. 

(c) 	 Find the acceleration at Saturn's orbit (Rsatum = 1.8 R.rupiter). 

(d) 	 Find the average of the accelerations at Jupiter and at Saturn. Assuming the probe 
undergoes this constant acceleration, estimate the time for the probe to travel from 
Jupiter and Saturn. 
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1. 	 Consider a particle ofmass m inside a one dimensional infinite potential well with walls 
at x =0 and x =a. 

(a) Show that the eigenvalues for energy and the nonnalized eigenfunctions are 

22% 	 ~ ntrxEn = n f( It 2 2 and cl>n = - sin where n = 1, 2, ... 
ma a a 

(b) 	 Calculate (nlxln) , (nlpln), (nlx2 In) , (n/p2In) 
(c) 	 Calculate (n/ilx2In), (niAp 21n) 

(d) 	 Check the uncertainty principle, namely (ilx) (Ap) ~ % 
(e) 	 For what value ofn does (ilx) (Ap) take the smallest value and what is that value? 

v 

~--~----------+ x 
o 	 a 
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2. 
v 

Vo 

xXo 

Consider the following potential for a non-relativistic particle of mass m In one 
dimension. 

• V= CX,) for x ~ 0 

• Region I, V= 0 for 0 <x <Xo 

• Region II, V = Vo > 0 for Xo ~ x ~ Xl 

• Region III, V =0 for x > XI 

Particles ofmomentump = lik are incident from the right (assume the energy E < Vo). It 
may be useful to make the definitions 

1i 2k 2 

E= -- eo = kxo
2m 

1i 21C2 
r} -\ kVo - E = =tan 

2m 	 1C 

(a) 	 Solve for the wavefunction in all three regions. 

(b) 	 Show that the norm of the amplitude of the reflected wave is equal to that of the 
incident wave. 

(c) 	 In the limit 1C (XI - xo) » 1, find an expression for the momenta k at which there 
is a resonance in region I. 
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3. The Hamiltonian of a spin S = Y:z in a magnetic field B is if =.!. jJlJo-z' At t =0 the spin is 
2 

described by the wave function I\V(t =0») =~GJ. 

(a) Write down the wave function I",(t)) of the spin at arbitrary time t. 

(b) Calculate the expectation values (81(t)) of the spin projection operators 

8 =!!.(O 1). 8 =i1i(O -1). S =h(l 0)
z 2 1 0' y 2 1 0 ' z 2 0 -1 . 
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4. 	 Consider a particle of mass in a two dimensional harmonic oscillator potential with the 

Hamiltonian given by Ho = p; + p; + .!.mw2(x 2+ y2). The Hamiltonian is modified 
2m 2 

by the addition of the perturbation OH; i.e., H = H0 + OH where OH = &mw2 xy with 

e«1. 

(a) 	 Write down the eigenfunctions and eigenvalues of Ho. 

(b) 	 Write down the degeneracy ofeach energy level of H0 • 

(c) 	 Calculate the energy shift of the ground state up to second order in perturbation 
theory. 

(d) 	 Calculate the energy shift of the first excited state and show how the degeneracy 
is lifted. 

HINT: For a one dimensional harmonic oscillator 


(nlxlm) = ~2;W [8n.m-l,Jn+1+8n.m+I~] 
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1. 	 Consider the problem of estimating the rate of change of the thickness x of ice on a 
frozen lake, where the water below the ice is assumed to be at Tw = 0 C and the air 

temperature above the ice is ~iI' < 0 C. Assuming that the freezing rate is low enough 

that the ice temperature profile vs. its thickness is at equilibrium, then the rate at which 
heat is removed from the water per unit area of the ice can be written 

where k = 2.4 W mol K-1 is the thermal conductivity of the ice and I.6.TI is the magnitude 

of the temperature difference. H is the latent heat of fusion for ice (~g) and pin the 

density of ice (k%]) . 

(a) 	 Find a relation between dQ and dx/dt in terms of H and p.
dt 

(b) 	 Given that H = 3.33 x 10' J kg-I and p = 920 kg m-l and the air temperature is a 

constant ~t,. = -7 C, determine the time needed to freeze x = 10 cm thickness of 

ice (enough to safely stand on) starting from x = o. 

You may neglect the heat capacity of the ice compared to the heat of fusion. 
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2. 	 Consider a large Schwarzschild black hole (mass = M) as a classical thermodynamic 
system at fixed volume in the microcanonical ensemble. Here GN is Newton's constant. 

The area of a black hole is given by A =1611M2G~, and its entropy is given by 

S = AI{4GN ). (You may assume that the system's energy is E=Mc2.) 

(a) 	 Compute the temperature of the black hole in terms of its mass M. 

(b) 	 Find the free energy and heat capacity of the black hole. 

(c) 	 The black hole radiates energy due to Hawking radiation. We will assume that it 
radiates exactly as a black body. How long will it take for a black hole of mass M 
to evaporate away? Will it go out with a bang or with a whimper? 
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3. 	 A particular system is initially in a state with internal energy Uo .U(po,Vo)' It is known 
that the heat absorbed (released) at constant volume is linearly proportional to the change 
in pressure, i.e., Q == A(P - po) (A is a positive constant, Po is the pressure of the initial vo 

state. 

In addition, it is known that PV' = constant (r is a positive constant) describes an 
adiabatic system. 

(a) 	 Find the internal energy U(P, JI) for arbitrary pressure (P), and volume (JI) in 
terms ofp, V; A, r, and the initial values, Po,Vo,Uo• 

HINT: How can you bring the system from the initial state to the final state with P and V. 

(b) 	 Let the system be one mole of monatomic ideal gas, find the constants A and r 
and verify that the answer for part (a) agrees with the internal energy of a 
monatomic ideal gas. 



Name ____________________Physics Qualifying Exam 11109 PartIffi 

4(a). Consider a system ofN particles. Each particle must stay at the energy level of either-e 
or +e. The upper energy levele has a degeneracy g(e) = 2. 

(i) Calculate the number of micro-states compatible with the macro-state with energy 
E = ne where n is an integer. 

(ii) Calculate the entropy and temperature of the system. 

(b). In the mean-field theory of a system of N spins, the magnetization M of the system can 
be calculated from 

1] = tanh{v1] +h) 

where 1] = MIN, v = a l{kT) , h = HI(kT), a is a parameter characterizing the strength of 
spin-spin coupling and H is the external magnetic field. 

(i) 	 Calculate the critical temperature Te of the spontaneous magnetization (that is, at 
H=O). 

(ii) 	 Calculate the magnetization near Te. both below and above Te. 

HINT: tanh(e) = e - e3/3 + ... 
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